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PREFACE 
TO THE RUSSIAN EDITION 


This book is a faithful record of lectures which the author 
delivered in the first semester of a two-year course in ge- 
ometry at the Mathematics-Mechanics Faculty of Moscow 
State University to students studying mathematics. The 
contents of these lectures were determined by the curriculum, 
by the established traditions of the Faculty's Department of 
Higher Geometry and Topology, by the needs of the second 
semester's course and by the author's personal aims. The 
sequence of presentation was governed by the necessity of 
agreement with the concurrently delivered courses in algebra 
and analysis, by the requirements of the assistants conducting 
seminars and by other similar considerations of no funda- 
mental consequence but of paramount practical importance. 
For example, the decision to consider some question or other 
at one of the last lectures was dictated by the impractica- 
bility of consolidating the material of those lectures with 
the aid of exercises. The contents of the very last lecture 
were determined by the fact that owing to the postponement 
of some lectures because of the intervening holidays it would 
often fall on the examination period and is sometimes not 
delivered at all for lack of time, etc. etc. 

Only two features of the book seem to deserve special 
mention. The first is that from the outset the exposition is 
based on axioms and geometric visualization is made use 
of solely for propaedeutic purposes. For obvious reasons, 
from the many possible systems of axioms the "vector-point" 
one developed by H. Weyl has been chosen. This accounts for 
the unusually early introduction of the general concept of 
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vector space. Experience has shown that as a rule students 
learn this material without difficulty. 

The other, more controversial, feature of the book is a 
systematic development and use of bivectors and trivectors. 
This makes it possible to separate distinctly the affine part 
of the theory from its metric part and provides a background 
for a general theory of multivectors in the second semester. 

Each "lecture" in the book is really a two hours' discourse, 
as a rule. This explains why a previous topic often gives 
way to a new one in the middle of a lecture. One exception 
is the last, 28th, lecture which is a combination of two differ- 
ent versions of the concluding lecture. Because of the specific 
character of oral and written forms of presentation, the 
“isochronous” lectures have turned out to be of different 
lengths in the book. Their number is accounted for by the 
fact that although the curriculum assigns 36 lectures to a 
Course in analytic geometry, in practice it has to be ended 
as early as the 28th lecture or earlier. 

I also wish to express my gratitude to T.P. Aldatova for 
her prompt and excellent typing of the original manuscript. 


M.M. Postnikov 


PREFACE 
TO THE ENGLISH EDITION 


After the Russian edition of this book appeared some of 
my fellow lecturers asserted that many of the lectures in 
the book are far too long to be physically delivered during 
the allowed two teaching periods. By the right of friendship 
I had to remind them that a lecturer must prepare for his 
lectures—even if hehas been lecturing for over a dozen years— 
and make in advance an elaborate, practically minute-by- 
minute plan of every lecture. It is necessary to consider 
beforehand the rhythm of the lecture to be delivered —what 
portions of it are to be read slowly, almost at dictation speed, 
and what may be said quicker—and its pattern of intona- 
tion—where to raise the voice and where to lower it. One 
also needs a joke somewhere about the middle of the lecture 
to rouse the tired students and it should be prepared yet at 
home, and in every detail, up to a play of facial muscles. 
It goes without saying that one must plan in advance what 
to write on the blackboard and in what order and where, 
and when to delete anything, and coordinate all this with 
everything else. It is surprising how all this extends the 
limits of lecture time and how much it is then possible to 
say in an outwardly unhurried and thorough manner, with 
numerous repetitions and explanations. 

Some reviewers have reproached me for a systematic use 
of bivectors and trivectors saying that one may well do 
without them. Some well-known physicist, Max Planck, 
I think, once said that new ideas (he meant scientific ideas 
but this can be fully applied to methodical ideas as well), 
could win only when their opponents have retired from the 
stage as a result of a natural change of generations. An ex- 
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cellent example illustrating this thesis is the introduction of 
vectors into the courses of analytic geometry half a century 
ago. Now only a few people remember the fierce discussions 
concerning this matter and the present generation does not 
know how many a lance was broken and how much ink split 
in attempts to prove that vectors were a harmful thing 
because replacing three equations in coordinates by one 
vector equation they saved paper but proportionally ham- 
pered comprehension. The last of the authoritative opponents 
of vectors in the USSR died soon after the war but some ten 
years more passed before diffidently excusatory reservations 
disappeared altogether from vectorial presentations of ge- 
ometry (as well as from mechanics and physics where, how- 
ever, this happened a little earlier). Now bivectors and tri- 
vectors are awaiting their turn. 

I have taken the opportunity to introduce some minor 
improvements in the text. The most serious one is perhaps 
a simpler construction of the complexification of an affine 
space in Lecture 19. It is true that it contains a certain ele- 
ment of arbitrariness (which was what restrained me at 
first) but experience has shown that this arbitrariness is 
perfectly harmless. Besides, the last lecture has been divid- 
ed into two since two versions of the concluding lecture 
were combined in it for purely. technical, internal editorial 
reasons. So the book contains 29 lectures now. 

As far as I can judge with my poor knowledge of English 
the translation is well done and conveys all the nuances of 
my thought. 
M.M. Postnikov 
May 1, 1980 


Lecture | 


The subject-matter of analytic geometry + Vectors - Vector ad- 
dition - Multiplication of a vector by a number « Vector 
spaces +» Examples + Vector spaces over an arbitrary field, 


Analytic geometry, the subject to which these lectures are 
devoted, is not a definite branch of mathematics but a 
curriculum (course of studies), with varying contents, 
which is in the main centred round the concept of coordi- 
nates. By tradition this course in any case includes the theory 
of first- and second-degree curves (straight lines and conic 
sections) in a plane and, to a smaller extent as a rule, the 
theory of first- and second-degree surfaces in space. In other 
respects its contents vary rather greatly. 

Before proceeding to analytic geometry proper, i.e. to 
coordinates, we shall endeavour to provide a reliable axi- 
omatic basis for geometry. It is usual to base an axiomatic 
construction of elementary geometry, essentially following 
Euclid in this respect, on the concepts of a point, a straight 
line, and a plane. Experience shows that this results in a 
rather complicated axiomatics containing more than a score 
of axioms which, what is still worse, are not used either 
entirely or partially anywhere else in mathematics. 

It turns out that a much more convenient and simpler 
System of axioms can be obtained if we base it on the con- 
cept of a vector. Here simplicity is attained owing to the 
fact that a "vector" system of axioms uses the theory of rea? 
numbers, an extensive portion of which has willy-nilly 
to be reproduced in "Euclidean"-type axiomatics. Besides, 
separate fragments of this system of axioms play an excep- 
tionally important role in modern mathematics and must 
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be of necessity studied sooner or later. Thus an axiomatic 
construction of geometry based on the concept of vector 
kills two birds with one stone. 


A vector is none other than a directed line segment. The 
direction of a vector is fixed by assuming one of its end points 
to be the initial point and the other the terminal point. 


PAL EP 


— 
Vector AB Equal vectors Addition of vectors 


A vector with initial point A and terminal point B is denoted 


by the symbol AB. In a drawing a vector is represented by 
an arrow. 

In physics vectors are forces, velocities, and accelerations. 

Two vectors are considered to be equal if they have the 
same length and the same direction, i.e. are on parallel 
lines and point in the same direction. We emphasize that 
here and in what follows we consider coinciding straight lines 
to be parallel. 


It is known from physics (mechanics) that the action of 
two forces upon a particle is equivalent to that of a single 
force determined from the well-known parallelogram law. 


Accordingly the sum a + b of the two vectors a = OA 


and b = OB is a vector that forms the diagonal OC of the 
parallelogram whose sides are the vectors a and b. 


Since b — AC, the definition of a sum can be written as 
a simple formula: 
— — > 
OA+ AC —« OC. 
The rule of vector addition expressed by this formula is 
often called the "triangle law". a 
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The operation of vector addition is associative, i.e. 
(4) a+ (b + e) = (a + b)+ e 
for any vectors a, b, and c. Indeed, if a = OA, b — AB 
and e — BC , then 


> > — 
a+ (b4-e) 20A4- AC 2 OC 
and 


> — —» 
(a 4- b) 4- e 2 0B 4- BC -- OC. 
Therefore in the sum of three (or more) vectors brackets 
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Associativity of vector addition Commutativity of vector addition 


may be omitted: the symbola + b + e has only one meaning. 
The operation of vector addition is also commutative, i.e. 


(2) a+b=b+a 

— — 
for any vectors a and b. Indeed, if a — OA, b — OB and 
a+b= ÓC, then a — BC, and therefore 


=> > — 
b+a=0B+ BC =0C. 


The vector AB is also considered when A — B. Such a 


vector AB is called a sero vector. It is independent of A 
and is denoted by the symbol 0. The length of a zero vector 
is by definition considered to be zero and it has no direction 


(it may also be assumed that it has an arbitrary direction). 
The formula 


=> > — 
AA+ AB — AB 
2—01263 
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shows that the vector 0 is the zero of addition, i.e. 
(3) O+a=a 
for any vector a. 
On rearranging the end points of the vector a = AB we 


obtain a vector BA which is denoted by the symbol —a. 
The formula 


=> — — 
AB --BA— AA 
shows that the vector —a is the negative of the vector a with 
respect to addition, i.e. 


/ (4) a+ (-a)=0 
a 3 3 for any vector a. 
Ta ->a 
2 2 The product of a vector a 
by a (real) number k is a vec- 


tor ka whose length is equal 
Multiplication of a vector by a to the length of the vector a 
number - multiplied by the absolute 
value of the number k and 
whose direction coincides with the direction of the vector a 
if k > 0 and is opposite to it if k< 0. The cases a = 0 
or k = 0 are not excluded from this definition. In either 
of them ka = 0. 
The definition of the multiplication of a vector by a nufn- 
ber is compatible with that of addition in that, as is easy 
to see directly from the figure, 
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n times 
for any natural number n. In addition, it is clear that 
(—1)a = —a. 
One can easily see that 
(5) (k + I)a = ka + la 
and that 
(6) (KD) a = k (la) 
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for any numbers k, Z and any vector a (the proof reduces to 
the enumeration of all possible cases of distributing the 
signs of the numbers k and l, the statement being obvious in 
each of the cases). 

Also, from the fact that under homothetic transformation 
(and central symmetry) a parallelogram transforms into a 
parallelogram it immediately follows that 


(7) k (a + b) = ka + kb 


for any number k and any vectors a and b. 

Finally, it is obvious that 
(8) ia =a 
for any vector a. 

Having established these visual-geometric, intuitive facts, 
we can now reverse the point of view and accept them as 
axioms. In these axioms (see relations 1? to 8? below), for 
reasons which will presently become clear, the symbol K 
denotes the set R of all real numbers. 

Definition 1. Let 7^ be some set whose members we shall 
call vectors, although they may be arbitrary in nature. 
Suppose that with any two vectors a € 7^ and b € 7^ is in 
some way associated a third vector denoted by the symbol 
a + b and called the sum of the vectors a and b. In addition 
suppose that with any number k € K and any vector a € 7^ 
is somehow associated a new vector denoted by the symbol ka 
and called the product of the vector a by the number k. 
If the above properties (1) to (8) hold, i.e. if 

1° a + (b + e) = (a+ b) -- e for any vectors a, b, 

Ll: 


€ , 

2? a -+ b= b +a for any vectors a, b € 7^; 

3° there exists a vector 0 € 7^ such that 0 + a = a for 
any vector a € 7^; 

4° for any vector a € 7^ there exists a vector —a € 7^ 
such that a + (—a) = 0; 

5° (k + l)a = ka + la for any numbers k, LEK and 
any vector a C J^; 

6° (kl)a = k (la) for any numbers k, LEK and any 
vector a C 7^; 

7° k (a + b) = ka + kb for any number k € K and any 
vectors a, b c 7^ 
2* 
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8° 14a — a tor any vector a € 7^, then the set 7^ is said 
to be vector (or linear) space. 

When k = 1/4 the vector ka is denoted by the symbol a/A. 

We stress that Definition 1 imposes no restrictions on 
the nature of the members of the set 7^ (vectors) or on par- 
ticular realizations of the operations (a, b) — a + b (ad- 
dition) and (k, a) — ka (multiplication by a number). 
Therefore there may (and do) exist many different vector 
spaces. 


Examples. 

1. Even "geometric" vectors (directed segments), with 
which we began, allow several different vector spaces 7 
to be constructed. That is, it is possible to consider either 
various vectors in space, or only vectors in a plane, or only 
vectors on a straight line. This gives us three different vector 
Spaces. 

Po, The simplest vector space is {0} consisting of only 
one zero vector 0. To simplify the notation we shall use the 
same symbol 0 for this vector space and for the only vector it 
contains. We do not think that any confusion will arise. 

3. Let X be an arbitrary set and let ¥ (X) be the set of all 
(real-valued) functions defined on X. On defining the sum 
f + g of two functions f and g and the product kf of the 
function f by the number k in the usual way (“by values"), 
i.e. by the formulas 


(9) ¢+e@=f@+e@), z€x, 
(kf) (£) = k (f (2)), z €x, 


we verify without difficulty that all the axioms 1? to 8? 
hold. This means that the set F (X) is a vector space with 
respect to operations (9). 

Thus it is functions that are "vectors" in this example. 

4. When X = R (or, more generally, when X is an arbi- 
trary subset of the number axis R), it makes sense to speak 
of the set ^ (X) of all continuous functions defined on X. 
It is known from the course in analysis that the sum f + g 
of continuous functions and the product kf of a continuous 
function by a number are continuous functions. Therefore 
the set P (X) of all continuous functions is (with respect 
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to operations (9)) a vector space (axioms 1" to 8? need not 
be verified, since ? (X) c F (X) and hence these axioms 
hold automatically). 

Similarly, vector spaces are sets of differentiable (a given 
number of times) functions, sets of functions satisfying a 
Lipschitz condition and many other classes of functions 
which mathematical analysis deals with. 

These examples of the so-called functional vector spaces 
explain why in modern function theory the concept of a 
vector space plays perhaps even a greater part than in 
geometry. For obvious reasons we shall not concern ourselves 
here with these vector spaces. The branch of mathematics 
dealing with them is called "functional analysis". Its founda- 
tions are included in the Analysis III course. 

5. Various polynomials (involving one variable) must 
also constitute a vector space. 

A vector space will of course be the totality of all polyno- 
mials whose degree does not exceed a given number nm. 
(Thus, depending on n we obtain infinitely many different 
vector spaces.) 

We see that vector spaces are of paramount importance 
in algebra as well. 

6. Let n be an arbitrary natural number. Consider the 
set R” of all n-term sequences (a,, ..., a,) of real num- 
bers. On defining the vector operations "componentwise", 
i.e. by the formulas 


(a, om ey an) + (bi, 92$ e$ bn) = (a; + bi, aaae | an tbn), 
k (a, e eo an) ET (kay, E) kan), 
we obviously turn R^ into a vector space. 

This vector space will play a very important part in 
what follows and it is therefore necessary to give particular 
attention to it. 

Remark 1 (which should be read when fields and rings 
have been introduced in the parallel course in algebra). 
The fact that K is the set (field) of real numbers is practi- 
cally not used in Definition 1 at all. Literally the same 
Statement will make sense if by K we mean an arbitrary 
field (even of with a finite characteristic). The result is a 
definition of the vector (linear) space over the field K. When 
K — R we return to the former vector spaces. 
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For definiteness (and with geometric applications in 
mind) we shall consider in what follows that K — R. How- 
ever, all the theory to be developed later is in fact (unless 
the opposite is explicitly stated) valid for an arbitrary 
field K. 

As a matter of fact, Definition 1 makes sense also when K 
is only a ring (with unity), since in axioms 1? to 8° nothing 
is said about division. In this case the object introduced by 
Definition 1 is called a module (over a ring K). The theory 
of modules is substantially more complicated than the 
theory of vector spaces (because of the absence of division) 
and we shall not be concerned with it. 

Remark 2. Axioms 1? to 4? mean that a vector space 7^ 
is an Abelian (i.e. commutative) group with respect to 
addition. As to axioms 5? to 8?, they express the fact that 
a field (ring) K is a field (ring) of the operators of this group. 
Vector spaces (modules) over K may thus be said to be (addi- 
tively written) Abelian groups with a field (ring) of opera- 
tors K. 
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The simplest consequences of the vector space axioms - Inde- 
pendence of the sum of any number of vectors on brackets arrange- 
ment » The concept of a family 


Geometric intuition is invaluable in the theory of vector 
spaces and it must be extensively used in both geometrical 
interpretation of established results and the formulation 
of new theorems. However, it should be resolutely excluded 
from proofs, basing these exclusively on axioms 1? to 8°. 
That is why, in particular, before passing on to really inter- 
esting and important concepts and constructions we shall 
have to derive from axioms 1? to 8° a number of geometri- 
cally "obvious" consequences. 


Let J^ be an arbitrary vector space. 

1. Axiom 3°, while stating the existence in j^ of a zero 
vector, says nothing about its uniqueness. Nevertheless it 
turns out that there exists only one zero vector, i.e., if 0, and 0, 
are vectors of 7^ such that 


0, 4-a—a and 0,+a=a 


for any vector a € 7^, then 0, = 0,. Indeed, setting a = 0, 
in the relation 0, + a — a, we obtain 0, + 0, = 0, and 
setting a = 0, in the relation 0, + a — a, we obtain 0, + 
+ 0, = 0,. Hence 0, = 02. o 

2. Similarly, although axiom 4° says nothing about the 
uniqueness of the negative of a, denoted —a, this vector is 
unique, i.e. if 


a+b=0 and a4 e- 0, 
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then b — e. Indeed, 
b=0+b=(at+e)+b=(a+ bo +e= 
=O+e=-e0 
3. For any two vectors a, b € 7^ the equation 
a+x=b 
has a unique solution x = b + (—a). Indeed, if a + x = b, 


then 
x = (a+ x) + (—a) = b+ (—a) 
and, on the other hand, 
a+ (b+ (—a)) = (a + (—8) + b = 0 + b = b. O 


We shall write b — a instead of b + (—a) in what follows. 
4. Multiplying the directed segment a by the number 0 
obviously yields a zero vector: 


0a = 0. 
It is easy to see that this holds for vectors a of an arbitrary 
- vector space as well. Indeed, 
Oa = (0 + 0) a = Oa + Oa 


and thus 
0a = 0a — 0a = 0. O 


5. Similarly, 
k0 = 0 
for any k € K. Indeed, 
k0 = k (0 + 0) = k0 + k0 
and thus 
k0 = k0 — k0 = 0. OD 
6, The formula 
(—1)a — —a 
is also valid in any vector space. Indeed, 
a + (—1)a = ia + (C1)a— (1—1)a = 0a = 0 


and therefore, by virtue of the uniqueness of the negative 
of a, (—1)a = —a. Q 
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It is interesting that axiom 2? on the commutativity of 
addition follows from the remaining axioms and the unique- 
ness of the negative. Indeed, by virtue of Statement 6, 
whose proof uses only the uniqueness of the negative, 


(a+ b) — (b+ a) =a + b+ (—1) (b+ a) = 
= a + (b — b)—a=a—a=0O, 
and therefore 
b--a-a- b. 


7. Axiom 1? states that the sum of three vectors does not 
depend on bracketing, i.e. on the order in which it is com 
puted. It turns out that a similar statement is also valid for 
the sum of any number of terms. In contrast to the previous 
statements, the proof of this statement is not quite trivial 
and calls for the introduction of a number of auxiliary con- 
cepts. 


Adding n terms, we perform n — 1 additions with any 
bracketing, one and only one addition being the last to be 
performed. This means that in the addition of n terms 
ai, .. ., a, for any bracket arrangement there is a uniquely 
determined index k, 2 < k < n, such that the sum of the 
terms a,, . .., a, corresponding to that arrangement is of 
the form 


a+b 


where a is the sum of the terms a, . . ., ay, (correspond- 
ing to a certain bracket arrangement) and b is the sum 
of the terms a4, ..., a, (also corresponding to a certain 
bracket arrangement). When k = 2 the sum a reduces to 
a single term a, and when k = 3 it is the sum a, -+ a, without 
brackets; similarly, when k = n the sum b reduces to the 
term a, and when k = n — 1 it is the sum a,., + a, without 
brackets. 

We shall call the index ~ the rank of the bracket arrange- 
RES under consideration (or the rank of the corresponding 
sum). 

We now define by induction the sum of n > 3 terms with 
normal bracketing (or, briefly, the normal sum). For n — 3 
we shall consider normal the sum (a, + ag) + ag. 
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Suppose that the normal sum of n — 1 terms has already 
been defined. Then the normal sum of n terms a, ..., an 
is the sum of the form a + a,, where a is the normal sum 
of n —1 terms a, ..., anr 

Thus the normal sum of n terms is of the form 


P e re Ton eod as). 





n-2 brackets 


It is obviously enough for us to prove that the sum of 
n> 3 terms with an arbitrary bracket arrangement is equal 
to the sum of the same terms with the normal bracket arrange- 
ment. 

To this end we shall proceed by induction on the number n. 

For n = 3 the statement reduces to axiom 1°. 

Suppose it has been proved that each sum of at most n — 1 
terms is equal to their normal sum. Consider an arbitrary 
sum of n terms a,, ..., an. Let k be its rank. If k< n, 
then our sum is of the form a + 5, where b is the sum of 
at least two (and at most n — 1) termsa,, . . ., an. It can be 
assumed by induction that. the sum 5 does not depend on 
bracket arrangement, so that we can arrange the brackets in 
it any way we like, without changing the final result (when 
k = n — í the induction assumption is inapplicable, but 
in that case the sum 5 has no brackets at all and so there is 
nothing to speak of). 

In particular, we may assume that 


b= ar + e, 
where c is a certain sum (no matter with what bracket 
arrangement) of the terms a444, .. ., a, (for k =n — 1, 


there is a single term, a,). But then, by axiom 1°, 
a 4-5 — a 4 (a4 +c) — (a d- aj) F € 


on the right of which there has resulted a sum of rank k + 1. 

Thus, raising step-by-step the rank of a given sum we 
obtain a sum of rank n, i.e. a sum of the form a' 4- a,, 
where a' is a certain sum of n — 1 terms. By the induction 
assumption, the last sum is-equal to the normal sum a". 
But then the given sum is also equal to the normal sum 


a* +a. O 
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By virtue of the assertion that has been proved the sum 
of any number of terms may be written without brackets. 


At the next lecture we shall pass on to the more interesting 
concepts and theorems having a nontrivial geometrical 
meaning. To do this we shall need the general concept of a 
family of elements. It is worth recalling it now, since it is 
often confused with the concept of a subset. 

Let X be an arbitrary set. A family (or sequence) of n 
elements (or members) of the set X is an arbitrary mapping 


(4) [1, ..., nl X 


of the set [1, . . ., n] of the first n natural numbers into 
the set X. 

The image of the number i, 1 x i < n, under this map- 
ping, is generally denoted by the symbol z, and called the 
i-th member of the family and the entire family is denoted 
by symbol (2, ze, .. ., Zn) or simply X4, Le, +++) Y 

Family (1), which is an injection, i.e. such that z; 3& zy, 
with i j, is called a nonrecurrent family. It determines 
an n-member subset in X consisting of the members z, 
Zo, «++, Zn. We say that this subset corresponds to a family 
(it being nothing else but the image of mapping (1)) and 
that the family has been obtained by a certain numbering 
of the subset. 

It is obvious that for any n-member subset there exist n! 
nonrecurrent families that subset corresponds to. We say 
that these families are obtained from one another by renum- 
bering. 

Finally, recall that a subfamily of the family (z,, . . ., Zn) 
is e ira family of the form (Zi, ..., Zim), where 
ILL... Lim Xn. 
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Linear dependence and linear independence + Linearly inde- 
pendent sets - The simplest properties of linear dependence * 
Linear-dependence theorem 


Let 7^ be an arbitrary vector space and let a,, . . ., am 
be a certain family of its elements. 

Definition 1. A linear combination of vectors ay, . . ., am 
with the coefficients k,, ., km is a vector 


(1) kya, +... + Eam. 
This vector is also said to be linearly expressible in terms 
of the vectors aj, . . ., am 


It is clear that the zero vector 0 can be linearly expressed 
in terms of any vectors a,, . . ., am (it is sufficient to set 


ki = 0, ka = 0, , km = 0). 
Definition 2. The linear combination (1) is said to be 
nontrivial if at least one of the coefficients k, ..., tm 


is nonzero. Otherwise the linear combination is said to be 
trivial. 

The trivial linear combination of an arbitrary family of 
vectors is clearly zero (a zero vector). 

Definition 3. A family a,, . . ., am is said to be linearly 
dependent, if there is a zero nontrivial linear combination 
of vectors aj, . . ., am, i.e. if there are such numbers fy, 
. . ., km, not all zero, that 


ka, +... + kmam = 0. 
Otherwise the family a,, . . ., aj, is said to be linearly inde- 
pendent. 


To avoid a frequent and annoying discussion of individual 
cases it is convenient to add to the class of linearly indepen- 
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dent families of vectors an empty family of vectors cor- 
responding to the case m = 0. Thus by definition the empty 
family is linearly independent. This, perhaps somewhat 
paradoxical, definition agrees quite well with all the state- 
ments concerning nonempty families. 


It is clear that any recurrent family is linearly dependent. 
Indeed, if, for example, a, = az, then 


1a; + (—1)a, + Oaa + . . . + Oam = 0 


and two coefficients of this linear combination are nonzero. 

Now let a,, ..., am be an arbitrary nonrecurrent family 
and let aj, . . ., am be a family which has been obtained 
by renumbering it in some way (so that to both families 
there corresponds the same set of vectors). It is obvious that 
the family aj, ..., am is linearly dependent if and only 
if so is the family a,, . . ., am. This ensures the correctness 
of the following definition: 

Definition 4. A finite subset of a vector space 7^ is said 
to be linearly independent (dependent), if at least one (and 
hence every) numbering of its members yields a linearly 
independent (dependent) family. 

According to what has been stated above an empty set is 
linearly independent. As to a one-member subset (consisting 
of a single vector a), it is linearly independent if and only if 
a Æ 0. Indeed, if ka = 0, where k 0, then a = k- (ka) = 
= k-10 = 0, and if a= '0, then, for example, 1a = 0. D 


We now establish some simple but useful properties of 
the concepts we have introduced. 

1. If a vector a is linearly expressible in terms of vectors 
ai, .. ., am and if every vector a, . . ., Am is linearly ezpres- 
sible in terms of vectors b,, . . ., by, then the vector a can be 
linearly expressed in terms of the vectors b,, 

The proof is obvious. (] 

This property is called the transitivity of linear expres- 
sibility. 

2. A family (set) of vectors possessing a linearly dependent 
subfamily (subset) is linearly dependent 

It is sufficient to add to the zero nontrivial linear com- 
bination of vectors of the subfamily all the other vectors 
of the family, having furnished them with zero coefficients. O 


vg Dre 
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This property justifies the following definition which 1s 
sometimes useful: 

Definition 5. An infinite set of vectors is said to be li- 
nearly dependent, if it has a finite linearly dependent subset, 
and it is called linearly independent if any of its finite sub- 
sets is linearly independent. 

3. A family (set) of vectors containing a zero vector is lin- 
early dependent. 

Indeed, in order to obtain a zero nontrivial linear com- 
bination, it is sufficient to provide a zero vector with the 
coefficient 4 and furnish all the other vectors with the coef- 
ficients 0. One may also refer to statement 2, since the zero 
vector constitutes a linearly dependent family. O 

4. A family (set) of vectors is linearly dependent if and 
only if at least one of its vectors is linearly expressible in terms 
of the other vectors. 

Indeed, if 


kya, + kaa +... + kmam = 0, 
where, for example, k, ~ 0, then 
a,=(— 2) a+...+(—4) am- 
Conversely, if 
a, = laaa +... + lmam 


(—1) a, + las +... + lmam = 0, 


where —1 Æ 0. O 

For families (but of course not for sets) of vectors the 
more exact result also holds. 

5. A family of vectors a,, . . ., am is linearly dependent 
if and only if a certain vector a 14 x i xz m, of the family 
is linearly expressible in terms of the previous vectors a, 


then 


ee ^3 84.31. 

Proof. If a vector a;, 1 < i < m, is linearly expressible 
in terms of vectors a, . . ., agı (when i = 1, in accordance 
with the general convention accepted above this means 
that a, = 0), then the family a,, . . ., a, is linearly depen- 
dent (statement 4) and therefore so is the family a,, . . ., am 
(statement 2). 
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Conversely, let a family a,, ..., am be linearly depen- 
dent. Then there exists the smallest i, 1 xz i x; m, such 
that the family aj, ..., a, is linearly dependent (i = 1 
if and only if a, — 0). Let 

ka, +... + ka; =0 
be a zero nontrivial linear combination of vectors a,,..., aj. 
It is clear that k; 340, for when k, = 0 the family a, 
.. +, 8,., is linearly dependent. But that contradicts the 
hypothesis. Consequently it is possible to divide by k, 
and we derive that 


a= (— 2) + (AE) a oO 


6. A family of vectors a, ..., am is linearly independent 
if and only if any vector linearly expressible in terms of these 
vectors can be expressed in terms of them in a unique way. 

Indeed, let a vector a be expressible in two different ways 
in terms of given vectors: 

a= ka, + eae + kmam, 
a= la+ seu iam, 
where k; 1, for at least one i = 1, ..., m. Then, sub- 
tracting one equation from the other, we obtain a zero non- 
trivia] linear combination 
( — h)a +... + (km — lm) am =0 
of the vectors aj, . . ., am. 
Conversely, if there exists a zero nontrivial linear com- 


bination 

Aa +... + Amam = 0 
then any vector 

a = ka, +... + knan 


that can be linearly expressed in terms of vectors aj, . . ., am 
may be expressed in terms of these vectors in the other way 
as well: 


a = (k+ h)a t. . + (km + Am) am: Li 
All these properties of Vinea dependence are more or 
less trivial. The following property, on the contrary, is by 
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no means trivial. To emphasize this fact we shall formulate 
it as a theorem. 


Theorem 1 (linear dependence). Let each vector of the family 
(2) 81, -© +, Am 
be linearly expressible in terms of vectors 
(3) bi «sy. Dy 


Then, if m > n, the family ay, . . ., am is linearly dependent. 
To prove the theorem we shall need the following lemma: 
Lemma. Supposing as before that each vector of family (2) 

is linearly expressible in terms of the vectors (3), assume that 

family (2) is linearly independent. Then for any s = 0, ..., n 

there ezists a family of vectors: 


(4) et, e 


with the following properties. 

(a) each vector of family (2) is linearly expressible in terms 
of vectors (4); 

(b) the first s vectors of family (4) coincide with the first s 
vectors of family (2): 

ei Ay, ..., e; — 8,. 

We shall prove the lemma by induction on the number s. 
For s = Q it is obvious (family (3) may be taken as family 
(4)). Suppose it has been proved for s. We prove it for s + 1. 
Consider the family 


(3) 
(5) 8541 ej? y 993 ez. 


This family is linearly dependent, for the vector a,4, can 
be linearly expressed in terms of the vectors ej?, . . ., 
Therefore, according to property 5 of linear dependence, some 
vector of family (5) is linearly expressible in terms of the 
previous vectors. It cannot be the first vector a,4,, for it is 
nonzero (under the hypothesis family (2) is linearly inde- 
pendent). If i x; s, then the vector a; = e$? is expressible 
in terms of the vectors 8,44, a, . . ., aj-; and family (2) 
turns out to be linearly dependent, which is contrary to the 
assumption. Therefore i > s. Consequently, there exists a 
number i such that the vector cf? is linearly expressible in 
terms of the vectors a,4,,, e$, .. , ejf. 
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We now remove from family (5) the vector ej?. The family 
obtained consists of n vectors and obviously has the prop- 
erty that each vector of family (4) and hence (property 1) 
each vector of family (2) can be linearly expressed in terms 
of it. Thus it satisfies condition (a). 

This property is obviously preserved if we move the vec- 
tor @ 4, to the (s+ 1)th position. But then the family 
will also satisfy condition (b) with respect to the number 
s+ 1. It completes proof of lemma by induction. O 

Proof of Theorem 1. Suppose that the theorem is incorrect, 
i.e. that family (2) is linearly independent under its hypo- 
thesis. Then the lemma proved above would apply to this 
family. But for s — n it follows from the lemma that each 
vector of family (2), and in particular the vector am, can 
be linearly expressed in terms of the vectors ej" = a, 

. C — a,. Since m — n, this means that family (1) 
is ` linearly dependent. The contradiction obtained proves 
the theorem. [] 

Another Proof of Theorem 1. It is known from the algebra 
course that a system of homogeneous linear equations, with 
a number of unknowns greater than the number of equations, 
has necessarily a nonzero solution. Theorem 1 follows from 
this statement almost automatically. Under the hypothesis 
there are indeed numbers 


ky, ones kin, 
kass c.e kon, 


.. e © © 9 o o 


such that 
a; = key by + wc kinbn, 
az = kab, E... + konbn, 


am = kmb; +... + kmnbn- 
Consider the system of equations 
kiti + katit ... + gat =, 


e 9 9 f c 9 c9 ca 9 c9 5 c5 c5 3: 5; 5$ $9 i$ 


kinti + kontz + ob Amm = 0. 
3—01283 
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Since under the hypothesis m > n, by the indicated algebraic 


theorem there exist numbers z”, 2” ., ZO, not all 
a? ' D 


zero, satisfying these ee But then 
ray +a 4- .. .- za, 
= 2” (kubi + ...- kinb m" (kabi + ... + Kenda) +... 
Em (midi + . . -+ Eb) = 
= (kya? that? +... +hmitm) bit... 
«cb (kindy? + kent,” + cee T kmntm) b, — 
=O0b,+...+0b, =0, 


and, consequently, the family a,, ..., am is linearly de- 
pendent. O 
Of course, the burden of the proof here falls on algebra. 
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Collinear vectors - Coplanar vectors - The geometrical mean- 
ing of collinearity and coplanarity - Complete families of 
vectors, bases, dimensionality - Dimensionality axiom + Basis 
criterion » Coordinates of a vector - Coordinates of the sum 
of vectors and those of the product of a vector by a number 


In the previous lecture we have established that a one- 
member vector set is linearly independent if and only if it 
consists of a nonzero vector. We shall now consider a similar 
question for two- and three-member sets. 


Definition 1. Two vectors are said to be collinear, if 
they constitute a linearly dependent set. 

Let a and b be collinear vectors. Under the hypothesis 
there are numbers k and l, at least one of which is nonzero, 
such that 

ka + lb = 0. 
If k £0, then a = hb, where h = — + , and if L 0, then 
b = ha, where h = — f. It is clear that, conversely, if 
a — hb or b — ha, then the vectors a and b are collinear. 

Definition 2. A vector b is said to be proportional to a 
vector a, if there is a number h such that b = ha. 

We have thus proved that two vectors are collinear if and 
only if at least one of them is proportional to the other. (] 

It is useful to keep in mind that if vectors a and b are 
nonzero and if one of them is proportional to the other then 
the second is proportional to the first. The words "at least 
one" are hence necessary in order not to exclude the case 
where one (and only one) of the given vectors is zero. 


3* 
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Definition 3. Three vectors a, b, c are said to be coplanar, 
if they constitute a linearly dependent set. 

According to the general theory (see property 4 in the 
previous lecture) vectors a, b, ¢ are coplanar if and only if 
one of them is linearly expressed in terms of the others. 
If none two of the vectors a, b, e are collinear, then each of 


C EE 





Collinear vectors Vectors lying in the same plane 


these vectors can be expressed in terms of the others. But 
if, for example, the vectors a and b are collinear, then the 
three vectors a, b, ¢ are coplanar with the vector e being 
arbitrary. 


In terms of descriptive geometry collinearity obviously 
means that both vectors are parallel to the same straight 
line or (what is the same) are located on the same straight 
line. What is the geometrical meaning of coplanarity? 


— — 

Let vectors a — OA and b — OB be noncollinear. Then 
the three points O, A, B determine a unique plane. This 
plane contains the vectors a, b and therefore any vector c 
of the form ka + Ib. Thus if vectors a, b, and c are coplanar, 
then they all lie in some plane (or, what is the same, are 
parallel to it). It is clear that this conclusion remains valid 
also when the vectors a and b are collinear. 


— — — 

Conversely, let three vectors a — OA, b — OB, e — OC 
be located in the same plane. We prove that they are copla- 
nar. If the vectors a and b are collinear there is nothing to 


— 
prove. We may therefore assume that the vectors a — OA 


and b — OB are noncollinear and that therefore the plane 
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OAB is determined. Under the hypothesis the point C lies 
in this plane. The straight line passing through the point C 


C 
a 0 


B NC 


A 


(a) (b) (c) 


Linearly independent vectors: (a) in space; (b) in the plane; (c) on 
a straight line 


and parallel to the straight line OB intersects the straight 
line OA in some (unique) point C,. By the definition of 
vector addition 


— — — 
OC = OC, + C,C. 


— — 

But the vector OC, is parallel to the vector OA — a and, 
—> 

therefore, proportional to it, so that OC, = ka. Similarly 


— 
C,C = lb. This proves that P 
c = ka + lb, D 


i.e. that the vectors a, b, and B 
c are coplanar. O 

If we now take four points 
O, A, B, and C not in the 0 
same plane, then, by what 
has been proved, the vectors 


— — — 
a=OA, b=OB, e=OC 
will be linearly independent. Thus there are linearly inde- 
pendent triples of vectors in space. 

Similarly there are linearly independent pairs of vectors 
in the plane (it is sufficient to take three points O, A, B 
not on the same straight line) and linearly independent one- 


D, 


A 
Four vectors in space 
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member vector sets on the straight line (it is sufficient to 
take any two distinct points O and A). 

Any two vectors on a straight line, as well as any three 
vectors in a plane, will be linearly dependent. So will any 
four vectors in space. 

It is indeed sufficient to consider the case where of the 
four vectors 


— — — — 
a—OA, b—OB, c—0C, d=OD 


the first three vectors a, b, e are noncoplanar, i.e. the points 
O, A, B, C are not in the same plane (and therefore the 
points O, A, B are not on the same straight line). Then the 
straight line passing through the point D and parallel to 
the straight line OC will meet the plane OAB at some 
(uniquely determined) point D,. Since the vectors a, b, and 
— 


— 
OD,are coplanar and the vectors a and b are noncollinear, 


— 
the vector OD, islinearly expressed in terms of the vectors a 
and b. Consequently, since 


— > — 
OD =0D, + D,D 
LO . 
and since the vector D,D is proportional, by construction, 
— — 


to the vector e — OC, the vector d — OD can be linearly 
expressed in terms of the vectors a, b, and c. 

In order to formulate:uniformly the results obtained we 
set n — 3 if we deal with geometry in space (stereometry) 
and n — 2 if we confine ourselves to plane geometry (plani- 
metry). Then, by what has been proved, the following state- 
ments hold. 

1. Any family of vectors consisting of more than n vectors is 
linearly dependent. 

2. There are linearly independent families of vectors con- 
sisting of n vectors. 

For vectors on a straight line these statements hold when 
n — 1. 


Statements 1 and 2 do not follow from axioms 1° to 8° 
of vector space. Therefore in an axiomatic construction of 
geometry it is necessary either to take them as axioms or to 
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introduce some other axiom with the aid of which it is pos- 
sible to prove them. 

To formulate this axiom it is convenient to introduce the 
following definition: 

Definition 4. The family a,, ..., am of vectors of a 
vector space 7" is said to be complete if any vector of 7^ is 
linearly expressible in terms of the vectors aj, . . ., ame 

It is easy to see that if a complete family of vectors is linearly 
dependent, then it is possible to remove from it one vector in 
such a way that the remaining family is also complete. 

Indeed, if the family a,, ..., am is linearly dependent, 
then at least one of its vectors can be linearly expressed 
in terms of the rest. Let for definiteness a,, be this vector. 
Then each vector of the family a,, . . ., am can be linearly 
expressed in terms of the vectorsa,, ..., am- and therefore, 
by the property of transitivity of linear dependence (see 
property 1 in the previous lecture), any vector linearly ex- 
pressible in terms of the vectors aj, ..., am can also be 
linearly expressed in terms of the vectors aj, ..., Am-1: 
Consequently, if the family of vectors aj, ..., am is com- 
plete, so is the family a,, ..., aàm.,. D 

Definition 5. A vector space 7^ in which there are (finite) 
complete families of vectors is called finite-dimensional. 

On the strength of the statement we have just proved, 
there are complete linearly independent families of vectors in 
any finite-dimensional vector space 7^. Indeed, to obtain such 
a family it is sufficient to remove from an arbitrary com- 
plete family a required number of vectors seeing to it that 
completeness is preserved. 

Definition 6. Every complete linearly independent family 
of vectors is called a basis of a vector space 7^. 

It should be emphasized that by definition it is a family 
(and not a set) of vectors that is a basis. At the same time, 
completeness and linear independence are preserved in any 
renumbering (any interchange) of vectors in a basis. Therefore 
9n interchanging the vectors of a basis we again obtain a 
basis, but it is a different basis. 

et 63, ..., e, be some basis and let a,, . . ., am be an 
arbitrary family of vectors in a vector space 7^. 
. Proposition 1. If the family aj, . .., Am is (a) linearly 
independent, then m <n; if it is (b) complete, then m z n. 
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Proof. Since the basis e, . . ., e, is a complete family of 
vectors, any vector of the family a,, ..., am is linearly 
expressible in terms of it. Consequently, by Theorem 1 of 
the previous lecture, if the family a,, ..., am is linearly 
independent, then m x n. 

If the family a,, ..., am is complete, then any vector 
of the basis e, . . ., e, is linearly expressible in terms of it. 
Since the basis is a linearly independent family of vectors, 
then m z n by the same Theorem 1. D 

Corollary. Ali bases of a finite-dimensional vector space F 
contain the same number of vectors. 

Definition 7. This number is called the dimension of 
a vector space 7" and denoted by dim 7^. 

If dim 7^ -= n, then the vector space 7^ is said to be n- 
dimensional and is usually denoted by 7^". 

We remark that dim F = QO if and only if 7^ = 0. 


We can now formulate an additional axiom 9°. There 
appears some natural number n in it which we assume to 
equal either 3 (the "stereometric" version) or 2 (the "plani- 
metric" version). However, formally the case n — 1 (where 
one obtains a trivial "geometry of a straight line") is also 
possible, as is even the completely degenerate case n = 0 
("the geometry of a point"). 

Axiom 9? (dimensionality axiom). A vector space 7^ is 
finite-dimensional and dim Y^ — n. 

We shall remark that in such a vector space statements 1 
and 2 are valid in an obvious way. Indeed, statement 1 
is equivalent to item (a) of Proposition 1 and statement 2 is 
nothing else but the statement about the existence of bases. 


In an n-dimensional vector space each basis 

(a) consists of n vectors, 

(b) is a complete family, 

(c) is a linearly independent family. 

It is remarkable that if property (a) holds for some family 
of vectors, either of properties (b) and (c) follows from the 
other. 

Proposition 2. A family of vectors of an n-dimensional 
vector space Y consisting of n vectors is a basis if and oniy if 
it is either complete or linearly independent. 

Proof. It is necessary to show that if the family e, .. ., e, 
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is complete, it is also linearly independent, and if it is line- 
arly independent it is also complete. 

But if the family ej, ..., e, is complete and linearly 
dependent, then, by removing from it a suitable vector, 
we can obtain a complete family consisting of n — 1 vec- 
tors, which by virtue of Proposition 1, item (b), is impossible. 
Consequently, the complete family e,, .. ., e, is linearly 
independent. 

Now let the family e,, ..., e, be linearly independent. 
It is necessary for us to show that it is complete, i.e. that 
any vector a € 7^ can be expressed in terms of it. Consider 
to this end the family e,, ..., en, a. It contains n + 1 
vectors and is therefore (Proposition 1, item (a)) linearly 
dependent. Consequently, one of the vectors of this family 
is linearly expressible in terms of the previous ones. Since 
the family ej, ..., e, is linearly independent under the 
hypothesis, that vector can be only the vector a. [] 


Let e, .. ., e, bean arbitrary basis of a vector space 7^. 
Then for any vector a € 7^ there exist uniquely determined 
numbers al, ..., a^ (where the superscripts are numbers 
and not exponents) such that 


(4) a=a'e,+...+a"e,. 
The existence of the numbers at, . . ., a” is ensured by the 
completeness of the basis and their uniqueness by its linear 
independence. 

Definition 8. The numbers a!l, ..., a” are called the 
coordinates of a vector a in the basis € s, Cn 

Formula (1) is called the ezpansion of a vector a "with respect 
to the basis e,, . . ., en. We shall write it (and similar for- 
mulas) in the form 

a — ae, 

assuming that summation is taken over the two repeating 
indices, the superscript and the subscript, from 1 to n. This 
abbreviated notation was suggested by Einstein. 


Let a and b be twol vectors and let at, . . ., a” and b}, 

..., b” be their coordinates (in the same basis ej, . . ., ej). 

Then 
a=a'e,+...+a"e,, b=b’e,+...+5%e, 
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and therefore 
at+b=a'e,+...+a"e, -- bie, 4- ...+b"e, = 
— gle, + bie, + ... J- ae, J- b^e, = 
= (a! -- bt) e, +... + (a? +8") en: 
(In Einstein's notation this calculation is written quite 
briefly: a + b = ate; + bte; = (a! + b!) ej.) This proves 
that the coordinates of the sum of vectors are the sums of 


the corresponding coordinates of the summands or, briefly, 


that in adding vectors their corresponding coordinates are 
added. 
Similarly for any number k we have 


ka = k (ate, + ... + a^e,) = (ka!) e + ... + (ka?) en 
(i.e. ka = k (aiej) = (kat) ej). Thus when a vector is mul- 


tiplied by a number its coordinates are multiplied by the 
same number. 


Lecture 5 





Isomorphisms of vector spaces - Coordinate isomorphisms - The 
isomorphism of vector spaces of the same dimension - The 
method of coordinates - Affine spaces - The isomorphism of 
affine spaces of the same dimension - Affine coordinates - 
Straight lines in affine spaces - Segments 


The properties of coordinates established in the previous 
lecture can be stated in more invariant terms. 
Definition 1. Let 7^ and 7^' be two vector spaces. The 
bijection 
9:2 >F" 


of the space J^ onto the space 7^' is said to be an isomorphism 
if it transforms a sum into a sum and a product by a number 
into a product by the same number, i.e. if 


9 (a+ b) = 9 (a) + 9 (b) 


and 
ọ (ka) = kọ (a) 


for any vectors a, b € 7^ and any number k. 

The vector spaces 7^ and 7’ are said to be isomorphic 
if there is at least one isomorphism 7^ —- 7^'. In this case 
we write 7^ zz 3^'. 

It is clear that the identity mapping 7^ —- 7^ is an iso- 
morphism, that the inverse of an isomorphism is an isomor- 
phism, and that a composition (product) of isomorphisms 
is an isomorphism. It follows that the isomorphism relation 
is an equivalence relation, i.e. it is reflexive (7^ zz J^), 
symmetrical (if 7^ zz 7^', then 7’ zz 7^) and transitive 
(i£ 7^ zz 7^' and 7^' zz 7^", then 7^ z 7^"). Therefore the 
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collection of all vector spaces (over a given field K) falls 
into nonoverlapping classes of isomorphic spaces. 

In the axiomatic theory of linear spaces we are (and can 
be) only interested in those of their properties which can be 
expressed in terms of the operation of addition and that of 
multiplication by a number. It is clear that two isomorphic 
spaces have identical properties of this kind. Therefore the 
axiomatic theory treats isomorphic spaces as identical. 
This makes it possible to extend statements proved for one 
space to all spaces isomorphic to it. It is virtually on this 
fact that the method of coordinates analytic geometry 
rests on is based. 


Indeed, the coordinates a!, . . ., a” of each vector a c 7^ 
(in a given basis e, . . ., €n) constitute a sequence (a!, . 
..., a”) that is an element of the space R” (or an element 
of a similarly constructed space K” in the case of an arbit- 
rary ground field K). Therefore the formula 


(1) 9 (a) = (a, -e a”) 
determines some, obviously bijective (one-to-one) mapping 
QF >R*. 


The fact that the coordinates of a sum are the sums of the 
coordinates is obviously expressed by the formula 
q (a + b) = ọ (a) + ọ (b), 
and the fact that the coordinates of a vector ka are the prod- 
ucts of the coordinates of the vector a by the number k is 
expressed by the formula 
ọ (ka) = ko (a). 

Thus we see that the mapping q: 7^ — R” is an isomorphism. 

Definition 2. An isomorphism given by formula (1) 
is called the coordinate isomorphism determined by the basis 


€ s, On. 
Of particular importance in the space R” are the n vectors 


(1, 0,0, ...,0), 
(0, 1, 0, «+, 0), 
(0, 0, 1, ..., 0), 
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It is clear that they constitute a basis (called the standard 
basis for the space R”), the coordinates of an arbitrary vector 


(al, ..., a") € R” in this basis being its componentsa!, ... 
., a”, i.e. 
(a, ...,a)= 


=a'(4,0,...,0)+a2(0, 4, ..., 0) 4... +a” (0, 0,..., 4). 


The coordinate isomorphism (1) is obviously uniquely charac- 
terized as an isomorphism 7" — R” transforming a given 
basis e, ..., e, for a space 7^ into the standard basis for 
a space R^. It follows that any isomorphism F — R" isa 
coordinate isomorphism corresponding to some basis (namely, 
to the basis consisting of vectors transforming under a given 
isomorphism into the vectors of the standard basis for a 
space R^). 


The fact of the existence of isomorphisms 7^ —- R” means 
that the following theorem holds: 

Theorem 1. Every n-dimensional vector space 9^" is iso- 
morphic to a space R”. O 

We see, in particular, that any two vector spaces of the same 
dimension are isomorphic (and, of course, any two of different 
dimensions are not). 

Thus, although there are an immense number of different 
vector spaces, there exist only a countable number of classes 
of isomorphic finite-dimensional spaces. Moreover, for any 
nonnegative whole number n > 0 there exists one and only 
one such class; it contains all n-dimensional vector spaces. 

Each isomorphism q: Y —- 7” of two vector spaces is 


determined by two bases ej, ..., e, and ej, . . ., e; for 
these spaces and transforms a vector x — x'e, into the 
vector x’ = xte; having in the basis ej, ..., e; the same 


coordinates as the vector x has in the basis e, ,. . ., e. 
On these grounds it is sometimes said that isomorphism q 
is established from the equality of coordinates. 


The coordinate method of analytic geometry (as applied 
to vector spaces) consists exactly in using the coordinate 
isomorphism (1) to replace an arbitrary vector space 7^ by 
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the quite definite space R”. The benefit derived from this 
is that in proving theorems in the space R” we can employ 
all the analytic techniques for handling numbers, which of 
course significantly simplifies the proofs and often makes it 
possible to prove the theorems by almost automatic calcu- 
lation (whereas their derivation from axioms, i.e. what is 
said to be their “synthetic” proof, nearly always involves 
a certain degree of ingenuity). 

Care must be taken here, however, that the final conclu- 
sion has a “geometrical meaning”, i.e. that it is stated only 
in terms of the basic operations and therefore can be trans- 
ferred into the original space 7" by means of the inverse 
isomorphism q^: R^ — 7^. If this condition is not ful- 
filled, then in general a statement proved in R” makes no 
sense in 7^ (regardless of the choice of a basis). 

The thing is that isomorphism (1) depends on the choice of a 
basis and that therefore working in R” we automatically 
include the basis into our investigation. Only those state- 
ments have a "geometrical meaning" which do not depend 
on any arbitrariness in the choice of a basis. Such is, for 
example, the statement that some vector is zero, but not 
the statement that its first coordinate is zero. 

The tempting idea of completely algebraizing geometry by 
identifying once and for all, by means of isomorphism (1), 
every vector space 77" with the space R^ does not work 
exactly because the identification is accomplished with 
great arbitrariness the restriction of which in any way does 
not appear possible. 


Vectors alone do not suffice of course to construct geometry; 
one more thing is needed at the minimum, points. To axio- 
matize the construction of a vector from two points, we 
introduce the following definition. 

Definition 3. An affine space is a set Æ of members of an 
arbitrary nature, called points, for which there are given 

(a) some vector space 7^; 

(b) a mapping associating with any two points A, B € A 


— 
some vector of Æ denoted by AB and called a vector with 
its initial point at A and the terminal point at B. The fol- 
lowing two axioms must be satisfied: 
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10°. For any point A € 4 and any vector a € 7^ there 
is a unique point B € 4 for which 


—» 
AB —a. 


11°. For any three points A, B, C € & the following equa- 
tion holds 


=> > > 
AB -- BC — AC. 
Setting in axiom 11° A = B = C we find, as was to be 
— 
expected, that AA = 0. Setting now C = A we find that 
— 


— 
BA — —AB. 

A vector space 7^ is said to be associated with an affine 
space Æ. Its dimension dim 7" is called the dimension of 
the affine space 4 and denoted by the symbol dim 4.. 

For the time being we shall naturally be interested in 
affine spaces of dimension n < 3. A space of dimension 1 is 
called a straight line, a space of dimension 2 is called a plane 
and a space of dimension 3 is called, alas, a space. The con- 
fusion is aggravated by the fact that, as we shall see later, 
the terms straight lines and planes are also used to refer to 
some subsets of a space. Of course, allthis sounds very un- 
pleasant, but such is the established usage. 

The part of mathematics concerned with affine spaces is 
called affine geometry. When constructed in the way we 
do it, this geometry contains two primary undefinable con- 
cepts (a point and a vector) and three undefinable relations 
(the relation between three vectors a, b, e meaning that the 
vector c is the sum of the vectors a and b; the relation between 
two vectors a, b and a number k meaning that b = ka; 
the relation between two points A, B and a vector a meaning 


—»- 
that AB — a). These relations must satisfy the eight "vector" 
axioms 1° to 8°, the dimensionality axiom 9° (for a given n) 
and the two “affine” axioms 10° and 11°. 

Examples of affine spaces. 

1. Let Y be an arbitrary vector space. We define an affine 


space Æ by setting 4 = J^ and ab — b — a. Axioms 10? 
and 11? are obviously satisfied (for any "point" a € Æ and 
any vector e C 7^ the "point" b = a + c is obviously the 
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only point for which ab — e; for any three points a, b, 
and e the following equation holds: e — a = (b — a) + 
+ (e — b)). Thus any vector space 7^ can be regarded as an 
affine space. In this capacity it will sometimes be denoted 
by Fapt 

2. in particular we find that the set R” is naturally an 
affine space with which is associated the vector space R”. 
(Thus we use the symbol R* to denote two different objects: 
an affine space and a vector space. When these are to be distin- 
guished, one can write, for example, Rz;; and Ro...) If. A = 
= (al, ..., a") and B = (bl, ..., b") are points of R25, 


then the vector AB of R2. is defined by the formula 
— 
AB = (bi — at, ..., b" — a^). 


Let Æ and Æ’ be two affine spaces and let 7^ and 7’ 
be associated vector spaces. 
Definition 4. An isomorphism of a space Æ onto a space JZ' 
is a bijection 
yp: —X 


considered together with some isomorphism q: 7 —> 7° 
of associated vector spaces, such that for any two points A, 
B € Æ there holds the equation 


$ d) y @) = o (AB). 


The spaces æ and j£' are said to be isomorphic if there 
exists at least one isomorphism of the space j£ onto the 
space 4’. It is clear that the isomorphism relation of affine 
spaces is an equivalence relation. 

It is easy to see that any n-dimensional vector space J^? 
regarded as an affine space (see example 1) is isomorphic 
to the affine space R”. The corresponding isomorphism +: 
Vtg > Rag is an arbitrary coordinate isomorphism 7” —- 
— R^ (with the latter as isomorphism q: 7%, —- R}e). 
Thus the isomorphism of Yg with Rig is given by the 
choice of a basis in 7". 

On the other hand, any affine space Æ is isomorphic to an 
associated vector space 7^ regarded as an affine space. In order 
to define such an isomorphism, it is necessary to choose in J£ 
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— 

(2) (A) =OA. 

It is obvious that the isomorphism 1p: 4 — 7^ thus defined 
is an isomorphism of the affine spaces 4 and Fag (in this 
case p is the identity mapping 7^ —> 7). 

Vector (2) is usually called the radius vector of the point A. 
It should be emphasized that it depends on the choice of 
the point O. 

Combining the two proved statements we obtain the follow- 
ing theorem. 

Theorem 2. Every n-dimensional affine space A” is isomor- 
phic to the affine space R”. 

In other words, all affine spaces of the same dimension are 
isomorphic. 

This constitutes the completeness of axioms in affine 
geometry: to within an isomorphism they uniquely deter- 
mine the corresponding space. 


The isomorphism of 4" onto R” is given by an arbitrary 
point O € 44 (its choice being determined by the isomorphism 
of Æ” onto 7/25) and an arbitrary basis e}, . . ., e, for the 
space 7^" (its choice being determined by the isomorphism 
of T ag onto Règ). 

Definition 5. A collection consisting of a point O and 
a basis e, ..., e, is called an affine coordinate system in 4. 
It is denoted by Oe, ... ey. 

For example, when n = 3 (in space) the affine coordinate 
system has the form Oe,e;es, when n = 2 (in the plane) it 
has the form Oe,e, and when n = 1 (on the straight line) it 
has the form Oe,. 

According to what has been said every affine coordinate 
system Oe, ... e, determines some isomorphism 1p: 4 > 
—> R”. It is called a coordinate isomorphism. 

Let A € 4 and 


p (A) = (d ..., a”). 
Definition 6.-The numbers a!, ..., a” are called the 
affine coordinates (or simply coordinates) of a point A in the 


affine coordinate system Oe, ... e, 
These coordinates are nothing other than the coordinates 


4—01283 
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— 
of the radius vector OA in the basis ej, . . ., e4. 


— 
OA=a'e,+...+a"e,. 
When n = 3 


— 
OA — ate, + a?e, = a*e;, 


and when n = 2 


— 
OA — ate, + 2?e,. 


All that was said above about the role and significance of 
the coordinates of vectors can be said without reservation 
about affine coordinates. 


The affine geometry based on axioms 1? to 11? is that 
part of elementary geometry which makes no use of the 


e; 
e, R 
e, 0 " : 
1 
0 
€i 
(a) (b) (c) 


ate coordinate system: (a) in space; (b) in the plane; (c) on a straight 
ine 


mensuration of the lengths of segments and the values of 
angles. We shall see that this part is not very small. In 
particular the concept of a straight line makes sense in it. 

How should straight lines be introduced axiomatically? 
To do this it is as ever necessary to consider them on the 
intuitive-geometric level. 

It is clear on this level that any straight line (in the plane 
or in space) is completely determined by its arbitrary point 
M , and an arbitrary nonzero vector a parallel to the straight 
line. Then the condition that some point M should be on 
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—— 
the straight line implies that the vector MoM is collinear 
with the vector a, i.e. that there exists a number t such that 


—— 
(3) MM =ta. 
In the axiomatic construction of geometry this statement 
must be reversed and taken as a definition. 


Let 4 be an arbitrary affine space with an associated vec- 
tor space 7. 

Definition 7. A straight line in the space 4, given by 
the point M, € # and a nonzero vector a € 7^, is a set of 


—— 
all points M € æ for which the vector MoM is collinear 
with the vector a, i.e. for which equation (3) holds for 
some t. 

The vector a is called the direction vector of a straight line. 
Any vector collinear with the vector a is said to be parallel 
to the given straight line. On the strength of this definition 
vectors are collinear if and only if they are parallel to some 
straight line (this fact was earlier established within the 
framework of intuitive theory; now we have obtained it 
within the axiomatic theory). 

It is easy to see that each straight line in a space A is in 
a natural way provided with the structure of an affine space of 
dimension 1 (for this reason one-dimensional affine spaces, 
even when they are given as abstract spaces, are also called 
"straight lines"; see above). 

It is indeed clear that 

(a) all vectors parallel to a straight line form a vector 
space of dimension 1; 

(b) for r any points A, Hot of a straight line the corresponding 


vector AB = MB ðB — M MA is in that vector space; 


— 

(c) the peer See (A, B) — AB satisfies 
axioms 10? and 11 

Since at t = 0 dos point M, is obtained we see that the 
point M, is on the straight line considered. Therefore we 
also say that this straight line passes through the point Mo 
and is parallel to the vector a. 

Clearly, the point M and the vector a constitute on the 
Straight line (regarded as an affine space of dimension 1) 
4* 
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an affine coordinate system. The coordinate of the point M 
in this system is the number ¢ appearing in relation (3). 

Proposition 1. Let No be an arbitrary point of the straight 
line passing through a point Mo and parallel to a vector a, 
and, let b be an arbitrary nonzero vector parallelto the straight 
Hd Then the point No and the vector b give the same straight 
ine. 

Proof. Under the hypothesis there are numbers to and 
hy ~0 such that 


—— 
M,N o=ta and b= kga. 
Therefore if 


—> 
MM =ta 
then 
—— > —— 
NM = M,M — MN, = ta — taa = tb, 
where t = =: 


Conversely, if 
—> 
NM = th 
then 


=> — —— 
MM — N,M + MN = Ttb+ ta = (xh, + to) a = ta, 


where t = tho + to. O 

Thus a straight line can be given by any of its points and any 
nonzero vector parallel to the straight line. 

Moreover, it is easy to see that for any two points M, and M, 


—— 
on a straight line the corresponding vector MaM, is parallel 
to that straight line. Indeed, according to (3) there is 4, such 
that 


=> 
MM, = ta. 


Consequently, a straight line is uniquely determined by any 
two of its distinct points My and My, since it is uniquely deter- 


—— 
mined by the point M, and the nonzero vector MoM. In 
other words, not more than one straight line passes through two 
distinct points M, and M,. 
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If there is such a straight line, then its points M are deter- 
mined from the condition 


— — 
MM = tM,M,, 

where ¢ is an arbitrary parameter. Conversely, by the defi- 
nition this relation gives some straight line for any two dis- 
tinct points Mo and M,. Since M = M, at t — 0 and 
M = M, at £— 1 that straight line passes through the 
points M, and M,. 

Thus we have proved the following proposition. 

Proposition 2. One and only one straight line passes through 
any two distinct points M, and M, of an affine space. 

That straight line is denoted by MoM.. 


The following definition can be introduced in the case 
where the ground field is the field R of real numbers: 

Definition 8. A point M of a straight line MoM, is said 
to lie between the points M, and M, ifthe value of the param- 
eter t corresponding to that point satisfies the inequalities 
0 c t« 1. 

The set of all points of a straight line MoM., which lie 
between the points My and M,, together with these points 
themselves is called a segment with end points Mo and M,. 
Thus for the points of the segment O0 xz t < 1. The segment 
is denoted by M,M,. 
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Parametric equations of a straight line - The equation of a 
straight line in a plane - The canonical equation of a straight 
line in a plane - The general equation of a straight line in 
a plane + Parallel lines - Relative position of two straight 
lines in a plane » Uniqueness theorem + Position of a straight 
line relative to coordinate axes - The half-planes into which 
a straight line divides a plane 


Let an arbitrary point O be chosen in an affine space 4. 
Then relation (3) of the preceding lecture, which defines 
points of the straight line passing through a point M, and 
parallel to a vector a, can be written in the form 


(4) T = rq + ta, 
where 


— — 
ro — OM,, t=OM 


—— 
(recall that MM = r — ro). As the parameter ¢ changes 
from —oo to + oo the point M with radius vector r given 
by formula (1) runs over the entire straight line under con- 
sideration. On these grounds equation (1) is called the para- 
metric vector equation of a straight line. 

Let n — 2 (the case of a straight line in a plane). Having 
chosen an arbitrary affine coordinate system Oe,e,, denote 
the coordinates of a point M (i.e. the coordinates of a vec- 


— 

tor OM in the basis e,, es) by z, y, the coordinates of a point 
Mo by Zo, yo and the coordinates of a vector a (in the basis 
ei, eg) by Z, m. Then equation (1) will be equivalent to 
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two numerical equations. 
T= To + tl, 


2 
e y — yo t tm. 


These are called (coordinate) parametric equations of 
a straight line in a plane. 

When n = 3 (in space) another equation is added to 
equations (2) and the coordinate parametric equations of 
a straight line in space 





assume the form M, 
T= To + tl, 

(3) y =y + tm, 
Z= 29-- in 


(by tradition the third coor- 
dinate of the vector a is de- 
noted by the letter n; we 
have the right to do so, o 

since by fixing dimension 3 A straight line given by a point 
we have freed the letter n "d a vector 

from denoting dimension). 

When giving a straight line by two points M, and M, 
with radius vectors rọ and r, (and by the coordinates zo, 
Yo, Zo and 2, Y1, Z1, When n = 3) we may assume that a = 

— 


= MM, = r, — re (and, accordingly, that 1 = z, — ze, 
m = y, — Yo and n = 2, — Zo). It follows that the para- 
metric vector equation of the straight line MoM, passing 
through the points M, and M, is of the form 

r = fo + t (f, — ro), 
ie. of the form 
(4) r = (1 — t) ro + tn, 


and that its coordinate parametric equations are of the 
form 


z= (1— t) to + tz, 
y= (1 —t) yo+ tyi, 
z= (1— t) 2+ iz, 
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(in space; in a plane the last equation is lacking). 

We shall now consider more closely straight lines in 
a plane (i.e. in two-dimensional affine space). If an affine 
coordinate system Oe,e; is fixed in a plane, then each straight 
line will have parametric equations of the form (2). On 
eliminating from them the parameter £ we obtain the rela- 
tion 


(5) (z — zo) m — (y — yo) 0 = 0. 


Thus, if a point M is.on a straight line, then its coordi- 
nates z, y satisfy equation (5). Conversely, if the numbers 
z, y satisfy equation (5) and if, for example, ? = 0, then 


relations (2) are satisfied at t = == and if m 0, then 


they are satisfied at t = E, i.e. the point M with the 


coordinates z, y is on a straight line under consideration. 
On these grounds relation (5) is called the equation of a 
straight line given by a point M, and a vector a. 


If m ~0 and / 40, then equation (5) may be written 
in the form 
(6) z—Zo9 _ Y—Yo ; 


L m 


Let us agree that this equation makes sense even when 
l = 0 (but m 0) or when m = 0 (but / 40). That is, 
assume that when / = 0 the equation is equivalent to the 
relation z — zo = 0 and when m = Q to the relation y — 
— yo = 0. By virtue of the agreement equation (6), for 
any l, m (not vanishing together), is equivalent to equa- 
tion (5) and hence it is also an equation of a straight line 
in question. 

An equation of the form (6) is called a canonical amiation 
of a straight line. 

In what follows the symbol M, (ry, yo) always denotes 
that a point M, has coordinates zo, y,. Similarly, the 
symbol a (l, m) denotes that a vector a has coordinates l, m. 


For the straight line MM, passing through points 
M, (Zo, Yo) and M, (z,, yı) the coefficients Z and m are 
expressed by the formulas l = z, — Tọ m = yi — ye. 
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Thus the canonical equation of a straight line passing 
through points M, (Zo, yg) and M, (z,, Yı) is of the form 


z—19 _ _Y—VYo 


21—29  Yı— yo` 


This equation may be also written in the form 








T—29 Y—Vo —0 
Tı — To Yı — 
Setting A = —m, B = l, we may write equation (5) 


in the following form: 
A (z — z,) + B (y — Yo) = 0. 


This is the general equation of a straight line passing through 
a point M, (ze, y). 

Setting C = —Az, — By,, we can write the equation 
in the form 


(7) Az + By 4- € — 0. 


We remark that for the straight line (7) the direction vector 
has the coordinates B, —A. 

It can easily be seen that any equation of the form (7), 
where either A = 0 or B= 0, determines some straight line. 
Indeed, find numbers zp, y, such that Az, + By, + C = 
(if A + 0 one may take, for example, z, = —C/A, y; = 0 
and if B = 0, for example, z, = 0, y; = —C/B) and con- 
struct a straight line passing through a point Mj, (£o, Yo) 
and parallel to a vector a (B, —A). Equation (5) of this 
straight line differs only in sign from given equation (7). O 


We now consider the question of the relative positions 
of two straight lines in the plane. 

Definition 1. Two straight lines (no matter whether 
in a plane or in space) are said to be parallel if their direc- 
tion ee are collinear (and therefore may be chosen 
equal). 

If parallel lines have at least one point in common, 
then they coincide (for a straight line is uniquely determined 
by a point and a direction vector). Thus the distinct par- 
en. lines have no points in common (do not inte- 
rsect 
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In the plane the straight lines under consideration have 
equations of the form 


(8) Ar + By +C =0 
and 
(9) AT + By + C, = 0. 


Since the direction vectors of these straight lines have, 
respectively, the coordinates B, —A and B,, —A, and 
vectors are collinear (i.e. proportional) if and only if their 
coordinates are proportional, the straight lines (8) and (9) 
are parallel if and only if 


SAna Ba 
A B,’ 


Here and in what follows formulas of this kind must be 
perceived as “proportions” of numbers rather than their 
equality, i.e. as the statement about the existence of such 
a number p Æ 0, called the proportionality factor, that 
A = pA, and B = pB,. Therefore it is not excluded that 
the "denominator" A, is zero, which occurs if and only if 
so is the "numerator" A. This is the same agreement that 
we employed above in relation to the canonical equations 
of a straight line. 

If the straight lines (8) and (9) have a common point 
M, (zo, Yo), i.e. the equations 


Az, + By, 4- C — 0, 
A429 + Bayo 4- C, —0 


hold and if these straight lines are parallel, i.e. if the equa- 
tions A = pA, and B = pB, hold for some p #0, then 
by multiplying the second of the equations (10) by p and 
subtracting from the first, we find that C — pC, = O. 
Consequently, if 


(10) 


A B C 
VIE EEUU 


then equations (10) are impossible, there are no common 
points and the straight lines (8) and (9) do not intersect, 
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If, on the other hand, 
A B C 


z — Z —— 


then either of the equations (8) and (9) is a consequence 
of the other, so that in this case the straight lines (8) and 
(9) coincide. 

If, NETON: the straight lines (8) and (9) are nonparallel, 
i.e. i 


4; 7 Br’ 
then equations (8) and (9) have a unique solution 
BC,—CB, _ CA, — AC1 


(11) To= AB,—BA,' Y= AB,—BA, 

(these are the so-called Cramer’s formulas written for 
a special case of two equations in two unknowns). This 
means that nonparallel lines intersect in a. single point 
(with coordinates (11): 

Since the conditions obtained ine all the, possibilities 
and do not overlap, each of them is necessary and sufficient. 
This proves the following theorem. 

Theorem 1 (relative positions of two straight lines in 
a plane). Two straight lines in a plane- 

(a) either have no point in common, or 

(b) have one and only one point in common, or 

(c) coincide. 

Case (a) is characterized by the fact that 

A: 
RAT 
case (b), by the fact that 


d B 
B,’ 
case (c), by the fact that 
A—R4 4 
A € 


In cases (a) and (c) the sient lines are parallel, and 
in case (b) they are nonparallel. Q 
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In particular, we see that the two equations (8) and (9) 
determine the same straight line if and only if these equations 
are proportional. This statement is known as the uniqueness 
theorem (for straight lines in a plane). 


The affine coordinate system Oe,e, determines two remark- 
able straight lines having, respectively, equations z = 0 
and y = 0. The straight line z = 0 is called the azis of 
ordinates (of the coordinate system under consideration) 
and the straight line y = 0 is called the azis of abscissas. 
The axis of ordinates is uniquely characterized as a straight 
line given by the point O (0, 0) and the vector e,, and the 
axis of abscissas as a straight line given by the point 
O (0, 0) and the vector e,. 

It follows immediately from the theorem on the relative 
positions of two straight lines that the straight line 


(12) Az + By--C —0 


' (a) is parallel to the axis of ordinates if and only if B — 0; 

(b) is parallel to the azis of abscissas ij and only if A = 0. 

It can be added for completeness that the straight line (12) 
passes through the origin O if and only if C — O. 

If B #0, i.e. if the straight line is not parallel to the 


axis of ordinates, then, setting k = —A/B and b = —C/B, 
we can write its equation in the form familiar from school: 
y = kz + b. 


It is important in the definition below that the field R 
of real numbers is the ground feld K. 

Definition 2. Given an arbitrary straight line (12) we 
say that two points M,, M, of a plane not on the straight 
line (12) are nonseparated (by the straight line (12)) if those 


points either coincide or (if M, = M,) the segment M,M, 
and the straight line (12) have no points in common. 
To contract notation we set 


F (z, y) = Az + By + C. 


Proposition 1. Points M, (x,, yı) and M (£z, ys) not on 
the straight line (12) are nonseparated if and only if (nonzero) 
numbers F (z,, y) and F (z,, Ya) have the same signs. 
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Proof. We may assume without loss of generality that 
M, + Ma. Then a straight line M,M, is determined whose 
coordinate parametric equations are of the form 


g—(4—1)z, + zs, 
y=(1—d) w+, 


(cf. (4)). To find the points that the straight lines M,M, 
and (12) have in common (if there are any), it is necessary 
to replace the expressions for z and y in equation (12) and 
solve the resulting equation for t. The result of the substi- 
tution has obviously the form 


(4 — t) F (z1, yi) + tF (za, Ya) = 0, 


whence it follows that 


I F (zi, yi) 
(13) t= F (21, V1) — F (Zas Ya) 


(if F (z,, y) = F (xe, Y2), then there is no solution, i.e. the 
straight line M,M, is parallel to the straight line (12)). 

On the other hand, by definition the points M, and M, 
are separated by the straight line (12) if and only if the 
number (13) exists and satisfies the inequalities 0 < t < 1. 

Thus we see that the points M, and M, are separated by 
the straight line (12) if and only if F (z,, y) Æ F (zs, Ya) 
and 

F (21, y1) 
0< Fen nF en dy ^U 

If F (z,, yj) > F (xa, Ya), then this is possible if and only 
if F (a, ys) — 0 and F (z, ys) — 0, and if F (x, y) < 
< F (ag, y;), then it is possible if and only if F (z,, y) < 0 
and F (2, Ya) — 0. In both cases the numbers F (z,, yi) 
and F (23, Ya) have different signs. Therefore the points 
M, and M, are nonseparated if and only if those numbers 
have the same signs. [] 


It follows immediately from Proposition 1 that the 
relation of nonseparatedness is an equivalence relation 
a that there are exactly two respective equivalence 
classes. 
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Definition 3. These equivalence classes are called kalf- 
planes determined by the straight line (12). 

Thus two points M, (z,, yı) and M, (z,, Ya) not on the 
straight line (12) are in the same half-plane if and only if 
the segment M,M, does not intersect that straight line, 
i.e. if and only if the numbers Az, + By, + C and Az, + 
+ By, + C have the same signs. 
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An intuitive notion of a bivector - A formal definition of the 
bivector - The coincidence of the two definitions - A zero bi- 
vector - Conditions for the equality of bivectors - Parallelism 
of the vector and the bivector - The role of the three-dimension- 
ality condition - Addition of bivectors 


Before considering straight lines in space it is appropriate 
to investigate the basic properties of planes, in space. if 
turns out that the theory of planes in space.is completely 
analogous to the theory of straight lines in the plane. For 
this analogy to be complete, however, the “planar” coun- 
terpart of the concept of a vector is required. 

Just as geometrically a vector is a directed line segment 
(i.e. a part of a straight line), so a "planar vector" “floating” 
freely in space must be a "directed" part of the plane (an 
"area element"), in general of arbitrary shape, also floating 
freely in space. The "directedness" of such an area element 
means that it has the clockwise or counterclockwisé direc- 
tion of rotation given on it. Two area elements are, in close 
analogy with vectors, considered to be equal if 

(a) they have the same area; 

(b) are parallel to the seme plane; 

(c) have coincident directions of rotation on them. sen 
conditions describe what “area elements ‘float freely’ i 
space" signifies.) 

In view of condition (a) we have no need to consider 
area elements of arbitrary shape; without loss of generality 
we may restrict ourselves for example to parallelograms. 
But the parallelogram OACB is uniquely given by vectors 


a= OA and b = OB. And what is more, taken in a defi- 
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nite order, these vectors give in the parallelogram OABC 
the direction of rotation as well (for example, for definite- 


— — 
ness we may agree that the vectorsa — OA and b — OB— 
taken exactly in that orderl—determine a rotation about 
the point O such that the point A moves along the shortest 
arc to the point B). 

All this means that instead of area elements we may 
consider ordered pairs (a, b) of vectors. Two such pairs 


B Cc 


Pea 


*Planar vector" Bivector 


are considered to be equal (or, rather, equivalent) if paral- 
lelograms constructed on them satisfy conditions (a), (b), 
and (c). The class of equivalent pairs (this is just the "planar" 
counterpart of a vector) is called a bivector. 


From the intuitive point of view conditions (a), (b) 
and (c) are quite clear, but unfortunately we cannot include 
them in our axiomatic system, since it has as yet no such 
concepts as "area" and "plane". And what is more, it is 
on the basis of the concept of bivector that we are going to 
introduce these concepts later on. So, to avoid the vicious 
circle, we must introduce the equivalence relation between 
pairs of vectors in a different way having meaning in any 
vector space. 

Definition 1. Let a, b, a, and b, be vectors of an arbit- 
rary vector space 7^. One says that the pair (a,, b,) is ob- 
tained from the pair (a, b) by an elementary transformation 
and writes (a, b) = (a,, b,) if either 
(1) a =a, b = b+hka or a, =a + kb, b, = b, 


where k is an arbitrary number (an element of the ground 
field K) or 


(2) a; = Aa, b, — 4b, 


where à -0 is an arbitrary nonzero number. 


Lecture 7 65 


We draw attention to the fact that if the vectors a, b are 
noncollinear, then so are the vectors a, and b,. This makes 
meaningful the following definition. 

Definition 2. Two pairs of vectors are said to he eguiv- 
alent if either each of them consists of collinear vectors 
or one may be obtained from the other by means of some 
sequence of elementary transformations. 


A>0 ^a 
> os T 
D uf e Je Je 
a da UM 
(a) (b) 


(a) Elementary transformation$(1),8(b) elementary transformation (2) 


Clearly, (a, b) = (a, b) (it is sufficient to apply (4) 
with k = 0). Moreover, if (a, b) => (a;, b), then (a,, b,) > 
=> (a, b) in case (1) a = a, and b = b, + ka, ora = a; + 
+ kb, and b = b,, where k, = —k, and in case (2) a = 


— Ma, and b= ib. where 4, = +. It follows that the 


relation “to be obtained by means of a sequence of ele- 
mentary transformations" is indeed an equivalence relation. 
Definition 3. The respective equivalence classes are 
called bivectors of a vector space J^. A bivector deteymined 
by a pair (a, b) will be designated by the symbol a / ib 
and the aet of all bivectors by the symbol 7^ A d^. 


For this definition to be justified, we must return to 
the intuitive point of view and show that the resulting 
bivectors coincide (for noncollinear pairs) with those intro- 
duced above, i.e. with bivectors as area elements. In other 
words, we must show that the formal equivalence relation 
introduced in Definition 2 coincides with the "geometrical" 
definition based on conditions (a), (b), and (c). 


5—01283 
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The parallelograms constructed on the vectors a, b and 
those constructed on a, b + ka obviously have the same 
base and the same altitude. Therefore their areas are equal 
(condition (a)). They are both located in the same plane 
(condition (b)) and, as can be seen directly from the drawing, 
the directions of rotations on them coincide (condition (c)). 
The case of the elementary transformation (2) is considered 

in a similar way. Thus, if 
pairs of (noncollinear) vec- 
tors are equivalent in the 
sense of Definition 2, then 
3, they {are equivalent as area 


elements as well. 
Conversely, let the area 
b; elements (a, b) and (a), bi) 


be ‘equivalent. Then all the 

o ry a four vectors a, b, a,, b, lie 

in the same plane (condition 

Equivalent area elements (b)), and since the vectors a 

and b are noncollinear under 

the hypothesis, it is possible 

to expand the vectors a, and b, with respect to them. 
Hence we have equations of the form 


8,— ka + lh, 
b, == ka + Lb, 


with ô = kl, — lk, 0 (for otherwise the vectors a, and b, 
would be collinear). 
In algebra the number 6 is designated by the symbol 


(3) 


lee |ana referred to as the determinant. 


Lemma 1. Jf vectors a, b, ay, b, of an arbitrary vector 
space 7^ are connected by relations (3), with 5 0, then the 


pair (a, b) can be converted into the pair (a, + bi) by ele- 
P 8 


mentary transformations. 
Proof. If k 0, then 


(a, b) => (a4- zb. b) = (ka + ib, x) => 
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=> (ka + Ib, $ b+ {4 (ka + 1b) ) = 


1 
= (a+ lb, + (ka + lb) ) = (an $b). 
Similarly, if k = 0 (and therefore l 0 and k, 0), 
then, since 
(4) (a, b) (a, b—a)= (a+ (b—a), b—a) = 
= (b, b—a) > (b, —a) 
(this intermediate result will yet prove useful to us) and 


(b, —a)= (Ib, —ra)- (Ib, —a— g ib) = 


~ Pky 
= (ib, $ (ka +hb)) = (ay, Fs) 


we again find that the pair (a,, $ b) is obtained from the 


pair (a, b) by a sequence of elementary transformations. [] 
It follows from this lemma, by virtue of what has already 


been established, that the area element (a,, t b,) is equiv- 


alent to the area element (a, b) and hence to the area 
element (a,, b,). But clearly the area of the area element 


(az, * b) is equal to that of the area element (a;, b,) multi- 
plied by t and the directions of rotation on them coincide 


if and only if i 0. Therefore (conditions (a) and (c)) 


ô= 1. Hence the pair (a,, b,) is obtained from the pair 
(a, b) by a sequence of elementary transformations. [] 
Thus we are fully justified in making Definitions 1 to 3. 


We remark that by definition all collinear pairs give 
the same bivector. It is called a zero bivector and designat- 
ed by the symbol 0. Thus, by definition, the vectors a and b 
are collinear if and only if a A b = 0. 

Let two bivectors a A b and a, A b, be given. How is 
one to find out whether these bivectors are equal or not? 
If at least one of them is zero, the answer is trivial: the 
bivectors are equal if the vectors a, b, as well as the vec- 
5* 
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tors a, b,, are collinear. Therefore without loss of gener- 
ality we can seek the answer only for nonzero bivectors. 

Proposition 1. Two nonzero, bivectors a A b and a, A b, 
are equal if and only if eguations of the form 


(5) a= ka + lb, 
b, = kya + Lb 
hold and the number ô = kl, — lk, = li A is equal to 


unity. 
Proof. According to Lemma 1, if equations (5) hold, 


then a A b = a; Ag b,. Therefore, with 6 = 1, the bivec- 


tor a, A b, is equal to the bivector a A b. 

To prove the converse it is evidently sufficient to estab- 
lish that 

(a) if (a, b) 2 (a,, b,), then relations (5) hold, with 


(b) if the pair (a,, b,) is connected with the pair (a, b) 
by relations of the form (5), with 6 = 1, and if a pair fag, ba) 
is similarly connected with the pair (a,, b,), then the pair 
(ag, ba) is also connected with the pair (a, b) by relations 
of the form (5), with 6 — 1. 

But statement (a) is obvious, and statement (b) is verified 
directly by caleulation: if 


a; = ka + lb, az = k'a; + l'b, 


and 

b=ka+lb b,—/,a,--lb,, 
then 

az= (kk! + kyl’) a+ (Uk! + uU) b, 

b, = (kk; + k,l;) a + (Ue, + Lla) b, 
with 


(Ek +- kal’) (Ik; + LL) — (Ik' + ll’) (kk; + ely) = 

= (kl, — lk) (k'l —l'k;). 
(An informed reader will immediately discover here the 
formula for matrix multiplication and the theorem on the 
determinant of the product and thus get rid of any ealcu- 
lations.) O 
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Definition 4. We shall say that a vector e is parallel 
to a nonzero bivector a =a A b and write e || a if it is 
linearly expressed in terms of the vectors a and b. If a = 0, 
then we shall assume by definition that e || a for any vec- 
tor e. 

It follows from Proposition 1 that the definition is correct 
(that it is independent of the arbitrariness in the choice 
of the vectors a and b). 

Note that according to Definition 4 the zero vector is 
parallel to any bivector. 

Clearly, if a = e A a, then e || a. The converse is true 
in the following ferm. 

Proposition 2. If e || a and e 0, then there ezists a vec- 
tor a such that 


a=e A a. 


Proof. If a = 0, we may set a = e (or a = 0). Let a = 
= a A b, #0. Under the hypothesis there are numbers 
k and i| such that 


e = kaı + Ib. 


Select numbers k, and l, such that kl, — lk, = 1 (for exam- 
ple, if k 2&0, we may set k, = 0 and l, = k^, and if k = 0, 
we may set k; = —I-! and l, = 0; the case k = 0 and 
l = 0 is impossible by virtue of the condition e 0) and 
set 


a = kya, + l;b,. 
Then, by Proposition 1, the equation a — e A a will hold. [] 


Thus far in our discussion of bivectors we have in no 
way used"the dimensionality axiom 9°. We now suppose 
that n = dim 7 < 3 (in fact only the case n = 3 is inter- 
esting). 

Proposition 3. For any two bivectors a and b there ezists 
a nonzero vector e such that e || a and e || 5. 

Proof. If at least one of the bivectors, a or b, is zero, 
then the existence of a vector e is obvious. Therefore without 
loss of generality we may assume that a 40 and b 0. 

Let q =a Aa, and b = b A by. The four vectors a, a, 
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b, b, must necessarily be linearly dependent in a vector 
space of dimension <3, i.e. there exist numbers k, k,, l 
and /,, not all zero, such that 


ka + ka, + lb + lb, = 0. 
We set 
e = ka + kya, = — (lb + 1,b,). 


It is clear that e ||a and e||5. In addition e 5-0, for 
the vectors a and a, are linearly independent. O 


Definition 5. The sum of two bivectors of the forme A a 
and e A bis a bivector e A (a+ b). Thus, by definition, 


(6) eA ate A b=e A (a+b). 


It follows from Propositions 3 and 2 that this construc- 
tion allows determination of the sum of any two bivectors 
a and b: using Proposition 3 we find a vector e =£0 such 
that e ||a and e||6; then, using Proposition 2, we find 
vectors a and b such that a— eA a and b= e A b; 
we finally set 


a+b=e A (a+b). 


This construction of the bivector a + b is seen to con- 
tain a considerable amount of arbitrariness. It is therefore 
necessary to prove the correctness of this definition, i.e. 
the independence iof the sum a + b on the arbitrariness 
in the choice of the vectors e, a, and b. This will be proved 
in the next lecture. 
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The correctness of the definition of a bivector sum -The product 
of a bivector by a number . Algebraic properties of external 
product: The vector space of bivectors - Bivectors in a plane 
and the theory of areas - Bivectors in space 


In proving the correctness of the definition of the sum a + 
+ b of the bivectors a =e A a and b =e A b several 
cases have to be considered. 

Lete Aa = e A a and e A b= e' A b', with e A a Æ 
750 and e A b 0. Then, according to Proposition 1 of 
the preceding lecture, the equations 


e'—ke--la, e'—k'e-r-i'b, 
a'—k,e--lhna, b'=kie+l b 
hold, with kl, — Ik, = 1 and k'l — lk = 1. 
Case | = 0, i.e. e' = ke, where k 0. Then (k’ — k) e + 
+ l'b = 0 and therefore k' = k and l’ = O (for under the 


hypothesis the vectors e and b are linearly independent). 
In addition, l, = l}; = k-!. Hence in this case 


(e', a’ +b’) = (ke, (ky +k.) e+ k^! (a+b))> 
=> (e, k (ky 4- kj) e+ (a -- b)) = (e, a+b), 


e A (a' -- b') «e A (a+b). 


This proves the correctness of addition in the case | = 0. 

Case l' =Q. This case is completely symmetrical to the 
previous one and is investigated in exactly the same way 
(but the coefficients must be primed wherever they have 
no primes and unprimed where they have). Thus in this 


i.e. 
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case, too, the sum of the bivectors e A a and e A b is de- 
fined correctly. 
Case l 0 and !' 0. Here 
, ha. 
(a' + b') — (4 +7)e'= 
—k,e 4- la 4- k; e - l;b— 4 (ke 4- la) — 4 (We - Ih) 


- (hei inicie (Lee 


and 
(+ I. E ) e =} (ke-- la) +4 T (k'e--i'b)— 

— (a-- b) - ($+ F) e. 
Therefore 


(e, a ' bo (e', (a' +b’) — Gu £ +#)e )= 
, 1 1 1 1 
=(e. -(7+7)e)=((¢t+e) ee) = 
=((a+b)+($+#)e, —e)+(a+b, —e)=> 
=>(a+b+e, — e) — (a 4- b-F- e, a 4- b) 7 (e, a+b), 
i.e. again 
e A (a’ + b) — e A (a+ b). 
It remains to consider the case whére at least one of 
the given bivectors, say the bivector e A a, is zero. But if 


e A a = 0, then necessarily a = ke, where k is some num- 
ber (recall that under the hypothesis e 5&0). Therefore 
(e, a + b) = (e, ke + b) => (e, b), 

i.e. 

0-4-5— 5, 
where 5 = e A b. Thus, when a = 0 the sum a + 5 is 
equal to 6 regardless of the arbitrariness of the construc- 
tion, and is, consequently, correctly defined. It is shown 
in a similar way that a+ 0— a and that hence the 
sum a+ 0 is correctly defined. 
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Thus the correctness of the definition of bivector addition 
is proved in all the cases. [] 

We have also proved in the course of reasoning that, as 
was to be expected, the zero bivector is the zero of bivec- 
tor addition, iie. a+ 0 =0+a=a for any bivec- 
tor a. 

This shows in particular that formula (6) of the preceding 
lecture is true also for e — 0, i.e. for any vectors e, a, b. 


Note that for any vectors e and a and any number k we 
have the relation 
(e, ka) — (ke, a) 
showing that 
e A ka — ke A a. 
Definition 1. The product ka of the bivector a = eA a 
by the number k is the bivector ke A a = e A ka. 
Thus, by definition, 
(4) k (e Aa) = ke Na = eA ka. 
Of course, the correctness of this definition also needs 
verification. 
If e A a = 0, then also ke A a = 0, i.e. ka = 0, ifa = 0. 
Thus when a = 0 the bivector ka is defined correctly. 
Let e A a 40 and let eA a — e' A a', i.e. 
e' m k,e 4- La, a’ = ke + La, 
where k,l, — lik, = 1. Then for k 0 
ke’ =k, (ke) -- (lk) a, a’ =“ (ke) + la 
with kl, — Lk? = kl, — lk, = 1. Hence 
ke' A a' — ke A a. 
Since this equation is obviously satisfied for k = 0, the 
correctness of Definition 1 is completely proved. [] 


The operation of constructing a bivector & A b, given 
vectors a and b, may be considered as a sort of multiplica- 
tion. Since in performing it we overstep the limits of vec- 
tors, it is called ezternal multiplication. 
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Referring to the operation a, b — a A b as multiplica- 
tion is justified by formula (6) of the preceding lecture, 
which is nothing other than the statement about the distri- 
butivity of external multiplication with respect to addition. 

Similarly, formula (1) states the homogeneity of external 
multiplication with respect to multiplication by numbers. 

Relation (4) derived in the preceding lecture means that 


a ^ b—b ^ (—a), 
i.e., by virtue of homogeneity, that 
a A b= —(b A a). 


This property is called anticommutativity. 

We know thata A b = 0 if a and b are collinear. Note 
that this follows directly from the properties of anticom- 
mutativity and homogeneity of "external multiplication 
(provided the characteristic of the ground field is other 
than two). Indeed, according to the property of anticom- 
mutativity a A a = —a A a and therefore a A a = O for 
any a. Hence a A b — O if a and b are collinear. 

However, the fact that for no other vectors a and b their 
external product a A b is zero does not follow from anti- 
commutativity and is an independent property of external 
multiplication. It may be said that external multiplication 
is free. 

Summing up all that has been said we obtain the fol- 
lowing theorem: 

Theorem 1 (algebraic properties of external multiplica- 
tion). External multiplication is 

(a) distributive 


eA (at+tb)=eAate/Ab 


for any vector e, a, and b; 
(b) homogeneous 


k (a A b) = ka A b =a A kb 


for any a, b and any k; 
(c) anticommutative 


a A b= —(b A a) 


for any a and b; 
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(d) free 
aA b=0 
if and only if a and b are collinear. O 


In various calculations involving bivectors it is often 
helpful to bear in mind that if 


a’=ka+lb, b'—ka--lb, 
then . 
i , |k l 
(2) a’ A b =| 77 | (a A b). 
kl 
This formula actually constitutes the content of Lemma 1 
of the preceding lecture, but its proof now reduces to a tri- 
vial calculation making use of the distributivity, homo- 
geneity, and anticommutativity of external multiplication. 
In particular, we see that if a || a and b || a, then the 
bivector a N b is proportional to the bivector a. D 


Having on the set V AVY of all bivectors (only for 
dim 7^ <3, mind you) the operations of addition and 
multiplication by a number, we may raise the problem: 
is the set 7^ A 7" a vector space with respect to these opera- 
tions? 

Theorem 2. If dim F < 3 the set Y^ A V is a vector space. 

Proof. Verification of all the axioms 1? to 8?, except 
axiom 1? of the associativity of addition, is absolutely 
trivial. For example, axiom 7? is verified using the following 
calculation (where e A a — a and e A b= b): 


k(a+b)=k(e A (a-- b) 2e A k(a--b) — 
=e A kate A kb — ka 4- kb. 
The only difficulty lies in verifying axiom 1°, i.e. in 
proving that for any three bivectors a, b, and c we have 
(3) (a+b) +e=a+ (64 c). 


If at least one of the bivectors, a, b, or €, is zero, then 
relation (3) is obvious. Therefore without loss of generality 
we may assume that a 55 0, b = 0, and c Æ O. 

By using'Propositions 3 and 2 of the preceding lecture 
we can represent the bivectors a and ¢ as 


c—eAa, c=ef\e, 
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where e + 0. If e || b, i.e. (see Proposition 2 of the preced- 
ing lecture) if there is a vector b such tliat b — e A b, 
then everything reduces to the associativity of vector 
addition. 


(a 4-5) --c— e A (at+b)+e A e— e A ((a4-b) 6e) — 
=e A (a-F(b--9)) - e Aa+e A (b-Fc) 
—eAact(eAbteAo- ad (6-0. 


Thus the only nontrivial case arises when e } b. 

Let b = b, A b, Since 60, then for e 56 the 
three vectors e, b,, b, are linearly independent. Therefore 
the case e J} b is possible only for dim 7^ = 3, and then 
the vectors e, b,, b, constitute a basis. Expand the vector a 
with respect to this basis 


a = ke + kb, + kabz. 
then e A a = e A a’, where a’ = k,b, + kaba. This means 
that without loss of generality we may assume that a || b. 


Similarly, we may assume that e || b. 
Let, thus, 


—kbi + kbs, c= lb, + laba 
Then (see formula (2)) 
aA c=ô(b, A be) = ôb, 


where ô= kil, — kel, = | al. 
Therefore, if 6 35 0, then 


atb=e A a+ 5 (a A e) e (e— e) Aa. 


Since, on the other hand, 
eceAe-(e—$e) Ac, a 
we have 


(4) (048) +e=(e—Fe) A (ate). 
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Similarly, 
b+e= (a Agdt+eAc= (Fate) Ae, 
a=e Aa- (2-9) Aa 


and 
(5) a+(b6+=(Fate) A (7-9. 


To complete the proof (for 6 4 0) it remains to note that 
the difference between the right-hand sides of formulas (4) 
and (5) is zero. 


(e—5°) A (a-+e)—(jate) A (a+e)= 
=(e—fe—fa-e) A (a+e)= 


— — Fate) A (ate) =0. 


Finally, if 6 = 0, then there is a number k such that 
€ = ha. In addition, since a || b, there is a vector b such 
that b =a A b. Therefore 


(a+b) --c— (e Aa—b Aa +e Aka= 
= (e — b) Aa + ke \ a= ((h+1)e—b) Aa 
and similarly 
a+ (b+c)=e fA a+ (—b A athe A a) — 
= ((h + 1)e—b) Aa. 


This completes the proof of formula (3) and hence that 
of Theorem 2. O 


When n = 1 there is obviously only a zero bivector. 
Thus 


71A71—0, 
and hence dim (7! A j^?) = 0. 


When n — 2 consider an arbitrary basis e,, e, for the 
space 7^?. According to formula (2), if 


a=a'e,+a’e,, b= bte, + bez, 
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then 
(6) aAb- 


12g2 
ál 
1 b2 





a 
b (e. A €). 


Since e, A es 0, this proves that 
dim (72 A 772) «1. 
Thus any two bivectors in 7^? ("in a plane") are proportional 


and any basis e}, e, for the space 7^? determines the basis 
e, A e, for the space 7"? A 7°. In that basis the coordinate 


of the bivector a A b is equal toja at 





ai p2]° 

We see that, as was to be expected, the space 7^? A 7? 
is algebraically of little interest. Nevertheless it can be 
of help in obtaining meaningful geometric results. 

Adopting again the intuitive point of view and interpret- 
ing bivectors as parallelogram area elements we immediately 
see that if two bivectors a, and a are connected by the 
relation a = kay, then the ratio of the area of a to the 
area of a, is | k |. In particular, if the area of a, is unity, 
i.e. ag is said to be the area standard, then the area of a 
is | k |. On the basis of formula (6) this proves the following 
proposition. 

Proposition 1. Jf a basis e, e possesses the property that 
the area of a parallelogram constructed on the vectors e, and e, 
is unity, then the area of a parallelogram constructed on arbit- 
rary vectors a (a!, a?) and b (bt, b?) is equal to the absolute 
value of the determinant 


ai a? 
bt b2 


, 








i.e. to 
| a'b? — ab |. O 
The area of a triangle OAB constructed on vectorsa = OA 
and b = OB is half the area of the parallelogram construct- 
ed on them. Hence the area of a triangle constructed on vec- 
tors a (a!, a?) and b (b', b?) is equal to the absolute value of 
the number 
a! a? 
bt pp 


2 
2 
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If the vertices O, A, B of the triangle have, respectively, 
the coordinates (zo, yo), (ri, yi), and (Ze, Ya), then a! = 
= Jı 2%, 0 = Y1 — Yo = Za — To b* = yg — Yo 
Hence the area of a triangle with vertices at the points (zo, Yo), 
(Z1, V1), and (zs, Ya) is equal to the absolute value of the number 








T 1 

1 |T1— To Ys—Yo} _ 1 did 4 

2 T3 — To Ya—Yo TE E x 
Tz Yz 1 


In the axiomatic theory of areas the initial steps are, 
as ever, reversed: after some bivector ag 40 has been 
chosen as the standard, the area of an arbitrary bivector 
a — ka, is defined to be a number | k |. The resulting 
computational formulas are of course the same. À detailed 
reasoning required here is left to the reader. 

In the same circle of ideas one can also define the so-called 
oriented area. It is k. 


Now let n = 3 and let e}, e;, e be an arbitrary basis 
for a space 7/?. Then, on calculating for the vectors 
— die, ]- a?e, -a3e,, b — bte, + be,-+ bie, 


their external product a A b, we, as can be easily seen, 
obtain 


a A b= (a?b3 — ab?) (ez N e3) + 
+ (a3b! — atb?) (es A e) + (atb? — a?!) (e, A eg). 
Using determinants we write this formula as 


D abeji ajA 











-s p per ^ eo] pi | (i A e2- 


To memorise this formula it is convenient to write it 
in the following symbolic form (we assume that determi- 
nants have already been introduced in the parallel course 
in algebra). 
ez A es eS Ae eA e 

ai a? a3 


bi b2 b3 


(8) a b= 
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Indeed, by formally expanding this determinant by the 
first row we obtain exactly formula (7). 
Theorem 3. A vector space V? A Y* has dimension 3: 


dim (7^3 A 373) =3, 


Proof. Formula (7) means that the family consisting 
of three bivectors e, A es, es e;, and e, A e; is complete. 
So it is sufficient to prove that it is linearly independent 
(and hence is a basis). 

Let kı, kg, and ka be numbers such that 


k, (eg A e) + ka (es A 61) + ks (e1 A €a) = 0. 
Suppose, for example, kı 0 and consider the vectors 
a = —k,e, + kiep b = —kse, + kies 
If 4a + pb = 0, then 
— (Akg + pks) e + (àk) ea + (why) es = 0, 
whence Ak, = 0 and pk, = 0, i.e. à = 0 and p = 0. There- 


fore a and b are linearly independent and hence a A b 0. 
But, on the other hand, 


a A b=(— Ie, + kies) A (— kse, + ke3) = 
= ki (e A es) + Fake, (es A €1) + kiks (e, A e2) = 
= k; [k; (eg Aes) + ka (es A 1) + ks (e, A €2)] — 0. 
The contradiction obtained shows that k, = 0 and hence 
Keg (e3 A €1) + ka (e1 A ea) = (kaea — ksea) A ex = 0, 


and this is possible, by virtue of the linear independence 
of the vectors e, eg, es, only for k, = 0 and k; = 0 

Thus any zero linear combination of the bivectors e, A es, 
e; A €i, and e, A e, is necessarily a trivial combination, 
which, by definition, means that these bivectors are linearly 
independent. [] 

At the same time it has been proved that for any basis 
€i, €5, ea of a vector space 7? the bivectors e, A ea, eg A €i, 
and ej A e; constitute the basis for a vector space Y? A 33. 
The expansion of any bivector with respect to this basis 
is given by formula (7) (or (8)). 
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{t follows, in particular that a vector 1 with the coordi- 
nates l, m, n (in the basis e,, e,, eg) is parallel to a bivector 
a 450 with the coordinates A, B, C (in the basis e, A es, 
e3 A € €i A €3) if. and only if 
(9) Al 4- Bm + Cn =Q. 


Indeed, if a =a A b, then writing the relation 1 || a 
is equivalent to saying that the vector l is linearly expressed 
in terms of a and b. Therefore, if a!, a?, a?, and b!, b?, b? 
are the coordinates of a and b, then in the determinant 

i mn 
(10) a! a? a3 

bi b2 b 
the first row is a linear combination of the other two rows 
and so the determinant is zero. 

Conversely, it is known from the theory of determinants 
that if a determinant is zero, then its rows are linearly 
dependent. But in the determinant (10) the last rows are 
linearly independent (for a A b 0). Therefore, if this 
determinant is zero, then its first row is linearly expressible 
in terms of the last two rows, i.e. | || a. 

This proves that the vector l(/, m, n) is parallel to 
the bivector a — a A b if and only if 


l1 mn 
(11) a a? g3|—0. O 
bi b2 b3 
Formula (9) follows immediately: it is enough to expand 


the determinant (10) by the first row ənd take advantage 
of the fact that according to formula (7) 


ai ai 
bt p cy 


a! a? 
b p 


a? a3 
(12) 4-|, 4 B-— 
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Planes in space. Parametric equations of a plane-The general 
equation of a plane-A plane passing through three noncolli- 
near points 


We are now in a position to construct a theory of planes 
in space by repeating almcst word for word the theory of 
straight line in a plane. 

Let 4 = A? bean affine (three-dimensional) space and 
let 7" = 3^? be a vector space associated with 4. 

Definition 1. For any point M, € Æ and any nonzero 
bivector a € F A 7^ the plane of the space # given by 
the point M, and the bivector a is the set of all points 
M € & such that 


—— 
(1) M,M || a. 

For a—e A b this condition means that there are 
numbers u, v for which we have 


—— 
(2) MM =ua- vb. 


The bivector a is called the direction bivector of a plane. 
A vector a € 7^ or bivector a’ €% A J^ is said to be parallel 
to the plane if a || a or a’ = ka respectively. 

All vectors parallel to a plane are easily seen to form 
a vector space of dimension 2. It follows literally as in 
the case of straight lines (see Lecture 5), that any plane 
is provided in a natural way with the structure of an affine 
space of dimension 2 (with an associated vector space con- 
sisting of all vectors parallel to the plane). 

Since 0 || a, the point M, is in the plane. Therefore 
the plane given by the point M, and a bivector a <0 is 
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also called the plane passing through the point M , and parallel 
to the bivector a. 

A point M, and linearly independent vectors a and b 
form an affine coordinate system in a plane. In this system 
the coordinates of à point M are the numbers u and v appear- 
ing in relation (2). 

Proposition 1. Let Ny be 
an arbitrary point of the plane 
passing through a point M, 
and parallel to a bivector a, 
and let b be an arbitrary 
nonzero Wbivector parallel to 
that plane. The point Ny and 
the biveclor b then give the 
same plane. i 

Proof. Under the hypothe- A plane given by a point Mo 
pis there are numbers uy, and a bivector a + 0 
vs, and h, 0 such that 


—— 
MN, = u,a4- vb and b= h,a A b. 
Therefore, if 


—— 


MM =ua- vb 
then 
——»  —— — — > 
NM = MoM — M,No= (u — ue) a+ (v — vo) b= u' (hoa) -v'b, 
— ug 


ho 
Conversely, if 


where u' =Ë 





and v' = v — v,. 


—— 
NM = u' (ha) + v'b 
then 
—— > > 
M.M = N,M — N,M, = ua + vb, 


where u = u'h, + uy and v = v' + voè O 

Thus a plane can be given by any of its points and any 
nonzero bivector that is parallel to it. 
6* 
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Let an initial point O be chosen in ¥ and let 


— — 
Po = OM), r= OM. 
Formula (2) then takes the form 


(3) r = rg + ua + vb. 


As the parameters u and v vary independently from —oo 
to 4- oo, the point M with the radius vector given by formu- 
la (3) runs over the entire plane. This formula is therefore 
called the parametric vector equation of a plane. 

In an arbitrary affine coordinate system Oe,e,e, equation 
(3) is equivalent to the three equations for the coordinates. 


z= Zo-]- ua! + vbt, 


(4) y = yo + ua? + vb?, 
Z= Zo + ua? + vb*. 


These equations are called coordinate parametric equa- 
tions of a plane. 


Condition (1), i.e. the condition (r — ro) ||a can be 
expressed analytically in some other, fundamentally dif- 
ferent ways. Thus, for example, it follows immediately from 
relation (11) of the preceding lecture that this condition 
is equivalent to the vanishing of the determinant made up 
of the coordinates of the vectors r — r,, a, and b. Thus 
the point M (z, y, z) is in the plane if and only if 

T— To Y—Yo Z— Zo 
(5) ai a? a? 
p: b2 b3 
Briefly speaking, (5) is the equation of a plane passing 
through the point Mo (zo, Yo, 2o) and parallel to the bivec- 


tor a A b. 
Expanding (5) by the first row and setting 


=0. 





a? a3 ai a? ai a 
b? b3 bi b3 bi p 


we obtain the general equation of a plane passing through 


= 


(6) A= 




















, 
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the point M, (zo, Yor Zo). 
A (z — z) + B (Y — yo) + C (z — zy) = 0. 


Setting D — —Az, — By, — Cz,, we can write the equa- 
tion in the form 
(7) Az 4+- By 4- Cz - D — 0. 


Comparing formulas (6) with formulas (12) of the preced- 
ing lecture shows that the coefficients A, B, C of equation (7) 
are the coordinates of the ' direction bivector ' a (in the basis 
e; A ea, €; A € & A e. 

It is now easy to see that any equation of the form (7), 
where (A, B, C) (0, 0, 0), defines some plane. Indeed, 
solving equation (T) we find some triple of numbers (£0, Yo, Zo) 
satisfying it (for example, if A 0, then it is possible 
to set zy) = —4 , Yo = 0, Zo = 0) and construct a plane 


passing through the point Me (xo, yo, Zo) and parallel to 
the bivector a (A, B, C). It follows directly from what 
has been said above that the equation of that plane is equa- 
tion (7). D 


We shall say that a vector I (I, m, n) lies in plane (7) 
(or, what is the same, is parallel to that plane) if it is parallel 
to its direction bivector a (A, B, C), i.e. (see formula (8) 
of the preceding lecture) if 


(8) Al -- Bm + Cn — 0. 
It is easy to see that for any two points M, (zy, Yo, Zo), 


—— 
M, (2, yi, 2) of plane (7) the vector M,M, (with the coor- 
dinates z, — zy, Yı — Yo, and 2, — Zo) lies in that plane. 
Indeed, if Az, + By) + Cz, + D = 0 and Az, + By, + 
+ Cz, + D = 0, then 


A (z, — z0) + B (yı — Yo) + C (z1 — z) = 0. O 


If vectors a and b lie in a plane (are parallel to its direc- 
tion bivector a), then their external product a A b is 
proportional to the bivector a and therefore it is also 
a direction bivector (provided it is nonzero). It follows 
from this and the preceding assertion that for any three 
points My, Mj, M, of a plane that are not on the same straight 
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——» —— 
line, i.e. are noncollinear, the bivector MM, A MoM, is 
the direction bivector of that plane. 


—— ——» 

Setting in (5) a = M,M, and b = M,M, we see that the 
equation of a plane passing through the noncollinear points 
Mo (Zo, Yor Zo), Mi (zu Vi 21), Ma (za, Yo, Za) may be 
written as 


T—To Y—Yo Z— Zo 
(9) Z.— To Vi— Yo 24 —2% |= 0. 
T2—Zo Y2—Yo 252—420 


This proves, in particular, the uniqueness of such a plane. 
On the other hand, equation (9) has meaning for any 
three noncollinear points M,, M,, M, and, being (after 
expanding the determinant) an equation of the form (7), 
defines some plane obviously containing the given points. 

This proves the following proposition. 

Proposition 2. There is one and only one plane passing 
through any three noncollinear points My, Mı, Ma of an 
affine space. J 

That plane is designated by the symbol M,M,M;,. 
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The half-spaces into which a plane divides space. Relative 
positions of two planes in space. Straight lines in space-A plane 
containing a given straight line and passing through a given 
point. Relative positions of a straight line and a plane in 
space. Relative positions of two straight lines in space: Change 
from one basis for a vector space to another 


Let 
(4) Ar+ Byt+Cz+D=0 


be an arbitrary plane in space and let the field R of real 
numbers be the ground field K. 

Definition 1. Two points M, and M, not in the plane (1) 
are said to be nonseparated (by the plane (1)) if they either 


coincide or the segment MM, and the plane (1) have no 
points in common. 
To contract the formulas we set 


F (z, y. 2) = Az + By + Cz 4- D. 


Proposition 1. Points M, (£1, yi, z,) and M, (zs, Yo, 23) 
not inthe plane (1) are nonseparated if and only if the (nonzero) 
numbers F, = F (z,, yy, z,) and F, = F (zs, ya, 22) have 
the same signs. 

Proof. We may assume without loss of generality that 
M, =M. We then have the straight line M,M, whose 
coordinate parametric equations are of the form 


z= (1 — t) £, + tz, 
y= (1— t) yı + tyz, 
z= (1 — t) z, + tz2. 
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On substituting these expressions in the equation 
F (x, y, 2) = 0 we get for ¢ the equation 


(4 — t) F,+ tF, — 0, 


hence 
Fi 


t=; 


FiF, 


(if F, = F,, then there is no solution, i.e. the straight 
line M,M, is parallel to the plane (1). We derive from 
this, reasoning as before (see Lecture 6), that O< t — 1 
if and only if the numbers F, and F, have different signs. 
Therefore the segment does not intersect the plane (1) if 
and only if these numbers have the same signs. O 

It follows directly from Proposition 1 that the relation 
of nonseparatedness is an equivalence relation and that 
there are exactly two corresponding equivalence classes. 

Definition 2. These equivalence classes are called half- 
spaces determined by the plane (1). 

Two distinct points M, (z,, Yı, z,) and M; (Zə, Ya, Zə) 
not in the plane (1) thus lie in the same half-plane if and 


——» 
only if the segment M,M, does not intersect that plane, 
i.e. if and only if the numbers F (z,, yi, 21) and F (£3, ys, 22) 
have the same signs. 


Let the ground field K be again an arbitrary field. 

Definition 3. Two planes are said to be parallel if their 
direction bivectors are proportional (and can therefore be 
chosen equal). 

Tf parallel planes have at least one point in common, then 
they coincide (for a plane is uniquely determined by a point 
and a direction bivector). Thus distinct parallel planes 
have no points in common (do not intersect). 

Consider now two planes having a point in common. Let 
Ta be its radius vector and a and b the bivectors of the 
given planes. 

According to Propositions 2 and 3 in Lecture 7 there 
exists for the bivectors a and b a vector e 0 such that 


a=e Na, — eb. 
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The parametric vector equations of the planes under con- 
sideration can therefore be written as 


r =T, + ue + va, r-— r,-- ue 4- vb. 
It follows that the straight line 
(2) r — r, + te 


is contained in either of the planes (its points are obtained 
when u = t, v = 0). This proves that if the intersection 
of the two planes is not empty, then it contains a whole 
straight line. 

Suppose that this intersection contains at least a point 


—— 
M, not lying on a straight line (2). The vector e = M,M, 
then lies in both planes, i.e. we have the relations c || a 
and c[|[5. Since by construction e]|a and e]|b5, the 
bivector e A c is proportional to both bivectors a and b. 
Since under the hypothesis e A c 4&0, it follows that a 
and 6 are proportional, i.e. the given planes are parallel 
and so, having points in common, coincide. 

Thus the intersection of two distinct planes, when it is not 
empty, is a straight line. [] 

A case is also possible a priori where the planes are not 
parallel but their intersection is empty. It turns out, how- 
ever, that this case is impossible, i.e. nonparallel planes 
necessarily have at least one point in common (and therefore, 
according to what has been proved, intersect in a straight 
line). Indeed, let 
3) Az 4- By -- Cz - D— 0, 

Asz 4- Bay 4- Ciz 4- D,—0 

be the equations of two nonparallel planes. Since the coor- 
dinates of their direction bivectors are, respectively, the 
numbers A, B, C and A,, Bı, C, we have that (by virtue 
of nonparallelism) the triple (4, B, C) is not proportional 


g A C 

r Li . ^ 

to the’ triple (A,, Bı, C), i.e. either Ai # B or T ab^ 

or P. sut . Let for definiteness 4 m » Then the system 
Bi” Cy Ai^" By 


of two equations 
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will have a unique solution z = z,, y = yo. This means 
that the point with the coordinates (ro, yo, 0) is in both 
planes. [] 

If the planes (3) are parallel, then the triples (A, B, C) 
and (A,, B,, C,) must be proportional, i.e. we must have 
planes. 


ALB C 
A B 0€ 
If 

A D 

d. Æ T. 
then the planes have obviously no points in common (cf. 
the corresponding reasoning for straight lines in Lecture 6) 
and if 

A eL 

A, D? 


then the planes coincide. Since the converse statements 
are obviously also true, this proves the following theorem. 
Theorem 1 (relative positions of two planes in space). 
Two planes in space 
(a) either have no point in common; or 
(b) have one and only one straight line in common; or 
(c) coincide. 
Case (a) is characterized by the fact that 


s 
DoD D 3 


case (b) by the ae ‘that there holds at least one of the in- 
equalities 

A B A C B C 

Be TL uoces WT et 
and the case (c) by the fact that 


In cases (a) and (c) the planes are parallel and in case (b) 
nonparallel. D 

As a consequence we derive (the uniqueness theorem) the 
fact that equations (3) determine the same plane if and 
only,if they are proportional. 
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In addition we see that straight lines in space may be 
characterized as intersections of two planes, i.e. may be 
specified by two equations of the form 
(4) { Az -- By 4- Cz -- D — 0, 

Az 3 By +C,z+D,=0. 
It is of course required that the coefficients A, B, C and 
A,, By, C, of these equations should not be proportional. 

So it is easy to see that any straight line in space is an 
intersection of two planes, i.e. can be given by equations 
of the form (4). 

Indeed, by definition (see Lecture 5), each straight line 


—— 
consists of all points M (z, y, z) for which the vector M,M, 
where M, (xo, yo, Zo) is a given point, is collinear with 
a given vector a (l, m, n). This means that we must have 


—— 
for the coordinates of the vectors M ,M and a the proportion 


z—Z9 _ Y— Yo _ 2— 2o 
(5) l ^ m n ? 


i.e. the coordinates z, y, z of the point M must satisfy 
the two equations: 


T— To —Y— Jo 
l m ? 
f—29 _ 2—29 
l ^ n c^ 
On writing these equations as 


dere a dere 
n (x — 1) — l (z— z) 0, 


{ mz — ly — (mz, — lyo) = 0, 
nz — lz — (nz, — lz) — 0, 
we obtain exactly equations of the form (4) (with nonpro- 
portional coefficients A = m, B = —l, C = 0 and A, =n, 
B,=0, C&G = —)). O 

Equations (5) are called canonical equations of a straight 
line in space. 
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As an example of using the results obtained we shall prove 
the following proposition. 

Proposition 2. For any straight line and any point not 
lying on it there exists a unique plane containing that line 
and that point. | 

Proof. Let M,(zı, Yı, 2) be) a given point and let 


be the canonical equations of a given straight line. Suppose 
the required plane exists. Then the vectors a (l, m, n) and 
— 


MM ı are in that plane and therefore their external product 
—— 

MM, A a (nonzero under the hypothesis) is its direction 
bivector. This proves that the plane under consideration is 


——» 

specified by the point M, and the bivector MM, A a. 
It is therefore uniquely determined. 

That the required plane exists is now obvious: it is the 


——» 
plane given by the point M, and bivector MM, Aa. O 
The equation of that plane is of the form 


X—X9 U—UJo Z— Zo 
X,—3Xo9 UV4— Yo 2,— 29 | =O. 
l m n 


We now study the relative positions of a straight line 
and a plane in space. 

Definition 4. A straight line is said to be parallel to 
a plane if its direction vector a (l, m, n) is parallel to the 
direction bivector a (A, B, C) of the plane. 

We know (see formula (9) of the preceding lecture) this 
to be the case if and only if 


(6) Al 4- Bm + Cn — 0. 


According to Proposition 2 of Lecture 7, there exists 
for a ||a a vector b such that a =a A b. Therefore, if 
a plane and a line parallel to itYhave a common point M, 
with radius vector ry, then the parametric vector equation 
of the line can be written as 


(7) r=r,+ ta 
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and the parametric vector equation of the plane as 
(8) r = ro + ua + vb. 


Since each vector (7) is of the form (8) (when u = t and 
v = 0), this proves that the plane and the line parallel to 
it either have no point in common (do not intersect) or the 
line is entirely contained in the plane. 

{Alternatively this fact can be established by substituting 
the parametric equations of a straight line 


z = z + tl, 
y = yo + tm, 
Z = Zg + tn 


in the general equation of a plane 
Ax+ By+ Cz+D=0. 
The result of the substitution has the form 
(9) (AI + Bm + Cn) t + (Az, + By, + Cz, + D) = 0. 


Therefore, if a line is parallel to a plane, i.e. condition (6) 
holds, then equation (9) for t (giving values of the param- 
eter t for the common points of the line and the plane) 
is either satisfied identically (when the point M, is in the 
plane, i.e. when Az, + By, + Cz, + D = 0) or (other- 
wise) has no solutions, 

Moreover, since equation (9) has one and only one solu- 
tion when Al + Bm + Cn 0, we also find that a plane 
and a line not parallel to it have always one and only one 
point in common. 

We can sum up all the above results by a single theorem. 

Theorem 2 (relative positions of a straight line and a 
plane in space). Jn space a plane and a straight line 

(a) either do not intersect; or 

(b) have a single point in common; or 

(c) the straight line is contained entirely in the plane. 

Case (a) is characterized by the fact that 


Al+ Bm + Cn = 0 and Az, + By, + Cz, + D 40, 
case (b) by the fact that 
Al+ Bm + Cn 0, 
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and case (c) by the fact that 
Al + Bm + Cn = 0 and Az, + By, + Cz; + D — 0. 


In cases (a) and (c) the straight line is parallel to the plane 
and in case (b) it is not. O 

Similarly we investigate the possible positions of two 
straight lines in space. 


We have already known (see Lecture 6) that parallel 
lines either do not intersect or coincide. 

It can now be added that noncoincident parallel lines lie 
in one and only one plane. 

Indeed, on choosing an arbitrary point M, (z,, Yı, Z1) on 
the first line and an arbitrary point M, (zs, ys, Za) on the 
second, consider a plane with the parametric vector equation 


(10) r = r; + u (ra — r4) + va, 


where a (J, m, n) is the direction vector of the given straight 
lines and r, and r, are the radius vectors of the points M, 
and M,. Since the vector r,—r, is not collinear with the 
vector a (otherwise the straight lines coincide), formula (10) 
does give a certain plane. Since with u = 0 we obtain 
points r = r, + va of the first straight line and with u = 1 
we obtain points r = r, + va of the second, this proves 
that the plane containing the given straight lines does 
exist. The equation of that plane in the coordinate form is 


r—43, y—Mi 3—3 


(11) XZ4— 2, Yo—Yy 23— 2,| — O. 
l m n 


To prove the uniqueness of the plane containing the 
given straight lines, it is sufficient to note that since any 
such plane contains the points M, and M, and is parallel 
to the vector a (and hence has a direction bivector of the 


—— 
form M,M, A a), its parametric vector equation can be 
written in the form (10). O 

Now consider two nonparallel straight lines. Such lines 
have at most one point in common (if straight lines have 
two points in common, then they coincide and therefore are 
parallel). It is easy to see that just as parallel lines nonparal- 
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lel straight lines having a point in common (intersecting lines) 
lie in one and only one plane. 
Indeed, the plane with the parametric vector equation 


r = ro + ua, + Vag, 


where rọ is the radius vector of a common point M, of 
given straight lines and a, and a, are their direction vectors, 
obviously contains both straight lines (they are obtained 
respectively when u — 0 and v — 0). The uniqueness of 
that plane is ensured by the fact that it passes through 
a given point M, and has a given (to within the propor- 
tionality) direction bivector a, A a> O 

In coordinate notation the equation of this plane has 
the form 


T— To Y— Yo 2—20 
L m, ni =0, 


lz m, Ne 


where l, m,, n, and l}, Ma, Ro are the coordinates of the 
vectors a, and a, and Zo, Yo, Zo are the coordinates of the 
point Mo 

If nonparallel straight lines with the direction vectors 
a, and a, do not intersect (such straight lines are called 
skew lines), then they cannot lie in one plane. On the other 
hand, either of the lines is parallel to any plane with the 
direction bivector a, A a, i.e. either it is contained in 
such a plane or does not intersect it. By choosing on one 
of the straight lines a point M, and drawing through it 
a plane with the direction bivector a, A ag we obtain a plane 
containing that straight line and therefore not intersecting 
the other straight line. So for no point M, of the second 


—— 
straight line the vector M,M is linearly expressed in terms 


of the vectors a, a, and hence the three vectors M,M;, 
a;, a, are linearly independent. Consequently, the deter- 
minant made up of their coordinates is nonzero. 
Ta— Ti Y2— Yı 722—724 
l, m, n, |550. 
lz m» Nna 
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Thus we have proved the following theorem. 

Theorem 3 (relative positions of two straight lines in 
space). In space two straight lines 

(a) either do not lie in one plane (are skew) and then do 
not intersect; or 

(b) lie in one plane and do not intersect; or 

(c) lie in one plane and intersect in a single point; or 

(d) coincide. 

in case (a) the determinant of the matriz 


X2— 4341 V2—U1 29 — % 
2) l m, n, 


la ma Ds 


is nonzero; in case (b) the last two rows of the matriz (12) 
are proportional to each other but not to the first row; in case 
(c) the last two rows of the matriz (12) are not proportional 
but the first row is their linear combination; and at last in 
case (d) all the three rows of the matrix (12) are proportional. 

In cases (b) and (d) the given straight lines are parallel 
and in cases (a) and (c) they are not. 

Remark. Since a straight line is given by two planes, 
Theorem 3 is a special case of a certain general theorem 
on the relative positions of four planes in space. Similarly, 
Theorem 2 is a special case of a general theorem on the 
relative positions of three planes in space. The various 
possible positions of the planes prove to be conveniently 
characterized by setting equal to zero (or nonzero) some 
minors of a matrix composed of the coefficients of the 
general equations of planes. This is nothing else but a geo- 
metric reformulation (for the case of three unknowns and 
three or four equations) of the general algebraic statements 
about solutions to systems of linear equations. We cannot 
busy ourselves with this here but we strongly recommend 
that the reader should elaborate the matter on his own. 


We have noted in Lecture 5 that coordinates (in vector 
or affine space) can be chosen in many different ways. Let 
us study the arbitrariness existing here. Strictly speaking, 
this should have been done already in Lecture 5, but then 
the algebra course still lacked the necessary concepts (those 
of matrices and operations on matrices). . 
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We shall begin with the case of vector spaces. For the 
time being dimension n will be assumed to be arbitrary, 
although in fact we need only n = 1, 2, 3. 

Let the following two bases be given in a vector space 7^: 


ei, ..., €n and ey, ..., egy 


(notice that we prime the indices; this seemingly strange 
notation proves very convenient; however, this relates only 
to considerations of a general character, similar to the ones 
we are dealing with now; it is better to prime the letters 
in particular calculations). Expanding the vectors ey, ... 
. «+, eg With respect to the basis e, ..., e, we obtain 
formulas of the form 


ei — cbe, +... o - eben, 
(dE 5 geet eee SEM eae e 

e» = Cre t+... Heke, 
which in the Einstein notation have the form 


6j» = Cie; 


It is possible to write these formulas in matrix notation. 
A matrix 


n n 

Cyr e.. Cn’ 
is called a matriz of transition from a basis ej, ..., e, 
to the basis e,, ..., en. (Note that the coordinates of 


the vectors ej, ..., e, are arranged in columns in the 
matrix.) By introducing row matrices consisting of vectors 


e= (ei, ..., €n) and e’ =(e4,..., e) 


we can write formulas (13) as a single matrix equation: 
(14) ' = eC. 


Here we extend operations known for number matrices to 
matrices of vector elements, assuming formally that for 
any vector a and any number k the symbol ak designates ka. 
It is easy to see that all the usual operations on matrices 
remain valid. In particular, for any two matrices C and C* 


7—01283 
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we have the equation (eC) C' = e (CC’). 
If now 
Eir, ..., One 
is a third basis and " 
eie = cep, 


on e'C', 
where C' — (ci) is a matrix of transition from the basis 
ej, «+ s @n to the basis e, ..., en» and e" = (ey, .. 
. +, en”), then by virtue of the formula (eC) C' = e (CC' ) 


we have 
e" =e (CC’). 

This proves that if C is a matriz of transition from the basis 
ej, -- +, €, to the basis ey, ..., e," and C' is a matriz of 
transition from the basis ey, ..., en to the basis ey, ... 

. +) e^, then the matriz CC’ is a matriz of transition from 
the basis e,, ..., e, to the basis er, +.) Op O 

This can also be very easy proved: in the Einstein nota- 
tion: since e; = ci ei and e; = cjre;, then we have 


i.e. 


ei» = cj (cive:) = (ci ci) ei, 
j.e. c = Cyt}. 
In particular, if e" — e we see that CC' — E, where E 
is a unit matrix, i.e. that C' = C^. Thus, if C is a matrix 


of transition from a basis e,, . .., e, toa basis ey, .. ., en’, 
then the inverse matriz C~} is a matriz of inverse transition 
from the basis ey, ..., ens to the basis e, .. ., e,. O 


Note that in our notation elements of the matrix C-! 


have the form cj (i.e. differ from the elements of the matrix C 
only in the position of the prime). 

The fact that the matrix C^! exists shows that any transi- 
tion matriz C is nonsingular. O 

It is easy to see that, conversely, any nonsingular matriz C 
is a matriz of transition from the basis e,, ..., ey (which 
may be arbitrary) to some basis ey, ..., e,", i.e., in other 
words, that for any nonsingular matrix C the vectors 
er, ..., ey given by formulas (13) constitute a basis. 
Indeed, they are n in number and linearly independent 
(otherwise the columns of the matrix C would be linearly 
dependent and therefore, contrary to the assumption, its 
determinant would be equal to zero). O 
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Formulas for the transformation of vector coordinates. Formu- 
las for the transformation of the affine coordinates of points. 
Orientation Induced orientation of a straight line-Orienta- 
tion of a straight line given by an equation-Orientation of 
a plane in space 


We shall now find the formulas connecting the coordinates 
in two different bases e, ..., e, and ey, .. ., e. 

By definition the coordinates zt, . . ., z^ of an arbitrary 
vector x in the basis e}, . . ., en are found from the formula 


(1) x — zie;, 


and the coordinates rz", ..., z^" of the same vector x, 
but in the basis ey, ..., e, are found from the formula 


(2) x= T ejs 
therefore, if 
(3) ej = cies, 
then 
x= r” (ce;) = (zi'ci-) e; = (cix) e 
and hence 
(4) zi—cia", 
i.e. 


. r 
zi—cbzU-b...-pelex", 


; 
z"—gprsd-...- ewe. 


1* 
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Note that whereas in formulas (3) the "new" basis ey, ... 
..., €n is expressed in terms of the “old” basis ej, . . ., ej, 
in formulas (4) the “old” coordinates zl, . . ., z” are, on the 
contrary, expressed in terms of the "new" coordinates 

s. CZ". Besides, the corresponding matrix is not 
a matrix C, but a transposed matrix CT. Formally it is 
expressed by summation being performed over the un- 
primed indices in formula (3) and over the primed ones in 
formula (4). 

Of course, it is also easy to write expressions for the 
"new" coordinates in terms of the "old" coordinates. They 
are of the form 

x dat. 
The change in the position of the prime implies, as we know, 
a transition to the inverse matrix. 

Pay attention to the structure of the resulting formulas: 
on the left and on the right of all of them the same indices 
over which no summation is carried out occupy the same 
places (above or below). Very often this formal sign, together 
with the Einstein convention (of the two indices over 
which summation is carried out one is above and the other 
is below), makes it possible to write almost automatically 
the right formulas (and to detect the wrong ones). 

Formulas (4) (called the formulas for the transformation 
of coordinates) are also easy to obtain in matrix notation. 

Introducing along with the row matrix e = (e,, ..., en) 
(see the preceding lecture) the column matrix 


ri 
z—|:p 
E. 
we can write formula (1) in the following form: 
X — er 
(the order of multipliers being essential here as ever in 


matrix multiplication). Similarly, formula (2) in matrix 
notation becomes 


x — e'z', 
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where e' = (ey, ..., en’) and 

zi 

an 
Therefore, if 

e' = eC 
(see formula (14) of the preceding lecture), then 
x = (eC) z' = e (Cr’) 

and hence 
(5) z= Cz, 
which is exactly equivalent to formula (4) (an actual tran- 


sition to the transposed matrix is reflected in the fact that 
formula (5) contains left multiplication by the matrix C. 


We shall now consider a similar question for affine coor- 
dinates in an affine space. . 
The coordinates z!, ..., z^ of a point M in an affine 
coordinate system Oe, ... e, are determined in two steps: 
— 


the radius vector OM is first constructed and then its coor- 
dinates calculated in the basis e,, ..., en- Therefore, if 
two coordinate systems Oe, ... e; and O’e, ... en have 
the same origin O = O’, then a transition from coordinates 
in the system Oe, ... e, to coordinates in the system 
Oey... e is effected using the already familiar formulas 
for the coordinates of vectors. 

The other extreme case arises when two coordinate sys- 
tems differ only in the initial points, i.e. have the forms 
Oe, ... e, and O'e, ... en. Since 


->  —  — 
OM —0'M + 00', 
the coordinates z!, ..., z^ and z!, .. ., z"' of the vectors 
OM and O'M are connected by the formulas 
gi=c’tbi, i=1,..., 7, 
where bt, ..., b^ are the coordinates (in the basis e}, ... 


—» 
., €n) of the vector OO'. 
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In the general case there naturally arises a combination 
of these transformations. Thus, if z!, ..., z^ are the coor- 
dinates of a point M in the coordinate system Oe, ... e, 
and z”, ..., z" are the coordinates of the same point 
in the coordinate system O'er ... ew, then 


(6) zi—cu b, 


where (ci;) is the matrix of transition from the basis ej, . . 
..., @, to the basis ep, ...; e," and bl, ..., b^ are 
— 


the coordinates of the vector OO’ in the basis e, . . ., @n- 
In the expanded form formula (5) is written as 


azi—chzÜ-...- ea" b, 


Bof e sso c5 c9 5 t$ 5» $5 9 c! ono o 


ni’ non’ n 
repr +... eye” +06", 
and in matrix form as 


(7) z=Cr'+ b, 
where b is the column matrix 
b, 
b-|: |. 
b^ 


Closely related to the question of the transformation of 
coordinates is the very important concept of orientation 
explicating formally the intuitive idea of the direction of 
rectilinear motion (to the right or left), of plane rotational 
motion (clockwise or counterclockwise) and of spatial 
screw motion (right-handed or left-handed). 

Here in contrast to the preceding reasoning the essential 
assumption is that the ground field K is the field of real 
number R. 

Definition 1. Two bases ej, ..., en and ey, ..., e; 
for a vector space 7^ are said to be of the same sign if the 
determinant of the matrix of transition, C, from the first 
basis to the second is positive: 


det C — 0. 
If det C < 0, then the bases are said to be of opposite signs. 
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Two affine coordinate systems Oe, ...e, and O'e,, ... 

. e, of an affine space 4 are said to be of the same (oppo- 
site) signs if so are the bases e, ..., e, and ey, ..., ey 
of the associated vector space 7^. 

Since a set of matrices with a positive determinant is 
a group (i.e. is closed under multiplication and finding 
the inverse matrix), the sameness-of-the-sign relation be- 
tween bases (coordinate systems) is an equivalence rela- 
tion. 

Definition 2. The classes of bases (coordinate systems) 
of the same sign are called orientations of a vector space 7^ 
(of an affine space 4). 

It is clear that there are exactly two orientations: bases 
(coordinate systems) having the same orientation are of 
the same sign and those that have different orientation 
are of opposite signs. Orientation different from orientation 
o is designated by the symbol —o and called opposite orien- 
tation. 

Bases (coordinate systems) of the same sign are also 
called bases (coordinate systems) of the same orientation. 

Not infrequently one has to determine where two bases 
a, ..., a, and b,, ..., b, whose vectors are given by 
their coordinates in some third basis e,, . . ., e, are of the 
same or opposite signs. Let A, (A, respectively) be a deter- 
minant whose columns are the columns of the coordinates 
of the vectors 8,, ..., a, (of b,, ..., b, respectively). 
It is clear that, say, A, is nothing else than the determinant 
of the matrix of transition from the basis e,, ..., e, 
to the basis 8,, ..., an. Therefore bases a,, . . ., a, and 
b,, .. ., b, are of the same sign if and only if the determi- 
nants A, and A, have the same sign. D 

Definition 3. A vector (or affine) space is said to be 
oriented if a certain orientation has been chosen in it. This 
orientation is called positive and the opposite orientation 
is called negative. Accordingly, a basis (coordinate system) 
determining a chosen orientation is called positively oriented 
and a basis (coordinate system) determining the opposite 
orientation is called negatively oriented. 

Note that it is often impossible to select from the two 
possible orientations of a vector (affine) space any definite 
one in an intrinsically mathematical way. To do this one 
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has to resort to consideration extraneous to mathematics 
(say, to the earth's rotation or human anatomy). 

For example, choosing an orientation on a straight line 
means choosing on it one of the two possible directions. 
If a straight line is represented in a drawing by a horizontal 
line, it is common to select on it the direction "from left 
to right". This direction is the more customary (if only 
because this is the direction of writing with most civilized 
peoples) and therefore it is given the name of the "positive" 
direction (“positive” orientation). It should be understood, 
however, that fixation of this direction has no invariant 
(drawing-independent) meaning: turn the drawing upside 
down and the "positive" direction becomes "negative". 

Similarly, the direction from below upwards is considered 
as "positive" on vertical straight lines. 

Giving an orientation in a plane is equivalent to giving 
a certain (clockwise or counterclockwise) "sense of rotation", 
namely the sense in which the first vector of the basis deter- 
mining the given orientation should be rotated to make its 
direction coincide with that of the second vector in the 
shortest way. It is customary to consider as the "positive" 
orientation of the drawing the "counterclockwise" direction 
(the abscissa axis being directed to the right and the ordi- 
nate axis upwards). This convention is certainly not inva- 
riant either: look at the plane from the other side and you 
have a change in the orientation. 

If you look at the palm of your right hand, its thumb and 
forefinger will form a basis having a counterclockwise 
orientation. For this reason a “counterclockwise” orienta- 
tion of a plane is generally referred to as the "right-handed" 
orientation and a “clockwise” orientation as the “left-handed”. 

Similarly, in space a "right-handed" orientation is the 
orientation determined by the "basis" consisting of the 
thumb, index, and middle fingers of the right hand. In mod- 
ern text-books it is the right-handed orientation of space 
that is generally regarded as its "positive" orientation; in 
many older works, however, that orientation was regarded 
as "negative". 

Note that the terms "right-handed" and "left-handed" 
have an invariant meaning with respect to the orientation 
of space, since we cannot look at space "from the other side" 
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(nor can we make our left hand coincide with our right 
hand). Nevertheless they cannot be defined in an intrinsi- 
cally mathematical way. 


Without additional data, the orientation of a plane (an 
affine space of dimension 2) and that of straight lines (affine 
spaces of dimension 1) located in that plane are in no way 
connected. To connect them, one may give, for example, 
a "side" of a straight line. 

Definition 4. A side of a straight line d in a plane is 
said to be given if one of the two half-planes into which d 


x 





The right-handed orientation of space 


divides the plane has been chosen. The chosen side is referred 
to as positive and the opposite side as negative. 

Let n be an arbitrary vector not parallel to a straight 
line d (and, in particular, different from zero). Having 
chosen on d an arbitrary point Mo, mark off from it the 


—— 
vector n, i.e. find a point N, such that n = M,N,. 

Definition 5. It is said that a side containing a point JV, 
is determined by the vector n and that the vector n is directed 
toward that side. 

It is certainly necessary here to check the correctness of 
the definition, i.e. the independence of the side containing 
the point No on the choice of a point M,. But it is easily 


106 Semester | 


—— 
done. Indeed, if M, is another point of d and n = M,N,, 
then 
—— — OO SO 
N,N,— N,Me-- M,M,-- M,N,— MM, 
and hence the straight line N,N, is parallel to the straight 


line d = M,M;. Consequently, the points Ny and N, are 
on the same side of d. D 





A side of a straight line 


Let a be a direction vector of a straight line d. Together 
with a vector n it constitutes the basis a, n of a plane and 
so any third vector n, is decomposed with respect to these 
vectors: 

n, = 4a + In. 

Suppose the vector n, is not parallel to d (and hence 
l 40). It is easy to see that in this case the vector n, is 
directed toward the same side of d as the vector n if and only 
if 17 0. Indeed, on marking off from a point M, € d with 
radius vector ry a vector n, we obtain the same point as 
we do on marking from a point M; € d with radius vector 
To + la a vector in. Therefore we may assume without 
loss of generality that n, = Jn. But then the points Ny 


—— X — 
and N, for which n — M,N, and n, = M,N, correspond 
on the straight line r = rọ + tn to the values t = 1 and 


t = l of the parameter t and hence the segment N,N, is 
determined by the inequalities 1 «: £ x; l. On the other 
hand, the point M, of this straight line (which is its point 
of intersection with d) corresponds to the value ¢ = 0. 
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Consequently, the points Ny and N, are on the same side 
of d if and only if 1— 0. 

The orientation of the straight line d is given by a direc- 
tion vector a (constituting a basis on the straight line), the 
two vectors a and a, — ka giving the same orientation if 
and only if k>0. 


Suppose we are given the orientation of a straight line d 
(by a direction vector a) and some side of that straight line 
(by a vector n). Then there arises a basis a, n in the plane. 
It is easy to see that the orientation of the plane given by 
that basis does not depend on the choice of a and n and is 
determined exclusively the given orientation and the given 
side of d. Indeed, if vectors a, and n, give the same orien- 
tation and side, then, according to what was said above, 


ay = ka, 
Dy mE la + In, 


where k — 0 and !>O and therefore 
k L 
lo l 

Thus of the three objects, 

(a) the orientation of a straight line d, 

(b) the side of the straight line d, 

(c) the orientation of a plane, 
the first two uniquely determine the third. 

It is easy to see, however, that any two of these objects 
uniquely determine a third. Given an orientation of the 
plane and a side (or orientation) of the straight line by 
a vector n (a vector a), the corresponding orientation (side) 
of the straight line is given by the vector a (n) possessing 
the property that the basis a, n is positively oriented. 
The correctness of the construction is checked on the basis 
of the same formulas as above. 

All this may be considered in a slightly different way 
if the concept of the orientation of a half-plane is intro- 


duced. 
Definition 6. The orientation of a half-plane is the orien- 


=kl>0. O 
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tation of the plane containing it. A vector in a plane is 
said to be directed into the given half-plane if it is directed 
toward that half-plane in the sense of Definition 5. 

Every orientation of a half-plane determines the orienta- 
tion of the straight line bounding that half-plane. This orien- 
tation is given by a direction vector a constituting, together 
with an arbitrary vector n directed into the half-plane, 
a positively oriented basis for the plane. This orientation 
is said to be induced by the given orientation of the half- 
plane. 

Although this reiterates what was said above in slightly 
different terms, we shall see in due course that this refor- 
mulation is useful. 

Since the orientation of a straight line is essentially the 
orientation of the associated vector space, the assertion 
that orientations on two different but parallel lines coincide 
and differ has meaning. Therefore it is also possible to com- 
pare the sides of parallel lines. 

Note that the orientations (and sides) of non-parallel 
lines cannot be compared. 


Giving in a plane a coordinate system Oe,e, defines 
a certain orientation of it (namely that in which the basis 
ej, € is positively oriented). On the other hand, giving 
the equation 


(8) Ar+ By4-C —0 


by a straight line defines a certain side of it, namely that 
side for the points M (z, y) of which Az + By + C >00. 
Thus once an equation of the straight line has been given 
(and hence a coordinate system written), that straight line 
automatically turns out to be oriented. 

This orientation (and side) remains unchanged when 
equation (8) is multiplied by a positive number and be- 
comes opposite when the equation is multiplied by a nega- 
tive number. 

It is easy to see that the vector n with the coordinates 
(A, B) is directed toward the positive side of the straight 


—— 

line (8). Indeed, if n = M,N,, where M, (Zo, Yo) is a point 
of the straight line (8), then for the coordinates zr, + A, 
Yo + B of the point Ny we have the inequality 
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A (x 4)-EB (s -B)-C— 
= A?+ B? 4 (Ar, 4- By, + C = £+ B — 0. O 


It follows that the orientation of the straight line determined 
by equation (8) is given by the direction vector a (B, —A). 
Indeed, ; 

BLA 


—A B 
Quite similar results hold for planes in space. 


zA?-- B? — 0. 








Definition 7. A side of a plane in space is said to be 
given if one of the two half-spaces into which the plane 
divides the space has been chosen. 

It can be proved by duplicating word for word the case 
of the straight line that 

(i) for any vector n not para uaj to a plane and for any 
point M, of the plane the side c of the plane determined by 


a point N, for which n — MN, does not depend on the 
choice of the point Meo, i.e. is determined by the vector n; 
the vector n is said to be directed toward that side; 

(ii) a vector of the form a + In, where a is an arbitrary 
vector parallel to the plane, is directed toward the same 
side as the vector n if and only if 1 > 0; 

(iii) of the three objects, 

(a) the orientation of the plane, 

(b) the side of the plane, 

(c) the orientation of the space, 
any two determine a third. 

For example, if the orientation of a plane is given by 
a basis a, b and the side of the plane is given by a vector n, 
then the orientation of the space is by definition given by 
the basis a, b, n. If 


8,— kya + kb, 
b, = kja + kb 
is basis for the plane, of the same sign as the basis a, b, 
an 
n, = 4a + lab + In 


is a vector directed toward the same.side as the vector n, 
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then the bases a, b, n and a,, b,, n, are of the samesign, 
since the determinant of their transition matrix is 


ki ky |, 

ka ky h|- 

0 0 I 
and hence positive, for under the hypothesis 
k, k, 
k, k; 


Consequently, the orientation of a space given by the basis 
a, b, n has been defined correctly. 

A slightly different account of this construction may be 
given by introducing (in an obvious way) the orientation 
of a half-space. Then it türns out that every orientation of 
a half-space will naturally determine the orientation (called 
the induced orientation) of the plane bounding that halí- 
space. This orientation is given by a basis a, b constituting 
together with an arbitrary vector n directed into the half- 
space a positively oriented basis a, b, n for the space. 

If in a space an affine coordinate system Oe,e,e, is given 
so is an orientation. And the equation of a plane 


(9) Az+ By+Cz+D=0 


gives its side (by the condition Az + By + Cz + D> 0). 
Therefore the equation of a plane gives its orientation, 
which remains unchanged when equation (9) is multiplied 
by a positive number and transforms into the opposite 
orientation when it is multiplied by a negative number. 

As in the case of the straight line a vector n with the 
coordinates A, B, C is directed toward the positive side 
of the plane (2). As to the orientation of a plane defined by 
equation (9), it is given by an arbitrary pair a, b of linearly 
independent vectors parallel to the plane and possessing 
the property that 


h ok, 
i «| 





>0 and 10. 








a! a? a 
(10) bi D 5D3|—0, 
ABC 
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where ai, a?, a? and b!, b?, b? are the coordinates of the 
vectors a and b. (By tradition the transposed determinant 
is used here.) 

However, instead of vectors a and b it is convenient to 
consider their external product a A b. Indeed, it follows 
immediately from Proposition 1 of Lecture 7 that ifa A b — 
— aj A b, — a, then the bases a, b and a,, b, for a vector 
space of dimension 2 determined by a bivector a are of 
the same sign. Therefore the orientation of a two-dimen- 
sional vector space 7" may be given by an arbitrary nonzero 
bivector of 7" A 7^. In other words, just as the orientation 
of a straight line is nothing else than a class of its positively 
proportional direction vectors so the orientation of a plane 
may be regarded as a class of its positively proportional 
direction bivectors. 

According to formulas (12) of Lecture 8, there exist 
linearly independent vectors a and b, parallel to the plane 
(9), such that the coordinates of the bivector a' A b, i.e. 
the cofactors of elements in the last column of the determi- 
nant (10) are just the elements A, B, C of that column. 
Therefore for such vectors the determinant (10) equals 
A? + B? + C? and hence is positive. This proves that the 
orientation of the plane defined by equation (9) is given 
by the direction bivector a (A, B, C). O 
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Deformation of bases- Sameness of the sign bases. Equivalent 
bases and matrices» The coincidence of deformability with the 
sameness of sign-Equivalence of linearly independent systems 
of vectors» Trivectors- The product of a trivector by a numbers 
The external product of three vectors. 


The sameness of the sign relation between bases (and hence 
the concept of orientation) may be described in a quite 
different way not connected directly with transition matri- 
ces. To do this we shall need some general definitions con- 
cerning the continuity of vector-valued functions. 

Let t — a (t) be a function whose values are the vectors 
of a vector space 7^. We shall assume for definiteness that 
this function is given for O «x t£ xz 1. 

For a given basis e}, ..., e, the function £ — a (t) is 
uniquely determined by the coordinates 
(4) a! (D, ..., a^ (f) 
of the vector a (f) which are n number functions. 

Definition 1. A function t — a (t) is said to be continuous 
if all functions (1) are continuous. 

When a basis is changed functions (1) are replaced by 
some of their linear combinations with constant coefficients 
and so remain continuous. This shows that Definition 1 is 
correct. 

Definition 2. A deformation of bases for a vector space 7^ 
is a family of n continuous functions 


(2) a, (, . ©», an (t) 
determined for 0 < t < 1 such that for every t the vectors (2) 
constitute a basis for the vector space 7. 
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A basis a,, . .., an is said to be deformable into a basis 
b, ..., b, if there exists a deformation of bases 


ay (t), $ +, On (t) 
such that 
a, (0) —a,. , an (0) = an 
and 
8, (4) = b, os An (4) = b, 


This deformation is said to connect the first basis with the 
second. 

Proposition 1. Thej deformability relation between bases 
is an equivalence relation. 

Proof. This relation is reflexive since for any basis a,, ... 

.., ay the formulas 


a, (t) = a, .-., an (t) = an 
obviously determine the deformation connecting that basis 


with itself. It is symmetrical since for any deformation 
of the bases a, (t), ..., an (t) the formulas 


b; (t) = a, (1 — t), -- + bn (t) = an (i — t) 


determine the deformation connecting the basis b, =a, (1), . 
..., b, =a, (1) with the basis a, = a, (0), ..., a, = 
=a, (0). It is transitive since for any two deformations 
of the bases a, (t), ..., an (t) and b, (t), ..., b, (t) having 
the property that a, (1) = b,(0), ..., a, (1) = b, (0) the 
formulas 


a (2) — if Ote 
c (t) = 


i i=1,..., n 
b, (2t—1) if ;&xÁ 

determine the deformation connecting the basis a, = 
=a, (0), . . ., an = a, (0) with the basis c, = b, (1), ... 

sey Cy, = b, (1). LI 

It is easy to see that bases deformable into each other are 
of the same sign. Indeed, let A (t) be the determinant of 
a matrix of transition from a basis a, = a, (0), ..., an = 
= a, (0) to a basis a, (£), . . ., a, (t). It is clear that A (t) 


8—01283 
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is continuously dependent on £ and that A (0) = 1. Besides, 
A (t) #0 for every t, O< t< 1. But it is known from 
calculus that a continuous function nonvanishing in an 
interval maintains its sign. Therefore A (4) — 0 and hence 
the basis b, = a, (1), ..., b, = a, (1) is of the same sign 
as the basis aj, .. ., a4. OD 

The converse is also true and easy to prove for n — 1 
(i.e. for the case of a straight line). 

Indeed, for n —,1 the bases are one-member families 
consisting each of a nonzero vector. Any two such bases a 
and b are proportional, i.e. there is ô € R such that b = da. 
If the bases are of the same sign, then 6 — 0. Therefore 
the formula 


(3) a (t) = A +: (8 — 1))a 


determines the deformation of the basis a = a (0) into the 
basis b = a (1), for if 6 > 0, then the function 1 + ¢ (6 — 1) 
does not vanish for O «t « 1. 

Thus for n — 1 bases of the same sign are deformable into 
each other. O 

As far as the case n > 1 is concerned, we are compelled 
to begin its study from afar, from questions which on the 
face of it have nothing to do with the matter at hand. 


Definition 3. Let a,, ..., a, be an arbitrary basis (or 
more generally, an arbitrary family of vectors). Àn opera- 
tion consisting in adding to some element of the basis 
another of its elements multiplied by an arbitrary number k 
will be called an elementary transformation of type 1 and 
an operation consisting in multiplying some element of 
the basis by an arbitrary number A 0 and simultaneously 
multiplying another of its elements by 1/4 will be called an 
elementary transformation of type 2. 

An example of elementary transformation of type 1 is 


(a, 85, . . ., An) => (a, + Hag, ag, . . ., An) 
an example of type 2 being 
1 
(a, Bo, -e an) > (Aa, 7 Bas 2.23 an) i 


For n = 2 these are exactly the elementary transforma- 
tions in the sense of Definition 1 of Lecture 7. 
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Let C be a matrix of transition from a basis a,, ..., an 
to a basis b,, ..., by. If we subject the basis b,, ..., b, 
to an elementary transformation, then in the matrix C one 
column multiplied by k will be added to the other or, 
respectively, one column will be multiplied by A and the 
other by 1/A. The matrix C is subjected to a similar trans- 
formation (but with respect to the rows and with k and A 
changed) if we make an elementary transformation of the 
basis 8,, . . ., an- 

Matrix transformations of this kind will also be called 
Ped transformations (of type 1 and type 2 respec- 
tively). 

Definition 4. Two bases (or matrices) are said to be equiv- 
alent if it is possible to connect them by a chain of ele- 
mentary transformations. 

Lemma 1. Any square matriz is equivalent to a diagonal 
matriz. 

Proof. Let some matrix row have two nonzero elements c 
and c'. Then, on adding to the column containing c' the 
column containing c and multiplied by k = —c'/c we 
obtain a matrix in which the number of nonzero elements 
in the row considered is decreased by one. Repeating this 
step we shall obtain a matrix the given row of which con- 
tains exactly one nonzero element c and applying then the 
same process to the column containing the element c we 
obtain a matrix which has no nonzero elements, except 
the element c, in that column either. 

We again apply the same transformations to the construct- 
ed matrix (and to its arbitrary nonzero element c,) to cause 
in that row and that column whose intersection contains 
the element c, the vanishing of all elements except the 
element c, itself. It is clear that the elements of the row 
and column containing the element c remain zero in the 
process. 

After at most n steps (where n is the order of the matrix) 
we obtain a matrix in each row and each column of which 
there is at most one nonzero element, there being exactly 
one such element if the original matrix is nonsingular (for 
in elementary transformations the determinant of a matrix 
remains unchanged and hence the matrix remains nonsin- 
gular). In other words, we arrive at a matrix that is obtained 


8* 


116 Semester | 


from a certain diagonal matrix by interchanging its rows 
and columns. 

On the other hand, in Lecture 7 (see formula (4) there) 
we have proved (true, in connection with pairs of vectors 
and not pairs of matrix rows or columns, but clearly this 
is of no importance) that by a chain of elementary trans- 
formations one can interchange any two rows (any two 
columns) in any matrix and simultaneously change the 
sign of one of them. This obviously proves Lemma 1. O 

Note that we employed only elementary transformations 
of type 1 in this proof. 

Lemma 2. Any nonsingular matriz C is equivalent to 
a matriz of the form 


6 0...0 
01...0 


where 6 = det C. 
Proof. According to Lemma 1 the matrix C is equivalent 
to a matrix of the form 


e 0 


where c,c, ... c, = det C 0. (As was already noted 
above, in elementary transformations the determinant of 
a matrix remains unchanged.) We subject the last matrix 
to n —1 elementary transformations of type 2 which 
consists in multiplying the first column by c5, C3, .. ., €, 
in turn and in dividing the remaining columns respectively 
by the same numbers. It is clear that as a result we obtain 
a matrix of the required form. O 

We restate Lemma 2 for bases. 

Lemma 3. Two arbitrary bases for which the determinant of 
a transition matriz is equal to 6 can be changed by elementary 
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transformations into bases aj, . .., an and b,, . . ., b, con- 
nected by the relations 


(4) b, = 6a,, b, = 85, eb ey b, = an- o 


To apply these results to the problem of the deformabili- 
ty of bases, it is enough to note that equivalent bases are 
deformable into each other. Indeed, in view of Proposition 1 
it is enough to prove this for the bases a,, .. ., a, and 


b, ..., b, connected by elementary transformations. But 
if, for example, 
b, =a + ka,, b, = a, oe ey b, = än, 


then the corresponding deformation can be given by the 
formulas 


a, (t) = a, + ktaz, a; (t) = az, ..., an (t) = an 
and if 


1 
b, =Aa,, b= 7 âz, b,— 85, LEE b, =n; 


where À — 0, then it is possible to apply the deformation 
described above for n — 1 (see formula (3)) to each of the 
vectors b, and bg. Finally, in the case A = —1 (the only 
one left) it is possible to use the deformation given by the 
formulas 


a, (t) = (cos mt) a, — (sin 7t) a, 
8, (t) = (sin zt) a, +- (cos mt) a, 
a, (f) —a5, ..., an (t) —a,. O 


We can now prove the basic theorem. 

Theorem 1. Two bases are of the same sign if and only if 
they are deformable into each other. 

Proof. The fact that deformable bases are of the same 
sign was proved above. By the remark just made and Lem- 
ma 3 any two bases of the same sign can be deformed into 
bases aj, ..., a, and b,, ..., b, connected by relations 
(4), where 6 > 0. Since 6 > 0, we can apply to the vectors 
a, and b, the deformation (3). Consequently, the original 
bases are deformable into each other. [] 

Thus we have the right togdefine orientations as classes 
of bases deformable into each other. 
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We now return to the investigation of the equivalence 
relation introduced by Definition 4. As we already observed 
in passing, the concept of elementary transformation, and 
hence the corresponding equivalence relation, makes sense 
for any families of vectors. It turns out, however, that 
it is appropriate to investigate it only for linearly indepen- 
dent families. Therefore we restrict ourselves to such fami- 
lies only. To emphasize their possible incompleteness we 
shall denote the number of vectors in these families by the 
letter m. (reserving as before the letter m for denoting the 
dimension of a vector space 7^ that is considered). 

When m — 2 Definition 4 (for linearly independent, 
i.e. noncollinear, vectors) coincides with Definition 2 of 
Lecture 7. It is natural therefore, in the general case as 
well, to call classes of equivalent m-member linearly inde- 
pendent families of vectors m-vectors adding to them the 
zero m-veclor consisting by definition of all m-member 
linearly dependent families of vectors. 

To formulate the conditions for the equality of two m-vec- 
tors (i.e. to find the analogue of Proposition 1, Lecture 7) 
it is convenient to introduce the following definition: 

Definition 5. Two families of vectors are said to be 
linearly equivalent if any vector of either family can be 
linearly expressed in terms of the vectors of the other. 

Obviously linearly equivalent linearly independent fami- 
lies consist of the same number of vectors. For any two of 
such families a,, . .., am and b,, . . ., bm we have formu- 
las of the form 


b,—cla,-- ... +c am 


b, — cha, +... -- Ram, 


whose coefficients make up a nonsingular matrix 


called a matriz of transition from the family aj, . . ., am 
to the family b,, ..., Dm. 
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If the determinant of that matrix is equal to unity, 
det C = 1, 


then the families a,, ..., am and b,, ..., b, are said 
to be unimodularly equivalent. 

It is easy to see that Lemma 3 remains valid for any linearly 
eguivalent linearly independent familles of vectors. This fact 
plays a key role in proving the following proposition turn- 
ing for m — 2 into Proposition 1 of Lecture 7. 

Proposition 2. Two linearly independent families of vectors 
are unimodularly equivalent if and only if they are equivalent 
in the sense of Definition 4 (are converted into each other by 
a chain of elementary transformations), i.e. if they determine 
the same m-vector. 

Proof. Two linearly independent families connected by 
an elementary transformation are obviously unimodularly 
equivalent. Since, on the other hand, the relation of uni- 
modular equivalence is transitive (for the product of two 
unimodular matrices is again a unimodular matrix), this 
proves that equivalent families are unimodularly equiva- 
lent. Conversely, according to Lemma 3 unimodularly 
equivalent families are equivalent to the same family (for 
6 = 1) and hence equivalent. OD 

The case of 2-vectors (bivectors) was studied in detail in 
Lectures 7 and 8. We shall therefore consider the case of 
3-vectors (also called "trivectors"). 


For clarity we shall repeat the basic definitions for this 
case. . 

An elementary transformation of a triple of vectors (a, b, e) 
consists either in adding to one of the vectors another 
vector multiplied by an arbitrary number k or in multiply- 
ing two of the three vectors by 4 and 4/A respectively. 

Two triples of vectors are said to be equivalent if either 
they both consist of coplanar vectors or one of them is 
obtained from the other by a chain of elementary transfor- 
mations. 

Classes of equivalent triples are called trivectors. 

A trivector given by a triple (a, b, c) is designated by 
the symbol a A b A c. 
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A trivector consisting of triples of coplanar vectors is 
called the zero trivector and designated by the symbol 0. 
Thus a A b A e = 0 if and only if the vectors a, b and c 
are coplanar. 

Proposition 2 now assumes the following form (com- 
pletely similar to Proposition 1 of Lecture T). 
Proposition 3. If a A b A e 0, then the equality 


a Ab A6G-7aAbAc 
holds if and only if 
a, = ka + lb + me, 
b, = ka + lb + msc, 
c = kaa + lab + mc, 


with 
k k, ks 
L L h j=1.0 
m, m, ma 


It should be expected by analogy with bivectors (and 
vectors) that in an intuitive-geometrical situation trivec- 
tors are given by oriented solids of given volume "floating 
freely" in space. We now show that this is really the case. 

Since we are only interested in volume, instead of consid- 
ering solids of arbitrary shapes we may concentrate on 
parallelepipeds, i.e. on triples of (noncoplanar) vectors. 
We must assume that two of such triples determine the 
same "geometrical trivector" if 

(a) the parallelepipeds constructed on them have the 
same volume; 

(b) their orientations coincide. 

But it is clear that elementary transformations leave 
unchanged the volume of the parallelepiped constructed 
on the vectors a, b, e (this is obvious for transformations 
of type 2, and for transformations of type 1 it follows from 
the fact that they leave unchanged the area of the base of 
the parallelepiped and the length of its altitude) and do 
not change the orientation of the triple (a, b, e) (for the 
determinant of the matrix of transition from the triple 
(a, b, e) to an equivalent triple is equal to unity and hence 
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positive). Therefore triples that are equivalent "algebra- 
ically" are also equivalent "geometrically". 

Conversely, let two noncoplanar triples of vectors satisfy 
conditions (a) and (b). Since we work in three-dimensional 
"geometric" space, both triples are bases and so we can 
apply to them Lemma 3. According to this lemma the 
given triples are equivalent ('algebraically" and hence, by 
what has already been proved, also "geometrically") to two 
triples of the form (a, b, c) and (6a, b, c) which thus also 
satisfy conditions (a) and (b). But for such triples it is 
obviously possible only when 6 — 1. Consequently, the 
original triples are equivalent "algebraically" (can be 
converted into each other by elementary transformations). O 


It follows immediately from Proposition 3 that for any 
trivector a A b A e 0 and any number k ~0 we have 


(5) kaAbAc—aAkbAc—aAbAke 
and that if a A b, Ac; —aA b A c, then 
ka, Ab, Ae — ka A b A c. 


Besides, it is clear that both assertions hold also when 
aA bAc=0 or k=0. 

We are justified in giving the following definition. 

Definition 6. The product of a trivector 9|] = a ^ bAec 
by a number k is the trivector (5). This trivector is desig- 
nated by the symbol kA. 

Thus by the definition 


k(aaAbAc) —kaAbAc—aA kbAc—a^A bf ke. 


In the notation a A b A c both symbols A are nonsep- 
arable and constitute together a single sign of the operation 
(which by analogy with bivectors may also be called external 
multiplication) associating with the vectors a, b, c a tri- 
vector aA b Ac 

"This symbol can be "split", however, if the operation of 
external multiplication of a bivector by a vector is intro- 

uced. 

Definition! 7. The| external] product a A c of a bivector 
a — a A b by a vector c is a trivector a A b A c. Thus 
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by definition 
aAb)Ac=aAbfe. 


Similarly defined is the external product of a vector by 
a bivector 


aA (bAc)=aAbfAe. 


Hence we see that by virtue of these definitions the exter- 
nal multiplication of three vectors satisfies the associative 


law 
(aA b Ac=a A (bf o. 


Of course, Definition 7 also needs to be checked for correct- 
ness. 

"LetaAbc-a,A b, ie. (see Proposition 1 of Lecture 
7; it is obviously enough to consider only the case where 


a A b £0) let 











a, = ka + lb, 
b, = ka + lb, 
where 
k ky 
l; Plat 
Then 
kk 0 
|l L 0|-1, 
001 
and so 


a Ab Ac=aAbf/e. 
It can be proved in a similar way that a A b, A e, = 
—-aAbAcifbAc-—bAc.rl 
It is now easy^to see that interchanging two vectors in 
the trivector a A b A e"results in"changing the sign of the 
trivector (the anticommutative property). For example, 


bAaAe—(bAaAe-—(—aAbAec-— 
— a AbAec. 
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Trivectors in three-dimensional vector space . Addition of 
trivectors + The formula for the volume of a parallelepiped - 
Scalar product - Axioms of scalar multiplication - Euclidean 
spaces + The length of a vector and the angle between vectors + 
The Cauchy-Buniakowski inequality - The triangle inequali- 
ty - Theorem on the diagonals of a parallelogram - Orthogonal 
vectors and the Pythagorean theorem 


Thus far the dimension n of a vector space 7^ has played 
no role in our theory of trivectors. To construct the opera- 
tion of trivector addition, however, it is necessary to sup- 
pose that n< 4 (just as for bivector addition it was neces- 
sary to assume that n< 3). In accordance with our general 
purpose we shall not consider the case n = 4, restricting 
ourselves to n< 3. 

Since when n< 2 and triple of vectors is linearly depen- 
dent, there are no trivectors, besides the zero one, when 
n< 2. (For a similar reason there are no non-zero m-vec- 
tors, with m — 3, when n< 3). Of interest is therefore 
only the "three-dimensional" case n — 3. 

If two bases a, b, e and a,, bı, e, for a three-dimensional 
vector space 7^ are connected by the relations 


(1) a, = 6a, b,—b, & =e, 
then by definition (see Definition 6 of the preceding lecture) 
(2) a Ab A € —6(a A b A c) 


On the other hand, according to Lemma 3 of the preceding 
ecture any two bases for a vector space 7^ are equivalent to 
bases connected by relations (1), with 5 equalling the deter- 
minant of the corresponding transition matrix. Therefore 


194 Semester | 


formula (2) holds for any two bases (noncoplanar triples of 
vectors) a, b, c and a,, b,, c, for a vector space 7^. 
Moreover, formula (2) obviously holds for coplanar vec- 
tors a,, b,, e, as well. 
Thus we see (changing the symbols) that for any basis 
€i, €s, €, of a vector space F and any vectors a, b, e we have 


ai a? a? 
(3) aAbAe-|b! & b| (e, A ez A e, 


ct c c3 


where a, a?, a?, b', b?, b’, c!, c?, c? are the coordinates of 
the vectors a, b, e in the basis e,, eg, e, (cf. formula (6 
of Lecture 8). i 

This in particular means that by an arbitrary choice of 
some trivector A, +0 we can represent any other trivec- 
tor YW as 


A= ko 
where k is some (obviously, uniquely determined) number. 


Definition 1. The sum of two trivectors A = kY> 
and 8 = lM, is the trivector 


A + $$ = (k + D) Ao- 
If Ag = AWo, where À 0, then 9 — I, and § = 


= As Since the trivector Ept 9, is obviously 


equal to the trivector (k + 1) Ao, this proves that Defini- 
tion 1 is correct. 

Obvious calculations now show that the set 7^ A 7^ A 7^ 
of all trivectors is a vector space of dimension 1 with respect 
to the introduced operations of addition and multiplication 
by a number. 

From a descriptive-geometric viewpoint it is clear that 
if the volume of a trivector Ño is equal to one, then that of 
a trivector ko, with k 0, is equal to | k |. According 
to formula (3), therefore, if the volume of the parallelepiped 
constructed on the vectors of a basis e,, e», e, is equal to 
one, tben that of an arbitrary parallelepiped OABC is equal 
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to the absolute value of the determinant 

a! a? aè 

bi p b|, 

ct c? e 

. — — 
whose rows are the coordinates of the vectors OA, OB and 


z 
OC in the basis e, eg, es. 

In a formal-axiomatic theory some trivector Ao 0 
should be chosen and the absolute value | k | of the number 
k satisfying the relation 


— — — 
OAAOBAOC-—EKÀ, 
declared to be the volume of the arbitrary parallelepiped 


OABC. The number k itself is here the so-called oriented 
volume of the parallelepiped. 


At this point we shall temporarily discontinue the study 
of affine geometry to turn to 
the question of what axioms 
must be added to,the affine 
axioms 1? to 141°; to obtain ; 


Euclidean geometry, familiar 
from school, with its mensu- 
rations of lengths and angles. 
As ever, we first adopt an : 
intuitive point of view. 2n-9 


Let a and b be two (“geo- 
metrical") vectors. Supposing 
them to be nonzero, consider 
the angle between them. This 
angle has two values, ọ and 2x — P, whose cosines are 
equal. Therefore the formula 


(4) ab = ab cos Q, 


where a and b are the lengths of a and b, uniquely deter- 
mines some number ab. 

Definition 2. A number ab defined by formula (4) is 
called a scalar product of vectors a and b. If a = 0 or b = 0, 
then by definition ab = 0. The operation a, b —- ab is 
called scalar multiplication. 


An angle between two vectors 
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It is clear that scalar multiplication is commutative: 
ab = ba 


for any vectors a and b. 
Besides, it is easy to see that it is homogeneous, i.e. 


(5) k (ab) = (ka) b = a (kb) 


for any a, b and any k. Indeed, for a = 0 or b = 0, as well 
as for k = 0, formula (5) is obvious. But if a 40, b 0 
and k 0, then the length of the vector ka is equal to 





Case k«0 


ah 
ka a 
Case k>0 


| k | a, the angle p between the vectors ka and b equalling 
the angle ọ between a and b when k > 0 and x — q when 
k <0. Therefore k cos p = | k | cos and hence 


(ka) b = (| k | a) b cos p = ab (| k | cosy) = 
= abk cos « = k (ab cos q) = k (ab). 


The formula a (kb) = k (ab) is proved in a similar way (it is 
also possible to take advantage of commutativity). O 

The significance of a scalar product resides in the fact 
that both lengths and angles are expressible in terms of it. 
Indeed, since ¢ = 0 when a = b, for the length a of any 
vector a we have the formula 


a- yai 


where a? — aa ("the scalar square of a vector is equal to the 
square of its length") and, hence, for the angle q between 
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nonzero vectors we have the formula 
dab. 
yayi’ 


cos P= 


In particular we see that 
a? 0 for any vector a, with a? = 0 if and only if a = 0. 
This property of scalar multiplication is called its posi- 
tivity. 
The well-known trigonometric cosine theorem 
c? = @ + b? — 2ab cos ọ 
can be written in the following vector form: 
(a — b)? = a? + b* — 2ab 
holding obviously for any vectors a and b. 
Replacing here b by —b and considering that (—a) b — 
= —ab we have 
(a + b)? = a? + b? + 2ab, 


from which it follows that for any three vectors a, b and c we 
have 


(a + b + e) = (a + (b + 6) =a’? + (b+ 6? + 
+ 2a (b -+ c) =a? + b? + e? + 2be + 2a (b+ 6), 
(a+ b+ ec) = (a+ b) + e — 
= (a+ b)* + e+ 2 (a+ b) e — a? + b? + e? + 2ab + 
+ 2 (a + b) e, 
and hence 
a (b + e) — (a+ b) e = ab — be. 
Replacing here e by —e and adding we get 
a (b + e) + a (b — e) = 2ab. 
Finally, applying the last formula to the vectors a, 


(instead of b) and 27 


b+c , b—ce _ b+e _ 
2 + 2 =b, 2 2 


b+e 
2 


(instead of c) and considering that 








b—e eM 











and 





2a ( >42) —a(b4-e), 
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we ultimately find that 
a (b + e) = ab + ac, 


ie. that scalar multiplication is distributive with respect 
to addition (and that is why the operation a, b — ab is 
termed multiplication). 


In axiomatic theory we must as ever "reverse" the results 
obtained and take them as axioms. 

Let 7^ be an arbitrary vector space (over the field R of 
real numbers). 

Definition 3. Scalar multiplication in a space 7^ is an 
arbitrary function a, b — ab of a pair of vectors which takes 
numerical values and has the following properties (we con- 
tinue a single numbering of axioms): 

42° (distributivity). For any vectors a, b, e c 7^ 


a (b + e) = ab + ac. 


13° (homogeneity). For any vectors a, b C 7^ and any 
number & 


k (ab) — (ka) b — a (kb). 
14° (commutativity). For any vectors a, b € 7^ 
ab — ba. 
15" (positivity). For any nonzero vector a €7^ 
a? > 0. 


A number ab here is called a scalar product of vectors 
a and b. 
ja Remark. The symbol ab is inconvenient when the ele- 
ments of a space 7^ are, say, functions. Therefore, instead 
of ab one often writes (a, b). One should get accustomed to 
this notation too. 

Definition 4. A vector space 7^ for which some scalar 
multiplication a, b — ab has been chosen and fixed is called 
a Euclidean vector space. (Some writers call these spaces also 
real unitary spaces or even, without further ado, spaces with 
scalar multiplication.) 

A Euclidean (point) space is an affine space in the asso- 
ciated vector space of which a scalar multiplication is 
chosen (i.e. which is turned into a Euclidean vector space). 
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The branch of mathematics which studies Euclidean 
spaces is called Euclidean geometry. In comparison with affine 
geometry Euclidean geometry has one additional primary 
notion (“scalar multiplication”) and four additional axioms 
42° to 15°. 


In a Euclidean vector space the length of a vector a (usually 
denoted by | a | and sometimes by || a ||) is defined by the 
formula 


(6) jaj=Va 
(or, in other notation, |a | = V (a, a)) and the angle » 
between two nonzero vectors a and b by the formula 
ab 
(7) coap aa a 


which gives for ọ two values (summing to 2x). 
In a Euclidean point space a distance | MyM, | between 
two points is defined by the formula 





L—— 


uL Y. Á 
| MoM, |=| MM; |=} MoM? 


and the angle q between two straight lines by formula (7) 
in which a and b are arbitrary direction vectors of the given 
straight lines. (This formula gives four values for q, depend- 
ing on the choice of vectorsa and b, and two if we impose 
on 9 the constraint 0 xz qx x). 

Axiom 15? on positivity ensures that for any vector a 
formula (6) uniquely defines its length | a |, which is a real 
nonnegative number, with | a | — 0 if a +0 and[|a| — 0 
Ü a = 0 (the latter follows from axiom 13° on homogeneity 
or k = 0). 


The situation is worse with formula (7). Here it must be 
specially proved that its right-hand side is in the domain of 
definition of arc cosine, i.e. that 


Jab/<]a|-!b], 
or, in other words, that 
(8) (ab)? < a2b?. 
9—01283 
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This is the Cauchy-Buniakowski inequality. To prove 
it we shall consider the function 


f (t) = (a + tb)? 


of a number variable t. According to axiom 15°, for every t 
we have f (t) zz 0. On the other hand, 


f () =a? + 2t (ab) + £b', 


and it is well known from elementary algebra that if a sec- 
ond-degree trinomial takes only nonnegative values, its 
discriminant (the radicand in the formula for the roots of a 
quadratic equation) is nonpositive. In our case this discrim- 
inant is equal to (ab)? — a?b?, which proves inequality (8). O 

If vectors a and b are collinear, we have equality in (8) 
Conversely, if (ab)? = a?b?, then for b 0, according to 
the formula for the roots of a quadratic equation, f (tj) = 0, 
where tọ = —R-. Therefore a + teb = 0. Thus in the. 
Cauchy-Buniakowski inequality equality holds only for col- 
linear vectors a and b. D 

When a 0 and b 0 this means that the angle q be- 
tween noncollinear vectors is different from zero and from m, 
whereas between collinear vectors it is equal either to zero 
(if the vectors are positively proportional) or to x (other- 
wise). 


It follows from the Cauchy-Buniakowski inequality that 
[a+b]? — (a + b? = a? + 2ab + B? «c 
<laļ?+2ļ|a]- |b| +b]? =(ļa]+ Ib |}, 
and, similarly, that 
[a +b? = (a + b? = a? + 2ab + b’ > ; 
|» | 21]ai—2]Ja|-|b| +] bi? — (lal —|bp*. 
Hence ` 3 
(9) lla] —|bii<[a+b{/<]a|{+ Ibl. 


— — 

If ABC is an arbitrary triangle and a — AB, b— BC, 
=> g kone 

then a + b = AC and we obtain. from (9) the familiar in- 


f 
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equalities 

| AB | —1BCl« 1 4C Ix: | AB | + | BC| 
(‘any side of a triangle is not greater than the sum and not 
less than the difference of the other two sides"). For this 


reason inequalities (9) are generally called the triangle 
inequalities. 


Scalar multiplication is a powerful tool for proving geo- 
metrical theorems. We have already seen that the cosine 
theorem is simply a formula for the square of a sum. Here 
is another example. 


E 
Let OACB be a parallelogram. Setting a — OA and b — 
— — — 
= OB yields OC =a + b and AB = b —a. Therefore 
| OC |? + | AB |? = (a+ b? + (b— a)? = 
= 2 (a? + b’) = 2 (| OA |? + | OB |?) = 
=|0A\?4| AC |? + | BC |? + | OB [5 
i.e. the sum of the squares of the lengths of the diagonals of 


a parallelogram is equal to the sum of the squares of the lengths 
of its four sides. 


. Definition 5. Vectors a and b are said to be orthogonal 
if their scalar product ab is zero 
ab = 0. 
For a 0 and b 0 this is equivalent to saying that 
the angle between a and b is equal to n/2. 
Qe 
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If vectors a and b are orthogonal, then 
(40) (a + b)? = a? + bè. 


— — — 
For a — OA, b — OB, when b —a — AB, we obtain 
from this the theorem of Pythagoras 
| AB |? =| OA |?+ | OB |? 
(“the square of the hypotenuse is equal to the sum of the 


squares of the legs”). For this reason equation (10) is also 
called the Pythagorean theorem. 
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Metric form and metric coefficients » The condition of positive 
definiteness - Formulas for the transformation of metric coef- 
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We shall find the expression for a scalar product in coor- 
dinates. 

Let e, ..., e, be a basis for a Euclidean vector space 7^ 
and let 


x=—zie,+...+2"e, =e; 
y=y'e,+...+y"e, — yle; 


be two arbitrary vectors of that space. 
In the Einstein notation 


xy = (z*e,) (y)e) = (eiej) tiy”, 


i.e. 

(1) xy = gijz'y’, 

where : 

(2) gg — ee, i,j =1,..., n. 
Note that 


(3) £u = 8n for any ijj—41,...m 
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For n = 1 formula (1) has the form 
Xy = gj ziy!, 


where Eu = ee); 
for n = 2 it has the form 


Xy = £,t!y! + Sporty? + Bory! + goor?y? = 
= gati! + £4? (tY? + 22y3) + gooey? 


where 
Bis = €464, 
E12 = 851 = €1€2, 
B22 = €s€»; 


for n = 3 it has the form 
Xy = Buy! + £151? + BiT y? + E242?y1 + goo2?y* + 
+ 8313? + 83,13y! + BaT Y? + BaT? Y? = 
= gutiy! + £u (zy? + 22!) + 81s (11y? + 231) + 


+ ETY? + £53 (z?y? + 13y?) + g4413y*, 
where 


8117 €4€4,. E12 = £21 = €4€5,. B13— E31 = C405, 
E22 = €9€5, B23 = £32 = €»€3, B23 — €3€s- 


In the general case we can also reduce the "similar" terms: 


xy— >) guy + 2 gi (vty? + zy). 


i 


In the first sum summation is performed from 1 to n over i 
and in the second from 1 to n over i and j provided that 


j. 
Formula (1) can be written in matrix form. Let, as in 
Lecture 11, 
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and let G be a square n X n matrix 


£u * Bin 
(4) Gal En -- Ez |, 
Eni Enn 
Consider a matrix 
z'Gy, 
where yT = (yl, ..., y”) (the index T is the.transposition 


sign). By the rule of rectangular matrix multiplication this 
matrix is of size 1 x 1, i.e. represents a number. Computing 
the latter we immediately find that it is equal to 


(5) 2 xsv. 
Sa i=1 j=1 

i.e. to (1). This proves that 

(6) xy = zTGy. 


For x — y we get 

() — xi— guai = Y ga (2-2 P giáóz = TGI 
i i<j 

and in particular we get 


x? = gq (a)? 
for m= 4, © 
x? = gy, (21? + 2giax!2? + Boo (27)? 
for n = 2 and 
Xx? = gy (21)? + 2g,5112? + 29,5112? + 
F £o» (1?)? + 28052223 + Bag (19)*. 
for n — 3. 

The algebraic expression on the right of formula (1) 
(written in a more explieit form as (5)) is a polynomial 
homogeneous in two sets of variables z!, ..., 1" and 
y', ..., y” and linear in each of them. Homogeneous poly- 
nomials are generally called forms and polynomials of the 
kind (5) bilinear forms. Forms (5) whose coefficients have 
the property (3) are called symmetrical forms. 
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When y!-—2l,...,y^ —z" a symmetrical bilinear 
form turns (see formulas (7)) into a homogeneous second- 
degree polynomial in variables z!, ..., z^, i.e. into what 
is said to be a quadratic form. i is clear that this form 
uniquely determines the corresponding symmetrical bilinear 
form (i.e. the coefficients g,j). According to axiom 15° 
form (7) has the property 

gita! >0 
if (zt, ..., 2") (0, ..., 0). Such quadratic forms (and 
the corresponding bilinear symmetrical forms) are called 
positively definite. 

Thus in this terminology formula (1) (and the equivalent 
formula (6)) states that a scalar product of two vectors is a bili- 
near symmetrical and positively definite form of their coor- 
dinates. 

The converse turns out to be true too. 

Proposition 1. Let 7^ be an arbitrary vector space, let 
e .. ., ep be some basis for it and let g;jz/y! be an arbitrary 
bilinear symmetrical and positively definite form in variables 
z5,..., z^ and yl, ..., y^. Then formula (1) defines in 7^ 
some scalar multiplication. 

Proof. Distributivity and homogeneity (axioms 12° and 
13°) follow from bilinearity 


gi (ri +t) y = Eyt + gus, 

£i; (kz) y! — gc (ky?) = kg, ;x'y’. 
Commutativity (axiom 14°) ensues from symmetry 

guy = Enyi = gay! = gijzty? 
This last transformation uses the fact that the inder ove- 
which summation is performed may be denoted by any prer 


viously unused letter; explicitly this transformation is done 
as follows: 


git y = gaiztu (we replace j by a new letter o), 
= ga 1*y) (we replace į by the now free letter j), 
—gijr!y) (we replace a by the now free letter i). 


Finally, positivity (axiom 15°) is ensured, by definition, 
by the positive definiteness of the form g; jy. D 
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Thus we see that there are many different scalar products 
in the same vector space, i.e. that it can be transformed into 
a Euclidean space in many different ways. 

Definition 1. The form gi;;z'y ^ (and the corresponding 
quadratic form g,;jz!z/) is called a metric form of a given 
basis e,, ..., e, and its coefficients g;; are called the 
metric coefficients of that basis. 


The condition of positive definiteness imposes certain 
constraints on the coefficients g;;j. For example, it is clear 
that 

gı > 0 for any i=1, ..., n. 

For n = 1, when there is one coefficient g,,, the condition 

£1 2 0 is not only necessary but, obviously, sufficient 


for the form to be positively definite. 
Let n = 2 and let g,, > 0. Then 


£u (11)? + 2gi5riz? + go, (12)? = 


= Pe | 812 2 2 £z3E11— Ela. (22 

(Veuz + Y T ) + fu (x?) 3 

from which it follows that the form considered is positively 

definite if and only if g,,g,, — gi, > 0. This proves that 
the symmetrical matriz 


£1 Bi 
i-e 2). ae 
itu E12 = 821 


is a matriz of metric coefficients of some basis for a two-dimen- 
sional Euclidean vector space if and only if 














811 B12 
£270, 
= E» 822 
For n = 3 similar conditions are of the form 
fi gi Eu 812 813 
Gu 2 0, 20, | Em 823|>0. 
821 £22 
831 832 833 


We shall prove this in the next semester’s lectures. 


By construction, a metric form depends on the choice of 
a basis ej, ..., eg. Let us find how it changes when this 
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basis is replaced by another. We shall make our calcula- 
tion in matrix notation. 


Lete&,...,e, and ey, ..., e," be two bases; 
zi gi 


z^ zr" j 


be the columns of the coordinates of the same vector x 
in these bases, let C = (ci?) be a matrix of transition from 
the basis ej, ..., e, to the basis ev, ..., e,- and let 
G = (gi) be a matrix of metric coefficients of the basis 
ey «s ĉn- Then 


z = Cz' and x? = zTGaz. 
Therefore 
= (z'TCT) G (Cz) = z'7 (CTGO) z'. 


This formula implies that the matrix G' = (g;-;-) of the 
metric coefficients of the basis e; , . . ., en is expressed by 
the formula 


(8) G' — CGC. 
In other words 
(9) Ery = cic. 


Definition 2. A family e, ..., em of vectors of a 
Euclidean space is said to be orthonormal if 

(a) the length of each vector is equal to one; 

(b) any two different vectors are orthogonal, i.e. if 


me ={ 1, when i=j, 
"I 0, when ij. 


Definition 3. Fourier coefficients of a vector x with 
respect to a family e,, ..., êm are the scalar products 
Ty = Xl, «+, Lm = Xêm. 

All Fourier coefficients of the zero vector are equal to 
zero, but the inverse is, generally speaking, incorrect. If 
it follows from z, = 0, ..., £m = 0 that x = 0, then the 
family ej, .. ., €m is said to be closed. 
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Proposition 2 (the Bessel inequality). 7f a family e, . 
., @m is orthonormal, then for any vector x 
B+... HAL] |, 
the vector x! = x — z,e, — ... — Zmêe€m being orthogonal to 
all vectors e,, . .., €m (i.e. all its Fourier coefficients with 
respect to the family e,, ..., @m are equal to zero). 
Proof. It is enough to note that 


m m 
0x | x' |? x? (x — X ziej)) (x— 2 zye;) = 
i=1 j=1 
—2 2 x; (xe;) + 2 2 onn {e;e;) = 
i= i=1 j= 


m m m 
—2 Dt Drm Dat 
i1 ii ici 
and that 
e; (x —z,e,—. pias am ca S 
for any i = 1, o 

Recall that a danils- of vectors (not necessarily orthonor- 
mal) is said to be complete if any vector of the space is 
linearly expressible in terms of it. 

Definition 4. An orthonormal family of vectors is said 
to be maximal if adding to it any vector makes it stop being 
orthonormal. 

Proposition 3. The following properties of an orthonormal 
family of vectors e,, . . ., e, are equivalent. 

(i) it is mazimal; . 
(ii) it is closed; 
(iii) it is complete; 
(iv) for any vector x 
X = T€ + . . + Then 
where z,, . . ., In are the Poirie coefficients of the vector x; 
(v) for any vectors x and y 


(10) xy = Xi s $$. + TnYn; 
(vi) for any vector x 
w= zit... +25, 
i.e. there holds equality in the Bessel inequality. 
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Proof. 
(i) = (ii). If for some vector x =< 0 we have the equations 
2, — 0, ..., Zn = 0, then by adding to the family e,, . 


x . e 
e.. Cp 8 vector ar ~e obtain an orthonormal family. 


(ii) = (iii). If a vector x is not linearly expressible in 
terms of vectors €, ..., en, the vector x’ constructed in 
Proposition 1 is nonzero but all its Fourier coefficients 
are zero. 


(iii) => (iv) If x = ke, +... + kren, then z; = 
= xe; = k; (eiei) = ki. 


(iv) = (v). If x = Y ze; and y = J) yjej, then 
i j 
Xy = (2 z,e) » yje;) m i 2 2,y; (eie) = pr Tiyi. 


(v) 2- (vi). It is sufficient to set x — y in (10). 

(vi) = (i). If it were possible to add to the vectors e, ... 
..., €n, While preserving orthonormality, another vector 
x, then we should have 


1—x?-—zi-...J-25—0, 


for being orthogonal to the vectors e,, . . ., e, the vector x 
would have only zero Fourier coefficients z;, ..., 7. O 

Equation (10) is called Parseval's formula. 

Remark. The conclusion that z; = k; (see the proof of 
the implication (iii) => (iv)) uses only the orthonormality of 
the family e, ..., e, and can be applied (without any 
additional assumptions about that family) to any vector of 
the form x = ke, + ...+ k,e,. But if x = 0, then z; = 0 
and therefore k; = 0. This shows that any orthonormal family 
of vectors is linearly independent. 


Definition 5. The orthonormal family of vectors which 
forms a basis is called an orthonormal basis. 

According to Proposition 3, for an orthonormal family 
of vectors to be a basis it is necessary and sufficient for it 
to be either maximal, or closed, or complete (or to consist 
of n = dim 7^ vectors) The coordinates of an arbitrary 
vector in an orthonormal basis are its Fourier coefficients 
(statement (iv) of Proposition 3). 
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Therefore in what follows we shall not as a rule use the 
term ‘Fourier coefficient’ in connection with orthonormal 
bases. At the same time for the coordinates in an orthonor- 
mal basis we shall preserve the notation z,, ..., x, with 
lowered indices. 

Vectors of an orthonormal! basis will ordinarily be denoted 
by i,, ..., i, (by i, j form = 2 and by i, j, k for n = 3). 

Definition 6. A coordinate system Oe, ... e, in a point 
Euclidean space, for which the basis e,, . . ., e, is ortho- 
normal, is called a system of rectangular (or Euclidean or, 
sometimes, Cartesian, which is absolutely unfounded from 
the viewpoint of the history of mathematics) coordinates. 
The same term is used with respect to the coordinates of 
vectors of a Euclidean vector space in an orthonormal basis. 

An orthonormal basis is characterized by the fact that 
the matrix G of its metric coefficients is a unit matrix E. 
Therefore all metric formulas are substantially simplified 
in rectangular coordinates: 


xy =T H ... d Eun. 
x?-ab-...-z 
[x|=Vai+... +4, 
| AB | =V@i— my... (s — Tn)? 


(Zis ..., Zn are the coordinates of the point A and y, . 

. 4, Yn the coordinates of the point B) and so on. 

For this reason only rectangular coordinetes are commonly 
used in the study of Euclidean spaces. 

The fact of the existence (for dim 7^ — 0) of orthonormal 
bases and rectangular coordinates follows directly from 
Proposition 3. Indeed, on taking an arbitrary nonzero vec- 
tor a and multiplying it by a number 1/| a |, we obtain 
a vector e = a/|a | of unit length (incidentally, such vec- 
tors are sometimes called unit vectors), i.e. an orthonormal 
family consisting of a single vector. This proves that ortho- 
normal families of vectors do exist. Since no such family can 
(by virtue of linear independence) contain more than n — 
— dim 7^ vectors, among orthonormal families there are 
maximal ones, i.e. bases. 
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It is interesting that some nontrivial algebraic statements 
follow from the mere fact of the existence of orthonormal 
bases. For example, let G be an arbitrary symmetrical posi- 
tive definite matriz (i.e. such that the quadratic form zTGz 
is positively definite). On changing arbitrarily a basis 
&, .. ., e, in some vector space 7^ (for example, in R”) 
we convert that vector space into a Euclidean omne, setting 

xy — zTGy for any vectors x, y € 7^ (see Proposition 1), 
ie. taking the matrix G as the matrix of metric coeffi- 
cients of the basis e, ..., ej. According to what has been 
said, there is an orthonormal basis i, ..., i, in 7. Let C 
be a matrix of transition from i,, ..., i, to e, ..., e, 
Then, as we know, the matrix G will be equal to CTEC — 
=C TC, where £ is the matrix of metric coefficients of the 
orthonormal basis it, 2.5, ip, Le. a unit matrix. Converse- 
ly, let C be an arbitrary nonsingular matrix, let ij, . . ., ip 
be some orthonormal basis for an arbitrary Euclidean vector 
space 7^ and let e,, . . ., e, be a basis connected with the 
basis i,, ..., i, by the transition matrix C. Then the 
matrix G of metric coefficients of that basis (known to be 
a symmetrical positive definite matrix) will be equal to 
CTEC = CTC. This proves that a matriz G is a symmetrical 
positive definite matriz if and only- if there is a nonsingular 
matrix C such that 


(41) G—C'C. Q 


. The practical significance of this result is narrowed, how- 
ever, since it gives no recipe for finding the matrix C given 
a matrix G. To overcome this drawback, it is necessary to 
indicate an explicit. way of constructing from any basis 
e, .. ., €, some orthonormal basis i,, ..., ij. We shall 
describe one such method called the Gram-Schmidt orthog- 
onalization process. 

It consists in a gradual step-by-step transformation of 
a given basis e,, ..., e, into' an orthonormal. one. Let 
0< k < n. We say that the basis e,, .. ., e, is orthonormal 
up to a number k if its subfamily e,, . . ., ey is orthonormal. 
In aecordance with this definition any basis is orthonormal 
up to the number 0 and the basis orthonormal up to the 
number a is nothing else but an ordinary orthonormal basis. 
It is therefore sufficient to indicate a method for transform- 
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ing an arbitrary basis e,, . . ., e, orthonormal up to a num- 
ber k « n into a basis orthonormal up to the number k 4- 1. 

The method suggested by Gram and Schmidt consists 
in changing in a given basis only one vector e,4, which is 
first replaced by the vector 


ek+1 = Cnty — £464 — ... — Tpep 


where z,, .. ., Z, are the Fourier coefficients of the vector 
x = e,44 with respect to the orthonormal family e, ... 
..., e (naturally, nothing happens when k = 0). It is 
clear that after such a replacement a basis remains a basis. 
In addition (see Proposition 2) the vector e,41 is orthog- 
onal to all vectors e,, ..., e}. Therefore, to complete the 
construction it is only necessary to “normalize” that vector, 
i.e. to divide it by its length. As a result we obviously 
obtain a basis orthonormal up to the number k + 1. O 

Note that the ultimately resulting orthonormal basis 
is connected with the original basis by a triangular tran- 
sition matrix. Thus we have not only found a practical 
way of realizing the decomposition (11) but also proved that 
for any symmetrical positive definite matriz G there is a decom- 
position (11) with a triangular matriz C. O 


As already noted above, the same vector space can be 
converted into many different Euclidean spaces. For exam- 
ple, it is always possible to turn any preassigned basis 
into an orthonormal one. 

However, for any nz there exists, in a certain exact 
sense, only one Euclidean (vector or point) space. 

Definition 7. Let 7^ and J/^' be Euclidean vector spaces. 
The mapping q: 7^ — 7/' is said to be an isomorphism if it 
is an isomorphism of vector spaces (see Definition 1 of 
Lecture 3) and, besides, leaves the scalar product un- 
changed, i.e. 

9 (x) 9 (y) = xy 
for any ‘two vectors x,ycZ. 

Euclidean vector spaces 7^ and 7’ are said to be isomor- 
phic if there exists at least one isomorphism 7^ > F”. 

Theorem 1. Any two Euclidean vector spaces of the same 
dimension n are isomorphic. Isomorphism is realized by equat- 
ing coordinates in any two orthonarmal bases. 
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Proof. It is sufficient to observe that in every orthonor- 
mal basis scalar product is expressed by the same formula 


Xy = Z4 d ...-- zy — 


The natural way to convert the space R” into a Eucli- 
dean one is to declare the standard basis orthonormal, i.e. 
to set for any vectors x = (z,, ..., Zn) and y = (yy, ... 
+++, Yn), by definition, 


Xy = TY +--+ + aja. 


Then for any orthonormal basis i,, . . ., i, for an arbitrary 
Euclidean vector space 7^ the corresponding coordinate 
isomorphism 7^ — R” is an isomorphism of Euclidean 
Spaces. 

Similar definitions and results hold, of course, for Eucli- 
dean point spaces as well. 


In conclusion we shall consider the question of matrices 
connecting two orthonormal bases. 

Definition 8. A matrix C of transition from one orthonor- 
ma] basis to another is called an orthogonal matriz. 

Since it is the unit matrix E that is the matrix of coeffi- 
cients in both bases, the matrix C is orthogonal if and only if 


(12) CTC = E. 
Setting 
€u es Cin 
Cel siae 
Car v Cnn 
‘ : : n (n4-1) 
we see that equation (12) is equivalent to =z 
relations of the form 
1 if i=j, 
€41043 - C2iC9j +... eut] 0 if ig] 


where i, j — 1, ..., n and i< j, expressing the fact that 
the columns of the matrix C constitute an orthonormal fami- 
ly (basis) of vectors of R” (as it must be expected, since 
these columns consist of the coordinates of orthonormal 
vectors in the orthonormal basis). 


Lecture 14 146 


Equation (12) is equivalent to the equation 


C^ = CT 
which in turn is equivalent to the relation 
CC! — E. 


The latter implies that 
Cnty + teens i pat 
i1^ JA cee in^ jn = 0 if izj 
for any i, j — 1, ..., n, i.e. that the rows of the matrix 
C also constitute an orthonormal family. 
On summing up all these statements we obtain the follow- 
ing proposition. 
Proposition 4. A matrix C is orthogonal if and only if 
it has one (and therefore any other) of the following five prop- 
erties. 


(a) CTC = E; 
(b) the columns of the matriz C are orthonormal; 
(c) C- = CT; 
(d) CCT = E; 


(e) the rows of the matrix C are orthonormal. D 
Going over in relation (a) to the determinants and taking 
into account the fact that det CT = det C we obtain the 


equation 
(det C)? — 1, 
i.e. the equation 
det C = +1. 


The determinant of an orthogonal matrix is thus equal to +1. 

Definition 9. An orthogonal matrix C is said to be 
proper (or unimodular) if det C = 1. 

It is clear that the inverse of an orthogonal (proper orthog- 
onal) matrix, as well as a product of two orthogonal (prop- 
er orthogonal) matrices, is an orthogonal (proper orthog- 
onal) matrix (if say CIC =E or CJC, — E, then 
(C,C,)T (C,0,) = CI (CIC,) Ca = CIC, = E). In algebraic 
terms this means that the set of all orthogonal (proper 
orthogonal) matrices of a given order n forms a group. This 
group is designated by the symbol O (n) (respectively by 
the symbol SO (n)). 
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When n = 1 an orthogonal matrix C = (c) is simply 
a number (c,,) satisfying the relation c?, = 1. This means 
that the group O (1) consists of two elements +4 and that 
the group SO (1) consists of one element 


O (1) = {4, —1}, SO (1) = {1}. 
When n = 2 there are three conditions of orthogonality: 
aoi 
C41C42 + 024025 = 0, 
Cie + Caa =1. 


The first and the last imply that there are angles a and f 
such that 


€,44— 0080,  €,4,—Sina, 
Cy=cosB,  c,,— sin, 


and the second condition means that these angles are con- 
nected by the relation 


cos æ cos D + sin o sin B = 0, 
i.e. by the relation 

cos (B — a) = 0. 
Thus, either B = æa + 5 or 


=a uus "^ ,i.e. the matrix 
C is either at the form 
The angle a cosa —sing 
sing cosa 





or of the form 

cos a, sin a 

sina —cosa)’ 
In the former case the matrix is proper and in the latter 
it is improper. 


In particular we see that any proper orthogonal matriz of 
the second order is of the form 


cosa —sing 
sing cosa] 
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This means that two orthonormal plane bases of the same 
sign i, j and i’, j' are connected by the formulas 
i' =cosa-i+sina-j, 
j'— —sina-i+cosa.j 
and that the corresponding coordinates z, y and z', y' are 
connected by the formulas 
r-—cosa.r'—sinqa.y' 
y=sina-z’+cosa-y’. 

Since i'i = cosa, j'i = —sina and | i| — | i' | = 1, 
to obtain the basis i', j' it is necessary to rotate the basis 
i, j through the angle a. 

A similar description of orthogonal matrices of the third 
order is rather complicated, and we shall not deal with them. 


In a point Euclidean space formulas for the transforma- 
tion of rectangular coordinates are of the form (in matrix 
notation; see formula (7) of Lecture 11): 

z= Cr' + b, 

where C is an orthogonal matrix (and b is an arbitrary col- 
umn). In particular (denoting the coordinates by z and y) 
we obtain for n = 2 the following formulas for the transforma- 
tion of rectangular coordinates in the plane 

z= COS Q. T'— sina- y’ -+ ty, 

y —sina.z' J- cosa. y’ + ys, 
where a is the angle between positive directions of the ab- 
scissa axes of the old and new coordinate systems and (r,, Yo) 
are the coordinates of a "new" origin O' in the “old” coordi- 
Date system. 


10» 
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Trivectors in oriented Euclidean space - Triple product of 
three vectors - The area of a bivector in Euclidean space . 
A vector complementary to a bivector in oriented Euclidean 
space * Vector multiplication + Isomorphism of spaces of vectors 
and bivectors » Expressing a vector product in terms of coordi- 
nates - The normal equation of a straight line in the Eucli- 
dean plane and the distance between a point and a straight line - 
Angles between two straight lines in the Euclidean plane 


In Euclidean (three-dimensional) space the theory of bivec- 
tors and trivectors is substantially simplified and essen- 
tially reduces to the theory of vectors. We shall first, deal 
with the simpler case of trivectors. 


Let 7^ be an arbitrary Euclidean (three-dimensional) space. 
Assuming it to be oriented, consider in it an arbitrary 
orthonormal positively oriented basis i, j, k. With any other 
such basis i', j', k' the basis i, j, k is connected by a proper 
orthogonal transition matrix. Since the determinant of 
the matrix is equal to --1, we deduce (see formula (2) of 
Lecture 13) that 


i' Aj AkK' i Aj A k. 
Thus the trivector A, = i A j A k does nct depend on the 
choice of the basis i, j, k, i.e. it is the same for all (orthonor- 
mal and positively oriented) bases. 


Since A, 0, any trivector WEY A Z^ A^ is of 
the form 
A = ay 0: 


where a is a number. 
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Definition 1. A number a is called the magnitude (or 
oriented volume) of a trivector A, and its absolute value 
| a | is called the volume of the trivector Y. 

In accordance with the general theory of volume Defi- 
nition 1 means that we take the trivector Y, as the standard 
of volume in space. In other words, the volume of a unit 
cube (i.e. a cube with an edge of unit length) is assumed 
equal to one. We thus see that the Euclidean structure of 
a vector space uniquely determines the mensuration of volumes 
in it. 

Definition 2. The magnitude of a trivector a A b A ¢ 
is called a mized (or triple) product of the vectors a, b, c 
and designated by the symbol abe. 

According to formula (3) of Lecture 13, if a = ai + 
+ aj + ask, b = bi + by + bsk and e = Gi + cd + 
+ ck, then 

la; az 05 
(1) abe—|b, b, b. 

Cy Cy Cy 
Note that a triple product is dependent on the orientation 
of the space and changes sign when the orientation is re- 
versed. 

The algebraic properties of a triple product are naturally 
the same as those of an external product: it is distributive 
(with respect to addition), homogeneous (with respect to 
the multiplication of vectors by numbers), anticommutative 
(changes sign when the factors are transposed) and free (equal 
to if and only if the vectors to be multiplied are copla- 
nar). 

Note that these are exactly the properties of determinants 
known from algebra. We may say that a triple product is 
simply a geometrical interpretation of third-order determi- 
nants. 

Thus in a Euclidean (and oriented!) space trivectors can 
be replaced in a natural way (without any arbitrariness) 
by numbers (their values) and the external products of 
triples of vectors by their triple products. 


As it was to be expected, the situation proves to be more 
Complicated for bivectors. 
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Leta — a A b bean arbitrary nonzero bivector (in some 
Euclidean space 7^). When the vector b is replaced by the 


vector b -" a orthogonal to the vector a, the bivector 


& obviously remains unchanged. Therefore from the very 
outset we can assume without loss of generality that the 
vectors a and b are orthogonal. Normalizing these vectors, 
i.e. dividing them by their lengths, and taking out the 
common multiplier, we obtain for the bivector a a repre- 
sentation of the form 


(2) a = a (e A ey 
where the vectors e,, e, are orthonormal and a > 0. 
Representation (2) (with a = 0) holds for a = 0 as well. 
It is now easy to see that in representation (2) the number 
a> 0 is uniquely determined by the bivector a. Indeed, the 
equation 
a (ei A ey —a' (e, Ae), 
where a — 0, a’ — 0 and the pairs of vectors e,, e, and 
e;, e, are orthonormal, means that we have 
a'e; =k (ae) + lez, 
e, =k’ (ae,)+ l'ez 


k l 
IM yt 


with 


But then 
L 


e; = t ei ur es 
e; = (k'a) e, + i'e, 
from which it follows that the matrix 
te k'a 


sp 
a’ 


is orthogonal and so its determinant a/a' is equal to +1. 
This proves that a’ = +a. But under the hypothesis the 
numbers a and a’ are positive. Therefore a’ = a. OD 
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Definition 3. The number a appearing in representation 
(2) is the area of a bivector a. 

By what has been proved the definition is correct. 

Thus the Euclidean structure of a space allows an area 
standard to be introduced in every plane, these standards 
being in some sense (which can be made more precise, if 
desired) equal in different planes. 

Note that there is no natural way to compare area stand- 
ards in different (nonparallel) planes in an affime space. 


Suppose now that the Euclidean space under considera- 
tion is three-dimensional (bivectors in a two-dimensional 
space are of little interest since they are completely similar 
to trivectors in a three-dimensional space and represent a 
geometrical equivalent of second-order determinants) and, 
in addition, oriented. 

Note in the first place that for any two orthonormal vectors 
ei, ex there exists one and only one vector eg forming together 
with these vectors a positively oriented orthonormal basis 
el, Ce, Eg. 

Indeed, since the orthonormal family consisting of the 
vectors e,, e, is not complete and hence (see Proposition 3 
in the preceding lecture) not maximal, there is a vector 
e, such that the vectors e,, €z, eg constitute an orthonormal 
basis. If this basis is positively oriented, then this proves 
the existence of the vector ea. In case the orientation of the 
basis e,, €, ea has turned out to be negative, it is enough 
to change the sign of the vector eg. 

Let there exist another vector 


e; = ae, + be, + ce, 
forming together with the vectors e, and e, a positively 
oriented orthonormal basis e,, ep e, Then the matrix 
1 0'a 
015 
00c 


as a matrix of transition from the basis e}, eg, es to the 
basis e}, €z, e, is orthogonal and proper which obviously is 
possible only "or a=b=0 and c — 1. This proves the 
uniqueness of the vetor es. O 
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Definition 4. A vector complementary to a bivector (2) 
is designated by the symbol «+ and defined by the formula 


al = aes 


where eg is a vector such that the vectors e,, e;, ea constitute 
a positively oriented orthonormal basis. 

Here we must first cheek the correctness of the definition; 
to do this it is obviously enough to prove that if e,, €z, es 
and e,, e;, e, are orthonormal bases of the same sign such that 
e; N € = e A e then e, = es. Let 


ky ky keg 
hod d 
m, m M3 


be a matrix of transition from the basis e,, eg, e3 to the 
basis ej, e,, e,. This matrix is orthogonal and proper, so 
that 


P4+242=1, and |L d I, |=1. 
m? + m3 +m? =1 m4 ms ma 


On the other hand, since e; A e, = e, A €z, we have 
mi, = 0, m = 0 


ky kz 
(o n) 
(obviously, orthogonal) is unimodular. Thus 
kitki =1 ky kz 
hTh-1 hod 


From the above relations it follows directly that ką = 0» 
lg = 0, and m, = 1. Thus, e; = es. O 


and the matrix 


and 21. 








Definition 5. The vector product a X b of vectors a and b 
is a vector complementary to their external product a A b 


a X b= (a A b. 


Lecture 15 153 


The following proposition explains why the product abe 
is called "mixed". 
Proposition 1. For any three vectors a, b, e we have the 


formula 
abe = (a x b) c. 


Proof. For a X b = Othe formula is obvious. Leta x b z£ 
— 0. To construct the vector a X b we must first represent 
the bivector a A b 0 in the form 


a A b = a (e, Ae) 


where a > 0 and e,, e; are orthonormal vectors. Following 
the above method of constructing such a representation we 
shall obviously have formulas of the form 


a = Q4€1,, 

b = bye, + bes. 
From these it follows that a A b = a,b, (e, A e;). 
Therefore a = a,b, and hence a x b = a,b,e3, where e; 
is a vector complementing the vectors e,, e, to form a posi- 


tively oriented orthonormal basis e,, €z, es. 
Consequently, if 


€ = ce + ese, + 0385 
then (a x b) e = a,b,c3. On the other hand, 
a, 0 0 
abe =|b, b, 0 | = a4,5,05. 
€4 Cy C3 


Thus, (a X b) e = abe. O 
Proposition 2. Vector multiplication is distributive over 
addition, i.e. 


a x (b+c)=axXbt+axXe 


for any three vectors a, b, e. 
Proof. Let x be an arbitrary vector. Then, by virtue of 
the distributivity of mixed and scalar multiplications, 


(a x (b+ e) x = a (b + e) x = abx + aex = 
= (ax b)x+ (a x c)x = (ax b+a xc) 
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Taking as x the vectors of some basis e,, e,, e4 we find from 
here that all Fourier coefficients of the vectors a X (b + e) 
and a X b+ a X e are equal. Hence these vectors are 
also equal. [] 

Corollary. The complementary vector of a sum of bivectors 
is equal to the sum of the complementary vectors of the sum- 
mands, i.e. 


(a 4- 5)* =at -- 5t 


for any bivectors a and b. O 
This corollary is merely a reformulation of Proposition 2. 
Proposition 3. Vector multiplication is homogeneous and 
anticommutative, i.e. 


k (a x b) = ka x b =a x kb, 
bxa--—axb 


for any number k and any vectors a and b. 

Proof. 'The first statement follows from the homogeneity 
of mixed and scalar multiplications (cf. the proof of Pro- 
position 2). The second follows from the first plus the anti- 
commutativity of external multiplication. [] 

Corollary. For any number k and any bivector a we have 

(ka) — kal. O 

Note that this corollary can easily be derived directly. 
Indeed, if a =a (e, A e) and at = aes, then ka = 
= ka (e, A ej) for kz» 0 and therefore (ka)- = kae, = 
= kai. But if k<0, then ka —|k|a(e, A e) and 
therefore (ka) = | k] a (— ej) = kae, = kat, since the 
basis eg, e€, —e, is orthonormal and positively oriented. O 

This gives a direct proof also for Proposition 3 (there 
seems to be no similar sufficiently simple proof of Proposi- 
tion 2). 

UN 1. The correspondence a +> a! is an isomorphism 
of a vector space F A Y^ onto a vector space 7^. 

Proof. In view of the corollaries of Propositions 2 and 3 
one only‘needs to prove that the mapping a — aż is 
bijective, i.e. that for any vector a there exists a unique 
bivector a such that a. =a. 

Let a be the length of the vector a, i.e. let a = ae;, 
where eg is a vector of unit length (uniquely determined 
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when a 0 and arbitrary when a = 0). Further let e, 
and e, be vectors such that the vectors e,, €a, eg form a posi- 
tively oriented orthonormal basis (that such vectors exist 
is obvious) and let a = a (e, A ej). Then, by definition, 
aL =a. This proves the existence of the bivector a. 

To prove its uniqueness it is obviously enough to establish 
that for the orthonormal bases of the same sign ej, ez, e; 
and e, e, e, the equation e; = e, yields the equation 
e Ae =e A e, But this is nearly obvious. Indeed, 
since e, = es, the matrix of transition from the basis 
ei, €a € to the basis ej, e,, e, is of the form 


L Lh 0]. 
m, m, 1 


The condition of orthogonality for the last row gives 
m? + m; T1221, 
from which it follows that m, = 0 and m, = 0. Therefore 
e; = k,e,-- Lez, 
e, = ke; + le; 


ky k 
ups |-* 
hob 
Hence e, A e; — e A es. O 

Corrollary. Vector multiplication is free, i.e. a x b = 0 
if and only if the vectors a and b are collinear. O 

Note that complete reduction of bivectors to vectors, 
provided for by Theorem 1, is possible only in a three-dimen- 
sional space and only if a definite orientation of the space 
is chosen. 


with 





It is obvious that for any positively oriented orthonormal 
basis i, j, k we have the formulas 


GAk} =i, (kAD)D-—iji GA jt =k, 
i.e. the formulas 
jxk=i, kxi=j, ixj=k. 
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It follows (cf. formula (8) of Lecture 8) that for any 
vectors 


a = ai + a,j + ask and b = bi + b,j + bak 
we have the formula 
ij k 
axb-|a, a, a;l. 
b, b, b, 


We stress that the basis i, j, k is here supposed to be not 
only orthonormal but also positively oriented (right-handed). 
By construction, the length |a X b| of the vector prod- 
ucta X bisequal to the area S of the parallelogram con- 
structed on the vectors a and b. Therefore 
a, a|? |a, a; 


s«Vlz 5 b, bs b, b, 


The existence in p E or in space of a Euclidean 
structure (scalar multiplication) also adds substantially to 
the theory of straight lines and planes. We shall begin 
as ever with a discussion of straight lines in the plane. 

Suppose an arbitrary nonzero vector n and some point M, 
are given in a Euclidean plane. 

It is easy to see that the set of all points M of the plane, 

— 


2 




















for which the vector n is orthogonal to the vector MM ; 
ie. for which we have 


—— 
(8) nM,M —0, 


is a straight line passing through the point M,. Indeed, in 
rectangular coordinates condition (3) has the form 


A (z — z) + B (y — yo) = 9, 


where A, B are the coordinates of the vector n, and z, y: 
and z,, Yo are the coordinates of the points M and M, 
respectively. O 

The vector n is said to be orthogonal to a straight line. 
Up to collinearity it is uniquely determined by a straight 
line. Any equation of a straight line 


(4) Az + By+C=0 
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(in rectangular coordinates) determines the vector n (A, B) 
orthogonal to the straight line. If the vector is normalized 
(is of unit length), i.e. if A? + B? = 1, and if C <0, then 
equation (4) is said to be the normal equation of a straight 
line. A normal equation is ordinarily written as 


(5) zcosa+ y sina — p = 0, 
where œ is the angle between the vector n and the unit 
vector i of the abscissa axis. To reduce equation (4) to 
the form (5), it is enough to divide it by YA? + B? when 
C <0 and by —y A? + B? when C 2 0. 

Introducing the radius vector r (r, y) and the unit vector 
n (cos a, sin œ) we can write equation (5) in vector form: 
(6) nr —p = 0. 

Defininion 6. Two straight lines are said to be perpendi- 
cular if their direction vectors are orthogonal. Let N be the 
point of intersection of the straight line passing through 
a given point M and perpendicular to the straight line (6) 
(it is easy to see that such a straight line always exists and 
is unique) with the straight line (6). The length d = | NM | 


of the segment NM is called the distance from the point 
M to the straight line (6). 
This distance is obviously equal to the absolute value 


of the scalar product nNM =n (r — s), where r and s 
are the radius vectors of the points M and N. But the point N 
lies on the straight line (6) and therefore ns — p. Hence 


(7) d = |nr — p| = | z cos a + ysin a — p]. 


This formula explains why we need normal equations. 

For p 0 the value nr — p is positive (and hence equal 
to d) if and only if the point M is not in the halfplane 
containing the origin O. 


In general it is not so simple to define the angle q be- 
tween two straight lines in a Euclidean plane uniquely. 
As already noted (see Lecture 13), its unsophisticated defini- 
tion as the angle between direction vectors of these straight 
lines, generally speaking, gives four different values. Even 
if we impose the restriction 0 < q < x (such angles may be 
called "elementary-geometry" angles), there will all the 
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same be a choice left between two adjacent angles (summing 
to x). 

Let the straight lines considered be given (in rectangular 
coordinates) by the equations 


(8) Ar+ By+C=0 and Az + Byy4- C — 0. 


It is natural then to take as the angle q the angle between 
the direction vectors a (B, —A) and a, (B,, —A,) (giving 
the orientation of the straight lines defined by the equations; 
see Lecture 12). Hence 
A44;-- BB, 

VEFE VATE 
Together with the condition 0 < ọ < x this uniquely deter- 
mines the angle q. We have an acute angle when AA, + 
+BB, >Q, an obtuse angle when AA, + BB, « 0 and 
a right angle when AA, + BB, = 0. 

In particular we see that the straight lines (8) are perpen- 
dicular if and only if 


AA, + BB, — 0. 
Instead of imposing on the angle @ the elementary-geo- 
metric condition 0 < ọpọ < x, it is possible to require that 
the sum 9 +5 should be one of the angles between the 


vectors a (B, —A) and n, (A,, Bı). Since cos (e + $) = 
= — sing, it is equivalent to the requirement that 

AB,— A,B 
10 sin ————— a — 
n OSV +B VY APE 
Formulas (9) and (10) uniquely determine the angle q 
satisfying the condition —n < q <x. Its absolute value 
is equal to an elementary-geometry angle 9g. 

Another way of fixing the angle ọ is to seek the elemen- 
tary-geometry angle with the same tangent as the angle 
determined by the second method. In other words, this 
angle is uniquely determined by the formula 


.. AB, — A,B 
(11) tan P=- FBP, 


(9) cos Q = 


and the condition 0 < y < x. 
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The last method is ordinarily employed when straight 
lines are given by equations of the form 
(12) y — kr--b and y= kaz + dy. 
For such straight lines formula (11) takes the form 
tan o= 
In particular we see that straight lines (12) are 


parallel | if and k—k, 
only if kk, = — 1. 





per pendicular 


Lecture 16 


The plane in Euclidean space - The distance from a point to 
a plane » The angle between two planes, between a straight line 
and a plane, between two straight lines - The distance from a 
point to a straight line in space - The distance between two 
straight lines in space - The equations of the common perpen- 
dicular of two skew lines in space 


The situation is perfectly similar in the case of planes in 
Euclidean space. 

For any nonzero vector n (A, B, C) the set of all points 
M (z, y, z) of a space, for which 


——» 
nM, M —0, 
where Mo (Xo, Yo, Zo) is some fixed point, is the plane 
A (z — zo) + B (y — yo) + C (z — 2%) = O. 


The vector n is said to be orthogonal to that plane. It 
is simply a vector complementary to the direction bivector 
of the plane. Therefore up to collinearity the vector n is 
uniquely determined by the plane. 

Any equation of a plane 
(1) Ax+ By+Cz+D=0 
(in rectangular coordinates) determines the vector n (A, B, 
C) orthogonal to the plane. If the vector is normalized, 
i.e. A? + B? + C? = 1, and if D «: 0, then equation (1) is 
said to be a normal equation of the plane. A normal equation 
is ordinarily written as 


(2) z cos œ + ycosB + z cos y — p = 0, 
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where a, B, y are the angles between the vector n and the 
vectors of a basis i, j, k and p <0. To reduce equation 
(1) to the form (2) it is sufficient to divide it by 
V A? + B3 4- C$ when D <0 and by —V 43 F B? 4- C? 
when D z O0. 

In "vector form" equation (2) becomes 


(3) nr — p = 0. 


Definition 1. A straight line is said to be perpendicular 
to the plane (3) if its direction vector is collinear with 
the vector n. Let N be the point of intersection of the straight 
line passing through a given point M and perpendicular 
to the plane (3) with that plane. The length d — | NM | 
of the segment NM is called the distance from the point M 
to the plane (3). 

Just as for the distance from a point to a straight line 
it can be proved word for word that the distance from the 
point M to the plane (3) is expressed by the formula 


d —|nr—pl|, 
where r is the radius vector of the point M. 


The angle between two planes is defined to be the angle 
between the vectors orthogonal to those planes. It is possible 
to fix it uniquely by the same three methods as those used 
to fix the angle between two straight lines in the plane, and 
obtain similar formulas. This case being quite trivial we 
shall waste neither time nor space on it. We shall only note 
that the two planes 


Az 4- By 4- Cz 4- D — 0 and Az + Byy + Cz 4- D, —0 


are perpendicular (i.e. the angle between them is equal 
to zx/2) if and onlyifwe have 


AA, + BB, + CC, m 0. 


Similarly the angle between a straight line and a plane 
is defined to be a complement to x/2 of the angle between 
the direction vector a (l, m, n) of the straight line and the 
vector n (A, B, C) orthogonal to the plane, with additional 
restrictions of some character which ensure uniqueness. 
11—01283 
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For this angle we have the formula 
: = Al+Bm= Cn 
m = VEF y Pompe 
In particular we see that a straight line and a plane are per- 
pendicular if and only if 
Al+ Bm + Cn — 0. 


Finally, the angle between two straight lines in space is 
defined according to the general rule (as the angle between 
their direction vectors a (l, m, n) and a, (L, m,, n,)) and 
therefore we have for it the formula 

EX ll4-4- mm, + nni 
UST Varmint Vinita 


More interesting are the questions of the distance from 
a point to a straight line in space and that of the distance 
between straight lines. 

An arbitrary straight line r = rọ + fa and an arbitrary 
point M (r) not lying on it are in one and only one plane 
(namely, in the plane passing through the point M, (£o) 

———P 


and having the direction bivector MM A a). The distance 
d from the point M to the straight line in that plane is pre- 
cisely the distance from the point M to the straight line in 


space. 

By definition, for it to be computed it is necessary to find 

on the straight line a point N such that the straight line 

NM is perpendicular to the given straight line, i.e. that 
— 


the vector NM is orthogonal to the vector a. Then d will 
— : 
be equal to the length of the vector NM, i.e. we shall have 
— : 
NM = de,, 
where e, is some unit vector, and hence 
— x 
NM A a-ad (e, A e), 


where a is the length of the. vector a and e, = =. Since 
e, and e, ere orthogonal unit vectors (i.e. form an orthonor- 
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-— 
mal family) it follows that | VM A a| ad, i.e. that 
de |NM xal. 
On the other hand, since the point N is in the given straight 
line, its radius vector s has the form ry + fa, where t, 


is a number. Therefore NM = r — (r, + ta) = (r — ro) — 
— t,a and hence 


NM xa=(r—r) xa.. 
This proves that 
de L|(r—1) xal, 


or, in coordinates, that 








y —Ve *— 7o E z—29 2—29 2 £—Ig Y—Vo 2 
T 
L 
a= | m R | | PII | g 
Now let 
(4) r=ryo+sa, r=r,-+ tb 


be two nonparallel straight lines in space not lying in the 
same plane (skew lines). It turns out that there exists one 
and only one pair of numbers (so, to) such that the straight 
line NN, passing through the points N, (ny) and N, (n), 
where ny = Fo + SoA, n, = ri + tob, is perpendicular to both 
straight lines (4). 

Indeed, the straight line N,N, has the direction vector 
D, — n, = (r, — ro) + tob — soa and therefore it is perpen- 
dicular to the straight lines (4) if and only if (n; — no) a = 0 
and (n, — no) b = 0, i.e. if 


(t; —r) a+ tba — sat —0, 
(r, — ro) b 4- tb? — saab = 0. 


To complete the proof it remains to note that this system 
of linear equations has for so, tQ the unique solution 


(,—ro)a ab at(ry—io) a 
(ri—r9 b b | ab (ri— ro) ol 
a= lega wl > 5—— 77 Tab) 
jab b? la | 
die 
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(The denominator is nonzero since the vectors a and b 
are not collinear.) 0 

The straight line N,N, is called the common perpendicular 
of skew lines, and the length d = | NaN, | of the segment 
N,N, is called the distance between those lines. 

The name of the number d is accounted for by the fact that, 
as is easily seen, for any point M, of the straight line r = 
= rọ + sa and any point M, of the straight line r = r, + tb 
we have the inequality 

| MoM, |>| No, |, 
equality holding only for M, = No and M, = N,. Indeed 
| MoM, |? = ((r, — ro) + tb — sa)? = ([(r. — ro) + tob — soa] -+ 
+ (£— to) b — (s— so) a}? = ((n, — no) + (£— to) b— 

— (s— so) 8)? = (n, — ng? + [(¢ — to) b— (s — so) a]?, 
for (n, — no) a = 0 and (n, — ny) b = 0 (the Pythagorean 
theorem). Therefore 

| MoM, P> (n, — ng? = | NoN, |? 
equality holding only for s = sẹ, t = ts. O 


—— 
We now note that the mixed product M,M,ab does not 
depend on the choice of the points M, and M, on the straight 


lines (4) since when these points are changed we add to the 
——» 
vector MM, a linear combination of vectors a and b. But 
for s = 0, t = 0 this product is equal to (rı — ro) ab and 
——À 


for s = s, and t= t, it is equal to N,N, (a x b) = 
— 


=+ [NoN |-|a X b] (for the vectors N,N, and a x b 
are collinear). Hence 


_ 1 ri— r9 ab| 
de [axb] ° 
Zı— Zo ŅYı— Yo 5$1— 59 
L m n 
h m; ni 
m n |? l n] l m}? 
m, n, F h 4 uh z| 


In coordinates 








(5) d= 
v. 
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where 
l, m, n are the coordinates of the direction vector a; 
li, m, n, are the coordinates of the direction vector b; 
Zo, Jo, Zo are the coordinates of the radius vector ro; 
21, Yı, 2, are the coordinates of the radius vector r}. 
Thus formula (5) gives the distance between two nonparallel 
straight lines 
(6) Z—Zo _ V—Vo _ 2— 120 z—£m 475.55 
l m n A m; n; 


For the straight line N,N, we know the radius vector of 


_ 
its point N, and the direction vector N,N,. Therefore we 
can write immediately the parametric equation of that straight 
line. Áfter obvious identical transformations it becomes 








(i—i) roir, —(1—2a tb 
(r,—ry)a a? ab 
r (t3 —ro) b ab bi 
a* ab 
ab b? 








This straight line can be characterized as the line of inter- 
section of two planes, one of them passing through the 
point Me (Zo, yo, Zo) and having the direction bivector 

—— 


aA NN, (or equivalently the direction  bivector 
a N (a X b) and the other passing through the point 
M, (21, Yı» 21) and having the direction bivector b A 
A (a x b), i.e. by the equations 











z— To Y—-Yo 2-2 
l m n 

=0, 

| m n | l n l m 

m, n, Z L n, l m, 

T— Ty y—V 2 
L m, Tt, 0. 

m n l n l m 








i m, n, lh my] il m, 











Lecture 17 


The parabola - The ellipse - The focal and directorial 
properties of the ellipse - The hyperbola - The focal and 
directorial properties of the hyperbola 


In this lecture we begin the study of three remarkable curves 
in the Euclidean plane: the parabola, ellipse, and hyperbola. 
In spite of their outward dissimilarity we shall see that 
they may be combined in a natural way into one group. 


Definition 1. A curve in a Euclidean plane is saíd to 
be a parabola if there exists a system of rectangular coor- 
dinates z, y in which the equation of that curve is of the form 


(4) y? = 2pz, where pO. 


Note that we are not giving any general definition of what 
a curve is since we are not going to prove any theorems on 
"curves at large". We shall use the term "curve" as a syn- 
onym of a "subset of a plane" but in a narrower sense deter- 
mined solely by tradition. 

The "equation" of a curve is an arbitrary relation between 
z- and y-coordinates which holds if and only if the point 
M (z, y) having these coordinates is on the curve. This 
is not a rigorous definition but only a verbal description of 
a rather vague notion. Therefore we state nothing about 
“equations” and "curves": neither that any curve has an equa- 
tion nor that any equation gives a curve. In practice, defin- 
ing a particular curve (or a class of curves) we shall always 
indicate its (their) equation. 

In principle it would be possible to do without the con- 
cepts of a’ curve and its equation, but this would result in 
unusual and cumbersome statements. For example, Defini- 
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tion 1 would then take the following form: a set of points 
of a plane is said to be a parabola if there exists a system of 
rectangular coordinates z, y and a number p > 0 such that 
the point M (x, y) belongs 
to that set if and only if 
y! = 2pz. 

Rectangular coordinates 
z, y specified by Definition 
1 are called the canonical 
coordinates fot the given pa- 
rabola and equation (1) is 
called its canonical equa- 
tion. ‘ 

The abscissa axis of a sys- e 
tem of canonical coordinates 
is the axis of symmetry of 
the parabola (for when y changes sign equation (1) remains 
unchanged). For this reason this straight line is called the 
azis of the parabola (or sometimes the focal azis). 

When z < 0 there are no points satisfying equation (1). 
This means that the whole parabola is situated in the half- 
plane z > 0. 

The ordinate axis r = 0 is intersected by the parabola (1) 
only in the point O (0, 0) which is called the verter of the 
parabola. 

From these two remarks it immediately follows that th 
aris of parabola is its only azis of symmetry. The ratio 





» ——————-—l-.-—--:1-- 


A parabola 


lul y?r 
z Ws 


tends to zero as z — --oo. This means that beginning with 
a sufficiently large z the parabola is contained in any sym- 
metrical angle containing the positive semiaxis of the abscissa 
axis. Visually, this means that. if we look along that semi- 
axis the parabola will appear to be convergent, although 
in fact it is arbitrarily far from the abscissa axis (| y | ^ +00 
as zT —- +0). 

We stress that both the axis and the vertex of the parabola 
are uniquely characterized, in a purely geometrical way, 
without resorting to any coordinates: the axis is the axis 
of symmetry and the vertex is the common point of the axis 


168 Semester | 


and the parabola. This means that the axes of a system of ca- 
nonical coordinates are also uniquely characterized by the 
parabola: the abscissa axis is characterized as the axis of 
the parabola and the ordinate axis as the straight line pas- 
sing through the vertex and perpendicular to the axis of 
the parabola. The positive direction of the abscissa axis is 
also determined by the parabola (as the direction giving 
the half-plane containing the parabola). 

This proves that up to a change in the orientation of the 
ordinate axis (i.e. in the sign of the y-coordinate) the ca- 
nonical coordinates are uniquely determined by the parabola. 

Therefore all the objects determined with the aid of ca- 
nonical coordinates but independent of the orientation of the 
ordinate axis are invariantly (i.e. without any arbitrariness) 
related to the parabola. Among them are: 

the number p called the focal parameter, 


the number + called the focal distance, 


the point (5. 0) called the focus, 


the straight line z = —+ called the directriz. 


It is easy to see that the parabola is a set (or locus, as 
people prefer to say after the old fashion) of all points equi- 
distant from the focus and directrix. Indeed, after squaring 
and reducing the similar terms the condition of equidistance 


r+$|=V (2-4) +e 





turns into equation (1) and, conversely, if y? = 2pz, then 
this condition obviously holds. 0 : 


Definition 2. A curve in the Euclidean plane is said to 
be an ellipse if there exists a system of rectangular coor- 
dinates z, y in which the equation of that curve is of the form 


2) 24H =1, where a>b>0, 


The coordinates in which the equation of the ellipse is of 
the form (2) are called canonical coordinates (for the given 
ellipse) and equation (2) is called the canonical equation 
of the ellipse. 
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When b — a the ellipse has the equation 
@) a+ yf =a 


which is obviously the equation of a circle of radius a with 
centre at the point O (0, 0). Hence the circle is a particular 
case of the ellipse. 





An ellipse 


Compare for b< a the ellipse (2) and the circle (3). 
Let k =<. If a point with coordinates z, y is in the cir- 
cle (3), then a point with coordinates z, ky is in the ellipse 
(2) (for z + e) = ava 4) and vice versa. This 
means that the ellipse (2) is obtained from the circle (3) 
by means of the transformation (z, y) — (zr, ky) geomet- 
rically representing a compression of the plane toward the 
abscissa axis in the ratio k. This not only gives a quite satis- 
factory idea of the shape of the ellipse, but also proves 
(since k< 1) that all points of the ellipse (2), except the 
Points + (a, 0), are inside the circle (3). 

When b = a any straight line passing through the point 
O (0, 0) is an exis of symmetry of the ellipse. Since 
equation (2) contains only the squares of coordinates, the 
Coordinate axes are axes of symmetry of the ellipse for any a 
and ;b. Being the point of intersection of the axes of 
Symmetry, the point O (0, 0) is the centre of symmetry 
of[the ellipse. 

It turns out that when b <a the ellipse has no other 
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axes of symmetry. Indeed, any axis of symmetry of the el- 
lipse passes through its centre of symmetry O (0, 0) and 
hence is the axis of symmetry of the circle (3). Therefore 
symmetry in this axis must preserve the intersection of the 
circle (3) and the ellipse (2) consisting, as we have deter- 
mined, of two points (+a, 0). Hence this symmetry either 
leaves both points (a, 0) and (—a, 0) where they are or inter- 
changes them. In the former case the abscissa axis of the 
system of canonical coordinates is the axis of symmetry 
and in the latter case its ordinate axis. 

This proves that when b — a the axes of the system of 
canonical coordinates are uniquely characterized by the 
ellipse, i.e. up to a sign the canonical coordinates are 
unique. 

Therefore when 5 < a all the objects determined with the 
aid of canonical coordinates but independent of the orienta- 
tion of the coordinates of the axes (remaining unchanged 
when arbitrary changes are made of the signs of the coor- 
dinates) are invariantly related to the ellipse. 

Among them are: 

the number a called the major semiazis; 

the number b called the minor semiazis; 

the number ¢ = V a* — b? called the linear eccentricity; 

the number 2c Seded the focal distance; 


the number e = — = V1 = called the (umempa 
eccentricity (it is obvious that 0 ze 1); 
3 
the number p — = called the focal parameter (or simply 


parameter); 
the abscissa axis called the major (or focal) azis; 
the ordinate axis called the minor azis; 
the point O (0, 0) called the centre; 
the points (+a, 0) and (0, +b) called vertices; 
the points (+c, 0) called foci; 


when e 0 the straight lines z = +4 called directrices. 





The focus (c, 0) and directrix z == are called right-hand 


and the focus (—c, 0) and directrix z = —+ are called 
left-hand. A focus and directrix are said to be on the same 
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side if they are both right-hand or left-hand. It isclear that 
this relation between a focus and a directrix is geometrically 
invariant, whereas their property of being right- or left-hand 
depends on the orientation of the abscissa axis. 

For a circle b = a, c = 0, e = 0, p = a, the foci coin- 
cide with the centre and the directrices are indetermi- 
nate. 


A segment connecting a point M (z, y) of an ellipse to 
a focus is called the focal radius of that point. There are two 
focal radii, the right-hand and the left-hand radius. 

For a length r, of the left-hand focal radius we have the 
formula 


ri (etor+y=(2+oP+b(1—2) = 


cà 


= (4 —=) w+ 2re+ c+ b=- z? + 2xc--a? = 


= e7z2-4 2xea + a? = (ez +a). 


Since |z |< a and hence |ez|< a, it follows that 
ry = a +- ez. i 


It is proved in a similar way that for a length r, of the right- 
hand focal radius we have 


Ta = 4 — ex. 
Hence 
ry + rg = 2a. 


Conversely, let M (z, y) be a point of the plane such that 
the sum of its distances from the foci of the ellipse is equal 
to 2a: i 


VETTEL V E FF = 2. 


Isolating one root, squaring and reducing the similar terms, 
again isolating the root and squaring we obtain after obvious 
transformations equation (2). This proves that the ellipse (2) 
is a locus of points the sum of whose distances from the foci 
is equal to 2a. 
This property of the ellipse is called its focal property. 
The distance from a point M (z, y) of the ellipse (2) to 
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the left-hand directrix z = -4 is equal to 


and that to the right-hand directrix is equal to 
alee y 


e e? 


e 


2|. leal (ri 
al - 





a 
|z-4 
e 





Conversely, if 


V (z +e} + yi-e|z +2 ; 


(z + c)? + y? = (ez + a)’, 
-Ar r+ y? = a® — C3, 





then 


and so 


which is obviously equivalent to equation (2). This proves 
that the ellipse (2) is a locus of points the ratio of whose dis- 
tances from the focus to the directriz on the same side is equal 
to e. 

This property of the ellipse is called its directorial property. 
It is quite similar to the corresponding property of the parab- 
ola into which it turns when e — 1. For this reason it is 
convenient to regard the parabola as a kind of ellipse with 
the eccentricity e — 1. 


Definition 3. A curve! in a Euclidean plane is said to be 
a hyperbola if there exists a system of rectangular coordin- 
ates z, y in which the equation of that curve has the form 
(4) =H =4, where a2» 0, b» 0. 

The coordinetes in which the equation of the hyperbola has 
the form (4) are called canonical (for this hyperbola) and 
equation (4) itself is called the canonical equation of the 
hyperbola. 

When b = a the hyperbola is called an equilateral hyper- 
bola. In the coordinates 


u= X (z—v), pe 2. (s. y) 
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(which are obviously also rectangular) its equation 
(5) az? — y? a 
takes the form 

w = 2a?, 


from which it follows that in reference to the coordinates 
u and v the equilateral hyperbola is the graph of inverse 
proportionality known from school. In the coordinates z and y 
we obtain therefore the same graph turned, however, by 7/4. 
As u —- +o (and also as v —- + oo) the graph of inverse 
proportionality approaches more and more closely the abscis- 
sa axis v = 0 (respectively the ordinate axis u = 0), that 
is to say, has these axes as its (two-sided) asymptotes. In the 
canonical coordinates  z,y 
these asymptotes are the 
bisectrices y = z and y = —z 
of the coordinate angles. 
To go over from the equi- 
lateral hyperbola (5) to an 
arbitrary hyperbola (4) it is 
sufficient to perform a com- 
pression (z, y) — (z, ky) 
toward the abscissa axis with 
the coefficient X =2 (note 


that, in contrast to the case of the ellipse, this coefficient 
may well be greater than one, so that our “compression” 
may in fact be'an expansion). This gives a quite satisfactory 
idea of the shape of the hyperbola. i 

In particular we see that the hyperbola consists of, two con- 
nected parts obtained respectively for z > a and for z < —a 


and has two asymptotes with the equations y =} z and 





A hyperbola 


y = —Pz, being situated as it is in two vertical angles 
formed by them. 

These parts are called the branches of the hyperbola, the 
left-hand and the right-hand branch respectively. 

Since equation (4) contains only the squares of coordinates, 
the coordinate axes are the axes of symmetry of the hyperbola 
and the point O (0, 0) is its centre of symmetry. 
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We show that the hyperbola has no other axes of symmetry 
(not excepting the case b = a). Indeed, any axis of sym- 
metry of the hyperbola passes through its centre of sym- 
metry and so is the axis of symmetry of the circle 


a+ y!- a. 


But it follows directly from what was said above that the 
hyperbola (4) intersects that circle in two points (+a, 0). 
Therefore the symmetry considered either leaves each of 
these points where it is (and hence is a symmetry about 
the axis of abscissae) or interchanges the points (and hence 
is a symmetry about the axis of ordinates). 

This proves that the axes of the system of canonical coordi- 
nates are uniquely determined by the hyperbola, i.e. that 
up to a sign the canonical coordinates are unique. Therefore 
all the objects determined with the aid of the canonical coor- 
dinates but remaining unchanged when their signs are 
changed are invariantly related to the hyperbola. Among 
them are: 

the number a called the real semiazis; 

the number b called the imaginary semiazis; 

the number c = V a + 6? called the linear eccentricity; 

the number 2c called the focal distance; 


the number e === V 1+ E called (numerical) 
eccentricity (it is obvious that 1< e< oo); 
3 
the number p => called the focal parameter; 


the abscissa axis called the real (or focal) axis; 
the ordinate axis called the imaginary azis; 
the point O (0, 0) called the centre; 

the points (+a, 0) called vertices; 

the points (+c, 0) called foci; 


the straight lines z = +4 called directrices. 


Left- and right-hand foci, directrices and focal radii, 
as well as foci, directrices and focal radii on the same side, 
are defined for the hyperbola in the same way as they are 
for the ellipse. The formulas 


ri—(ez-ay, ri-(ez—ay 
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for the squares of the lengths of focal radii also remain (to- 
gether with the proof). But now taking the roots should 
be carried. out with the caution, since for the hyperbola 
jex| >| z| 2a and so 


a+ex when z>0, 
n= { —a-—ez when z«0 
and 
—a-+ezx when z>0, 
a= { a—ez when rz «O0. 
Hence 
2a when z>0, 
—n={ —2a when z<0, 
ie. for all z 
|r4— r3] = 2a. 
Conversely, if the absolute value of the difference between 


the distances of some point M (z, y) som the foci of the 
hyperbola is equal to'2a, i.e. if 
Vs — ovv —Y e+ o? |=20 

then, after practically the same transformations as in the 
case of the ellipse, we obtain for z and y equation (4). This 
proves that the hyperbola (4) is a locus of points the absolute 
value of the difference between whose distances from the foci 
is equal to 2a (the focal property of the hyperbola). D 

From the formulas for r, and r,, just as for the ellipse, 
we can derive word for word the directorial property of the 
hyperbola, i.e. that the hyperbola is a locus of points the ratio 
of whose distances from the focus to the directriz on the same 
side is equal to e. 

The ellipse, parabola, and hyperbola can thus be obtained 
by the same "directrix-focus" construction. All the differ- 
ence will lie in the value of the eccentricity e. 
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The equations of ellipses, parabolas and hyperbolas referred 
to a vertex - Polar coordinates » The equations of ellipses, 
parabolas and hyperbolas in polar coordinates - Affine ellipses, 
parabolas, ^ hyperbolas - Algebraic curves - Second-degree 
curves and associated difficulties - Complex affine geometry 
and its insufficiency 


The unity of ellipses, parabolas and hyperbolas can be 
made clear from a different viewpoint. 
Consider for an arbitrary hyperbola 


#-#=1, a>0, b>0 


a 
its equation in the coordinates 
z —z—a, y =y 


resulting from the translation of the origin of the canonical 
coordinates to the right-hand vertex of the hyperbola. The 
equation is of the form 


(+a y? — 4 

"wa T 
i.e. of the form (we omit the primes) 
(1) y* = 2pz + qz?, 


where q — i =e—1>0 (and p == as before). 


It is easy to see that a similar translation of the origin 
to the left-hand vertex (—a, 0) of the ellipse will reduce 
its equation to the same form (1), with q expressed by the 
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formula 
ba 
q= -5 F e2—1 


and hence satisfying the inequalities —1 < q < 0. 

Finally, for g = 0 we obtain from (1) the canonical equa- 
tion of a parabola. 

Thus all hyperbolas, parabolas and ellipses can be given by 
the same equation (1), where p > 0 and q > 0 for hyperbolas, 
q = 0 for parabolas and —1 < q < 0 for ellipses (for q = 
= —1 we obtain a circle). 

If we change g in equation (1), leaving p unchanged, then 
with q very large, we obtain a wide “open” hyperbola pressed 
to the ordinate axis. As g decreases, the branches of the hyper- 
bola gradually close, the left-hand branch moving farther 


and farther to the left ( the abscissa of the left-hand vertex 


is equal to — 2) until at last, when q = 0, the left-hand 


branch vanishes (“goes into infinity”) and the right-hand 
branch becomes a parabola. As q continues to decrease the 


parabola closes to form a strongly elongated ellipse (with 


the right-hand vertex at the point with the abscissa — =) 


which, gradually rounding, becomes a circle when q = —1. 
It is interesting to see what happens if we take q< —1 
in equation (1). To this end we introduce new coordinates 


way, y —z4. 


In these coordinates curve (1) has the equation (we again 
discard the primes) 


2 ERI GE EN A 
a= 2p(y—2)+q(y—2), 
i.e. the equation 
y? 
= or ;—1 
where a? = — E. = P Since b — a, this is the canon- 


ical equation of an ellipse. But now the ellipse is elon- 
12—01283 
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gated in the vertical direction (along the old axis of ordi- 
nates). Its focal parameter is equal to 7S and its eccentric- 
=q 


ity is equal to V1 + qi. 

We thus see that as q changes from —1 to —oo the circle 
changes its size gradually elongating in the vertical direc- 
tion and at the same time pressing itself to the (old) axis 
of ordinates. As q — — oo a point is obtained “in the limit". 

Note that as q changes from —1 to —oo so does the focal 


parameter which when g < —1 is equal not to p but to 





a 


—4G 
Therefore no parabola is obtained as q—- —oo (although 
e — 1), since the focal parameter tends to zero. 


According to Kepler's first law, the planets move about 
the Sun in ellipses (and the comets do in parabolas and 
hyperbolas) at one focus of which the Sun is situated. It is 
therefore convenient to give ellipses, parabolas and hyper- 
bolas in the so-called polar coordinates in astronomic appli- 
cations. We shall first describe these coordinates. 

Polar coordinates are given by 

S some (usually "counterclockwise") orientation of the 
ane; 
d (b) some point O called the pole; 

(c) some oriented straight line passing through the point 
O and called the polar azis (the polar axis is usually chosen 
to be horizontal and orientated "from left to right"). 

The orientation of the plane and that of the polar axis 
allow us to uniquely associate with every vector r 0 
the so-called "oriented angle" q from the axis to the vector 
which takes values from —z (exclusively) to x (inclusive- 

ly). If r is directed alongthe 


M axis, then q — 0; if r has the 
opposite direction, then 
r p= z; ifr is directed toward 
p the positive side of the polar 
0 - axis (“upwards”), then 
0< p «n, otherwise —n < 
« qq « 0. 


Together with the length r of the vector r the angle q 
uniquely determines the vector r. The numbers r and 9 
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— 
for the vector r — OM are exactly the polar coordinates 
of the point M (the number r being the polar radius and 
the angle q the polar angle). For M = Q the angle ọ is 
assumed to have any value (and r = 0). 

If z and y are rectangular coordinates concordant with 
the polar coordinates r, q, i.e. 
(a) defining the given orientation of the plane; 
(b) having the point O as the origin; 
(c) having the polar axis as abscissa axis, then 
z-rcosq, =rsin ọ 
and 


r-Y V. 
= ILE. i = = 
ee yapa OOVA 
(it is clear that the last two equations uniquely define the 


angle 9). 
Now let 
(2) y. = 2pz 


be an arbitrary parabola. According to the directorial prop- 
erty of the parabola the distance r from its arbitrary point 


x,y) 
M(x, M(x, y) Mx) 


to the focus is equal to z+ $ . But this distance is the polar 
radius of the polar coordinate system concordant with the 
rectangular coordinates z — È, y obtained from, the ca- 


nonical coordinates by the translation of the origin to the 
focus. Therefore 


PNE et 
£—-—--—rcosQ 


which together with the equation r — RE gives the 


12* 
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relation 
r—p=rcosq, 


i.e. the relation 


3) r= 


1—cos@ ° 


Conversely, if (3) holds and z — + =rcos@g, y =r sin Q, 
then 


zd =rcosp+p=r 


and hence (by the directorial property) the point M (z, y) 
is in the parabola (2). Thus (3) is the equation of the pa- 
rabola (2) in the polar coordinates r, q. 

For the ellipse 


(4) 244=1,  ambm0 


we place the pole of polar coordinates at the left-hand focus 
and direct the polar axis as before along the abscissa axis. 
Then the rectangular coordinates concordant with r and p 
are the coordinates z + c and y, so that in particular we 
have the equation z + c =rcosq. On the other hand, 
the polar radius is the left-hand focal radius r, = a + ez. 
Therefore 


r = a + e (—c + r cos ọ) = p + er cos p 
(since a — ec = p), i.e. 
(5) r=- 


1—ecosg * 

Conversely, if (5) holds and z + c —recosq, y =r sinọ 
then 

r+l= —c- reos q4- Le PETG _ Ft 

e e e 

and therefore (by the directorial property of the ellipse) 
the point M (z, y) is in the ellipse (4). Thus (5) is the equa- 
tion of the ellipse (4) in the polar coordinates r, ọ. 
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Finally, for the hyperbola 
3 
(6) = —#=1, a>0, b>0 
we place the pole at the right-hand focus (c, 0) and restrict 
ourselves only to the right-hand branch (z > 0). Then we 
have the equations 


r=er—a 
£—c-rcosQ 
from which it follows that 


p 
(0 imi TTE 

Conversely, by the directorial property of the hyperbola (7) 
gives (6) (for z = c + r cos ọ — 0 and y =r sin q). Thus 
(7) is the equation of the right-hand branch of the hyper- 
bola (6) in the polar coordinates r, q. 

We see that the ellipse, parabola and hyperbola (more 
precisely, one of its branches) may be given in polar coordi- 
nates by the same equation 

= p 
(8) Ps 1—ecos 9 ? 
which again emphasizes the unity of all these curves. 

For the parabola the pole of the coordinates r, v islocated 
at its only focus for a branch of the hyperbola it is at the 
focus on the same side, for the ellipse it is at any of its foci. 
In each of the three cases the polar axis is the focal axis of 
the curve considered, and the orientation of the polar axis 
is the canonical orientation for the parabola, and the orien- 
tation in which the given focus follows the vertex on the 
same side, for a branch of the hyperbola and for the ellipse. 
The orientation of the plane is of no consequence. For the 
parabola and hyperbola we thus have twosystems of polar 
coordinates (differing in the orientation of the plane, 
i.e. in the sign of the angle q) in which equation (8) holds, 
whereas for the ellipse we have a total of four systems of 
polar coordinates differing, in addition, in the choice of the 
focus to be the pole). That is because the ellipse has two axes 
of symmetry and the parabola and the branch of the hyper- 
bola have one. 
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We now go over from the Euclidean to the affine plane, 
i.e. return again to affine geometry. 

Recall that any Euclidean plane is affine and that there 
are many different ways to turn an affine plane into a Eucli- 
dean one, i.e., as we say, to introduce a Euclidean structure 
in it. In particular, it is possible to have any preassigned 
affine coordinate system turn into a Euclidean system of 
rectangular coordinates. 

Definition 1. A curve in an affine plane is said to be an 
affine ellipse if it is possible to introduce into the plane a Eu- 
clidean structure with respect to which the given curve will 
be an ellipse in the sense of Definition 2 of Lecture 17. 
Similarly defined are the affine parabola and the affine 
hyperbola. 

A curve in an affine plane is thus an ellipse if there exist 
coordinates z, y such that the equation of the curve is of 
the form 


zi y? 
But then in the coordinates 
Paz r= 
vp Uc, 
the equation of that curve takes the form (we omit the 
primes) 


(9) gi y*-1. 


This proves that for any affine ellipse there exists a system 
of affine coordinates z, y in which its equation has the form (9). 
We shall call this equation and the corresponding coordi- 
nates the canonical affine equation and canonical affine coordi- 
nates. 

Introducing into an affine plane a Euclidean structure in 
which canonical affine coordinates are rectangular we obtain 
a circle of radius 1 (a "unit circle"). Thus a curve in an affine 
plane is an ellipse if and only if it is possible to introduce 
into the plane a Euclidean structure with respect to which 
that curve is a unit circle. 

Similarly, for any hyperbola there exist affine coordi- 
nates in which it is a "unit hyperbola", i.e. has the equation 


g—ypyc-1 
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and for any parabola there exist affine coordinates in which 
it is a "unit parabola" 


y* = 2z. 


These equations and the corresponding coordinates are called 
canonical affine equations and canonical affine coordinates. 

Recall that a polynomial F (z, y) in two variables z and 
y is a sum of monomials of the form az?y*, where a is some 
number. If a £0, then the monomial az?y! is said to be 
contained in the given polynomial. The degree of the monomial 
az’y? is the number p + q and the degree of the polynomial 
F (z, y) is the highest degree of the monomials it contains. 

It is clear that any reversible linear change of variables, 
i.e. any change of the form 


z' = Catt CY + C18; 


Y’ = CyT + Cony + Cos, 
where 


Cu Ci2 


#0 








Coy Con 


transforms the polynomial in z, y into a polynomial in 
z', y' of the same degree (the degree cannot grow, nor can it 
decrease, by virtue of reversibility). 

Definition 2. An algebraic curve of degree n in an affine 
(or Euclidean) plane is a set of points whose coordinates 
(z, y) in some (and hence any) affine coordinate system satis- 
fy a relation of the form 


(10) F (z, y) = 0, 


where F (z, y) is a polynomial of degree n, This relation is 
called the equation of an algebraic curve. 

A certain awkwardness of this definition is accounted 
for by the fact that for reasons indicated on pp. 166-167 we 
avoided using the terms "curve" and "equation of a curve" 
in it. 

It should be stressed that there arise substantial difficul- 
ties in connection with Definition 2. For example, it is quite 
possible that the same curve should have two nonpropor- 
tional equations, even possibly of different degrees, in the 
same coordinate system. Therefore one may speak of a degree 
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of an algebraic curve only if its equation (10) has been 
chosen. 
First-degree curves are given by equations of the form 
Az + By+C=0 


where at least one of the coefficients A and B is non-zero. 
As we know (see Lecture 6), these are all exactly straight 
lines and only straight lines. 

Second-degree curves must have an equation of the form 


(411) a2? + 2a45zy + azy? + 2013% + 2a53J + a33 = 0 


where at least one of the coefficients a,,, a12, dg. is nonzero. 
Ezamples of second-degree curves. 
[1] A curve with the equation 


?+y—1=0. 
This is the ellipse as we know it. 
[2] A curve with the equation 
z$4-y*q4-1-90. 
This curve is called an imaginary ellipse. 
[3] A curve with the equation 
z*-4-y*-0. 
This is a pair of imaginary intersecting straight lines. 
[4] A curve with the equation 
z$—y*—1-—90. 
This is a hyperbola. 
[5] A curve with the equation 
z*— y=]. 
This is a pair of intersecting straight lines. 
[6] A curve with the equation 
y! — 2x = 0. 
This is a parabola. 
[7] A curve with the equation 
y—1=0. 


This is a pair of distinct parallel lines. 
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[8] A curve with the equation 
y 1-0. 


This is a pair of imaginary parallel lines. 
[9] A curve with the equation 


y = 0. 


This is a pair of coincident straight lines. 

Definition 3. The nine enumerated equations are called 
canonical affine equations of second-degree curves. 

For equations [1], [4], 15], [6], [7] the names of the cor- 
responding curves are quite clear (although one may doubt 
whether a pair of intersecting straight lines, for example, cor- 
responds to the intuitive notion of a curve). But the name 
of curve [9] is rather relative and serves only to remind 
that its equation is of degree 2; in fact (as a set of points) 
this curve is a straight line. Just as much relative are the 
names of the other "curves" which only serve to show that 
their equations are similar to those of the corresponding 
"real" curves. Curve [2] is an empty set, curve [3] consists 
of a single point, and curve [8] is again an empty set. 

We thus see that for second-degree curves algebraic con- 
Sideration is not adequate to geometrical one; when going 
from equations to curves algebraic analogues are lost and the 
general picture is slurred (which manifests itself, say, in 
different equations giving, as the corresponding curve, the 
same empty set). 

One would like therefore to perfect "geometry" so that it 
should exactly reflect "algebra". 


To do this it is necessary, of course, to introduce "imagin- 
ary" points with complex (generally speaking, nonreal) coor- 
dinates. On the face of it it seems that we have at our dispos- 
al all the necessary concepts for this purpose. Indeed, as we 
have repeatedly noted, the concept of a vector space has 
meaning over any field K and in particular over the field 
of complex numbers, C. A ground field figures in axioms 
10?, 11? of the affine space only indirectly, and to obtain 
the concept of an affine space over a field K (and in particular 
the concept of a complez affine space) one should suppose the 
assocjated vector space 7^ in these axioms to be a vector 
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space over the field K (respectively, over the field C). 
Affine theory as a whole (except for the questions connected 
with orientation) remains quite valid for the case of any 
field K.” Euclidean geometry is not transferred to this case 
(at least not directly), because axiom 15? of positivity has 
meaning only over the field R. 

However, going from the theory of second-degree curves 
to complex affine geometry has its disadvantages. Consider, 
for example, curves [1] and [2]. They are different both geo- 
metrically and algebraically. Nevertheless a complex change 
of coordinates z’ = z, y' = iy transforms one of them into 
the other. 

The thing is that within the framework of complex geo- 
metry there is no room for a "real" point: all the points in it 
are absolutely equivalent. But if we are to keep contact with 
geometry, we must be able to distinguish between ordinary 
(“real”) and new (“imaginary”) points which we are forced 
to add in view of an algebraic necessity. Therefore, al- 
though coordinates may now take any complex values, formu- 
las for the transition from one coordinate system to the 
other must have real coefficients (otherwise a point with 
real coordinates may become "imaginary", and vice versa). 
The corresponding axiomatic construction will be dealt 
with in the next lecture. 


Lecture 19 


Real-complez vector spaces » Their dimensionality - Isomor- 
phism of real-complez vector spaces + Complezification + Real- 
complex affine spaces - The complezification of affine spaces + 
Real-complex Euclidean spaces - Real and imaginary curves 
of second degree 


Definition 1. A real-complex vector space is a complex 
(i.e. over the field C) vector space in which a subset 7R 
is given whose elements are called real vectors and which has 
the following properties (we continue our general numbering 
of axioms): 

16°. If a, b C 7, then a+ bc 7^*. 

17. If a € YR, then ka € 7^R for any real number k. 

18°. For any vector e € 7^ there exist vectors a, b € FR 
such that 


(1) c =a + ib. 
19°. If a = ib = 0, where a, b € FR, then a — 0 and 


It follows from axiom 19° that the decomposition (1) 
provided by axiom 18° is unique. The vector a involved in 
the decomposition is called the real part of the vector e 
and designated by the symbol Re c. Similarly, the vector b 
is called the imaginary part of the vector e and designated 
by Im c. Axiom 18? may loosely be written as the mnemonic 
formula 

y -Y*..iy. 

Axioms 16* and 17? mean that the subset 7^F is a vector 
Space over the field of real numbers R. For this reason 7^R 
is called the real subspace of the space 7^. 
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Let n be the dimension of the vector space ^F. To em 
phasize that the dimension of a vector space over R is 
involved we shall designate it by the symbol dim, Y^P. 

In a similar way the dimension of a vector space 9^ as 
a vector space over C will be designated by dimg 7^. 


Proposition 1. We have the equation 
dimg F = dimp FR. 


Any basis for the vector space FF is a basis for a vector space 7^. 
Proof. Let e,, ..., e, be a basis for the vector space 

YR and let e — a 4- ME. Then, if a = aie +. 

+ a"e, and b = ble, + ...+ b^e,, then e — (at si ib!)e, + 

+... (a^ + ib?) en. ` Consequently, the family of vec- 


tors e, ..., e, is complete in 7^. 
On the other ex if cle, +... + čen = 0, where 
c! = a + ib}, . c™ =a" + ib", then (ate, +... + 


+ aen) + i (ote, + ...+b"e,) = 0 and by = axiom 
19° ate, +... + a” e, = 0 and ble, +... + be, = 0. 
Therefore di = = 0, 0^ — 0, b1 — 0, b^ = 0 and hence 
ci — 0, = 0. Consequently, the family e, .. ., e, 
is linearly independent in 7^. O 

Bases in 7^ that are bases in 7^R will be called real bases. 
They have the property that the coordinates of the vector 
€ € 7^ are real in them if and only if so is the vector e. 


As an example of a real-complex vector space we may cite 
a vector space C^" in which sequences consisting of real 
numbers are assumed to be real vectors. For this vector 
space 


(C^)R =R°?. 


Definition 2. Two real-complex vector spaces 7^ and 7^, 
are said to be isomorphic if there exists their isomorphism 
j^ —> Tas vector spaces over C mapping the real subspace 
7^R onto the real subspace 7^* (and therefore inducing the 
isomorphism 7^R + 7,8). 

According to what has been said above each real basis 
ei, ..., €, determines the isomorphism of a real-complex 
vector space 7^ onto a real-complex vector space C^. Thus, 
as was to be expected, alli real-complez vector spaces of the 
same dimension are isomorphic. 0 
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Any real-complex vector space J’ may be thought of as 
simply a vector space over C, whether its vectors are real or 
not. The operation of transition from a real-complex to 
a complex vector space will be called the ignoring of reality. 

Conversely, we can "introduce reality" in every complex 
vector space by choosing an arbitrary basis e}, ..., e, and 
declaring real the vectors having real coordinates in that 
basis. It is clear that axioms 16? to 19° will hold here. 

It is obvious that this construction applied to two differ- 
ent bases gives the same real-complex space if and only if 
the matrix of transition from one basis to the other is real 
(consists of real numbers). 

It is more interesting that for any real vector space W 
there exists a real-complez space 7^ whose real subspace YR 
coincides with the space W (or, more exactly, is isomorphic 
to it in a natural way). The construction of this space 7^ 
completely parallels the well-known construction of the field 
of complex numbers (and turns into it when 4/'-— R). 

We take as the vectors of the space 7^ pairs of the form 
(a, b), where a, b € W°. We define the addition of such pairs 
by the formula 


(a, b) T (à, b) A (a + , b + b;), 
their multiplication by complex numbers being defined by 
the formula 

(k + il) (a, b) = (ka — lb, kb + la). 
An automatic check shows that as a result we obtain the 
vector space 7" over the field C. 

To turn it into a real-complex vector space, it is enough 
to declare pairs of the form (a, 0) to be real vectors. (Axioms 
16° to 19° are checked automatically; for. example, axiom 
17° follows from the fact that kb + la = 0 for b = 0 and 
l = 0 and axiom 18° follows from the fact that (0, b) = 
= i (b, 0). On identifying each pair (a, 0) with the corre- 
sponding vector a € W we find that W = Fr. D 

The constructed space 7^ is called the complezification of 
the space °. It is designated by the symbol 3/0. 

We now pass on to spaces of points. 


Definition 3. A real-complez affine space is a complex 
affine space A in which 
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(a) some subset J£" is fixed whose elements are called 
real points; 

(b) the associated vector space 7^ is a real-complex space, 
with the following axioms holding. 


— 
20°. For any two real points A, B € J£ the vector AB is 
real: 


A, BEAR > ABC, 


— 
21°. If a point A and a vector AB are real, then the point 
B is also real: 


— 
AcAP, ABEeT" => Be AF. 
It follows from axiom 21? (and axiom 17?) that if a point 
— 
B and a vector AB are real, then the point A is also real 


— — 
(it is enough to go over to the vector BA = —AB). 

Axioms 20° and 21? mean that the subset F is a real 
affine space with an associated vector space 7^P. It is called 
the real subspace of the real-complex space 4. Its ("real") 
dimensionality is equal to the (“complex”) dimensionality of 
the space 4. 

An affine coordinate system Oe, ... e, of the space æ 
is said to be real if the point O and the basis e,, . . ., e 
are real. Such coordinate systems are characterized by the 
coordinates of a point of Æ being real in them if and only if 
that point is real. 

Two points of a real-complex space J£ are said to be 
compler conjugate if they have complex conjugate coordi- 
nates in some (and hence any) real coordinate system. 

The isomorphism of real-complex affine spaces is defined 
in an obvious way. As was expected, all-real-complez affine 
spaces of the same dimension are isomorphic. 


Any real-complex affine space may be thought of, "ignor- 
ing reality", as simply a complex aífine space. Conversely, 
any complex affine space can be turned into a real-complex 
space by choosing an arbitrary affine coordinate system 
Oe, ... e, and declaring the points and vectors to be real 
if they have real coordinates in that system. Two coordi- 
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nate systems, lead to the same result if and only if the for- 
mulas for the transition trom one system to the other have 
real coefficients, 

It is proved essentially in the same way as tor vector 
spaces that for any real affine space B there is a real-complex 
affine space Æ = BE (called the complezification of the space 
B) such that A® = 4. That is, we shall assume pairs 
(A1, Ag) of points of the space 4 to be points of the space 4 


and, taking the complexification WE of a vector space W 
associated with the affine space # as an associated vector 


———————— 
spare Y, define the vector (A,, A.) (B4, Ba) by the for- 
mula 


————— — — 

(Ay, Ag) (Bi, Be) = (44, By, Ap, Bj). 
It is clear that axioms 10° and 11° of affine space will then 
hold. To introduce into the spaces thus obtained the struc- 
ture of a real-complex space, we arbitrarily choose in @ a 
point 0 and declare pairs of the form (A, 0), where A € $, 
to be real points in æ. Then axioms 20° and 21? will also 
hold, and by virtue of the identity (A, 0) = 4 we shall 
have the equation 4 = LI 

For completeness we introduce yet another real-complex 
space, one with a Euclidean structure. 

Definition 4. A real-complex vector or affine space is 
said to be Euclidean if a Euclidean structure is introduced 
into its real subspace. 

In such a space formulas defining lengths (distances) and 
angles may be also applied to nonreal objects. No good 
theory (one with the customary properties) results, however, 
outside the real domain (for example, the length of a non- 
zero vector may be zero). Nevertheless it is sometimes useful 
to go beyond this domain. 

We now return to the case n = 2, i.e. consider a real- 
complex affine (or Euclidean) plane. 

Definition 5. An algebraic curve in a real-complex plane 
is said to be real if it can be given in some (and hence any) 
real coordinate system by an equation whose left-hand side 
is a polynomial with real coefficients. 

For example, a real curve of second degree must have an 
equation of the form (11), Lecture 18, in which all the coef- 
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ficients 444, Gig, 455, Gig: Gag, Gag are real. The nine canon- 
ical affine equations [1] to [9] enumerated in the same lecture 
are all real. 

The names of the corresponding curves (except curve [9], 
of course) now assume their full meaning. The epithet "imag- 
inary" simply signifies that the curve in question does not 
intersect the real subspace (or, as curve [3], has only one 
point in common with it). "Nonimaginary" curves will be 
called real curves. Thus the term "real" will have double 
meaning*; the curves [1] to [9] are all real in the former sense, 
but only some of them are so in the new sense. Real curves 
in the former sense are also called curves defined over R. 

It should be stressed that, for example, real ellipses [1] 
and affine ellipses in the sense of Definition 1 of the preced- 
ing lecture strictly speaking represent different objects since 
the former have nonreal points and the latter (being by defi- 
nition curves in the real plane) cannot have such points. 
The connection between them is that affine ellipses are inter- 
sections of real ellipses with the real plane. That is why 
while affine ellipses, for example, have obviously no asymp- 
totes, real ellipses, as we shall see in due course, do have 
asymptotes (for the ellipse z? + y? = 1 these are imag- 
inary straight lines y = +iz). 

The situation is similar of course for the other real curves 
of the list [1] to [9] (for parabolas, hyperbolas, and pairs 
of real straight lines). 

Our immediate aim will be to prove that any real curve 
of second degree in a real-complex plane is one (and only one) 
curve of the list [1] to [9]. To do this we shall have to extend 
the general theory of these curves sufficiently far in the 
next lectures. 


* Two different words, "veshchestvenny" and "deistvitelny", are 
used in the original. Translator's note. 
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Introductory remarks - The centre of a second-degree. curve + 
Centres of symmetry - Central and noncentral curves of 
second degree - Straight lines of non-asymptotic direction - 
Tangents « Straight lines of asymptotic direction 


The initial stages in the theory of second-degree curves 
are independentfof the ground field K (it is only required 
that the characteristic of this field should be other than two). 
In more delicate questions it is necessary to assume this 
field to be the field of complex numbers, C, i.e. to work in 
the complex affine plane. And in order not to lose contact 
entirely with intuitive notions this plane should be considered 
a real-complex plane. To distinguish between the last two 
cases the first will be referred to as situation C, and the 
second as situation (C, R). Situation (C, R) will sometimes 
be restricted to the real plane alone (situation R). 

Throughout this lecture z and y denote arbitrary but fixed 
affine coordinates. In situation (C, R) it is naturally as- 
sumed that these coordinates are real, i.e. they are real 
numbers for real points. 

All our statements refer to some fixed curve of second 
degree (unless otherwise indicated). 

(1) a12? + 2a,5zy + Aggy? + 20437 + 2a53J + a33 — 0. 

In the general theory (over an arbitrary field K of a char- 
acteristic other than two) the coefficients of that equation 
may be arbitrary numbers of the field K but of course at 
least one of the coefficients a,,, G12, Gaa must be nonzero. 
In particular, in situation C they may be any complex 
numbers. But in situation (C, R) they will be assumed to 
be real. 
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For the symmetry of the formulas we shall also introduce 
the coefficients a,,, a3,, and a3,, considering by definition 
that 

Q9; = 412, 3, = G13, Qag = Qgg. 


We begin by investigating the change of the coefficients 
in equation (1) after the translation of the origin to an arbi- 
trary point M , (xo, yo), i.e. after the transition to the coor- 
dinates 

T’ =T — Ty Y' =Y — Yo. 

The ground field K is for the time being assumed to be an 
arbitrary field (of a characteristic other than two). 

On denoting the left-hand side of equation (1) by F (z, y) 
we find that in the coordinates z', y', the equation of the 
urve considered is of the form 

F (z' + zo, y’ +Y) — 0. 
Let 
F (z' - Zo, V' + Yo) = 
= ai, (z')* + 2a,,z'y' + a4, (J')* + 2a3,z' + 284 + as. 

A trivial computation shows that 

0, — 044, 05, — 042, 15, = 15, 
(2) dis = auo tayo + G13, 035 = 021 + 023Uo + 023 

3, == F (Zo, Yo)- 
In particular we see that after the translation of the origin 


the coefficients of the second-order terms remain unchanged. 
Definition 1. A point Me (xo, Yo) is a centre of the 


curve (1) if 
(3) 4129 + 42yo + 243 = 0, 
15429 + 2591-023 = 0, 


i.e. if after the translation of the origin to that point equa- 
tion (1) loses the first-order terms. 

This definition seems to be unsatisfactory since it is bound 
to the given equation (1). We have as yet no assurance 
that for a different equation of the same curve (in the same 
system of coordinates) we shall not get quite different equa- 
tions (3), i.e. that Definition 1 will turn out to be correct 
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In fact these fears are groundless, but we cannot yet prove 
this in full generality. 

The only case accessible to direct investigation arises 
when the curve (1) "does not lie on a straight line", i.e. 
there are at least three noncollinear points on it. It turns out 
that in thiscase the centres of 
thecurve (1) may becharacter- M’ 
ized in a purely geometrical 
fashion, without any appeal 
to the equation of the curve. 

Hence for such curves Defini- 
tion 1 is correct. d 


We begin with the remark 
that the concept of central 
symmetry (unlike, for exam- M 
ple, that of axial symmetry) oe 
may be correctly defined in any affine space (over an arbitrary 
field). That is, we say that a point M’ is obtained from 


—» 
a point M by symmetry in a centre O (or about O) if OM’ = 
— 


= —OM. The point O is said to be the centre of symmetry 
of some set (for example, that of a curve) if together with 
each point M to that set belongs a symmetrical point M'. 
The origin O is the centre of symmetry of the curve F (z, y) = 
= 0 if and only if the equation F (z, y) = 0 yields the 
equation F (—z, —y) = 0. 

It follows immediately that any centre of the curve. (1) 
is its centre of symmetry (this explains in particular the origin 
of the term “centre”). Indeed, if a centre of the curve (1) 
is at the origin, i.e. if there are no linear terms in equation 
(1), then we have the identity F (—z, —y) = F (z, y) and 
so the above condition holds. [] 

Conversely, if the centre of symmetry of the curve (1) 
coincides with the origin, then for any point M (z, y) of the 
curve (1) we have F (—z, —y) = 0, together with F (z, y) = 
= 0, and therefore F (z, y) — F (—z, —y) = 0, i.e. 


(4) aist + Aggy = 0. 


For aà45 4&0 or aa, 0 this means that the point M (z, y) 
is on the straight line (4), so that the curve (1) lies entirely 
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on that straight line. This proves that if the curve (1) is 
not on any straight line, then any of its centres of symmetry is 
its centre. O 

Thus for a curve of the form (1) not lying on any straight 
line its centres are exactly the centres of symmetry. Therefore 
for such curves Definition 1 is correct. 

In the general case it must be remembered, however, that 
this on is formally dependent on the choice of equa- 
tion . 


In general relations (3) imply that the centres of the curve 
(1) are common points of two straight lines: 


(9)  4z + Gey + &45 = 0 and agz + assy + G23 = 0, 


and so are either absent (the straight lines (5) are parallel) 
or there is only one centre (the straight lines (5) intersect) 
or centres fill a whole straight line (the straight lines (5) 
coincide). It may of course happen that one of the equations 
(5) is satisfied identically or that, conversely, the equation 
is incompatible, i.e. there is not a point in the plane that 
satisfies it (for the first equation this is the case when a,, = 
= 0, aa = 0, ai 0). Nothing new arises, however (if 
one of the equations (5) is satisfied identically, then there 
is a straight line of centres, and if it is incompatible, then 
there are no centres at all). The following three cases are 
thus possible for the curve (1). 

I. There is only one centre. 

II. There is no centre. 

III. There is a whole straight line of centres. 

Definition 2. In case I the curve (1) is called a second- 
degree central curve and in cases II and III it is called a non- 
central curve. 

According to the theorem of relative positions of two 
straight lines in the plane, proved in Lecture 6, case I 
holds when zn zm, i.e. when 4:43, — a;, 7&0; case II 
holds when 22 = 22 %2 and case III, when zu — 

Q3; — gg 425 a3 
= t12 — 48 | It is convenient to write these conditions in 


a a. 
a somewhat different form by introducing into consideration 
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the determinants 

Gi Ayn Qs 
ai 045 
and A= [231 ae (53 








G24 02? 
G31 Q32 O33 

called respectively the minor and the major determinants 

of equation (1). 

Since ô = a4,0,, — aj,, we see that 6 40 in case I 
and 6 = 0 in cases II and III. In addition, A = 0 in case III 
(the first two rows of this determinant are proportional). 
Conversely, let A = 0 and 6 = 0. On expanding the deter- 
minant A by the last column we find that 


a21 Ao Ay, 04» G4 045 








A — a4s — 053 33 














231 035 431 035 Q5 022 
The last determinant is the zero determinant 6. In addition, 
it follows from the equation 6 = 0 that there is-a number k 
such that a,,-— ka4, a, = kag, and so 














aii Qiz |22 azz 
a3 432 Gg, Ag 
This proves that for ô = 0 
O15 05» 
A —(a,4— ki ; 
(045 153) dg do 








Therefore, if A = 0, then either ai = kā, (and hence the 
first two rows of the determinant A are proportional) or 
“12 422| — Q and so there is a number l such that a4, = 


031 83 
= laa, Gg, = laz and hence dy, = lay, = lkag4 = kas, = 


= kags, so that in this case too the first two rows of the deter- 
minant A are proportional. This proves that case III holds 
if and only if ô = 0 and A = 0. The remaining possibility 
6 = 0 and A 0 characterizes therefore case Il. 

Summing up all that has been proved we obtain the fol- 
lowing theorem. 

Theorem-1 (on centres). A second-degree curve is a central 
curve if and only]if 6 0. 

A second-degree curve has no centre if and only if 6 — Q 
and A 0, 
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A second-degree curve has a straight line of centres if and 
only if 6 = 0 and ^ = 0^0 

As an extension to this theorem it is of interest to clarify 
the geometrical meaning of the condition A — 0. Since 
for 6 — 0 the answer is provided by Theorem 1 (the equa- 
tion A = 0 is equivalent to the existence of a straight 
line of centres), it is enough to restrict ourselves to the 
case 6 +0. 

Proposition 1. For 5 ~0 the equation A = Q holds if 
and only if a centre of the curve (1) lies on the curve. 

Proof. Let a centre M, (£o, Yo) of the curve (1) lie on 
it. Then for the coordinates of the centre we have equations 
(3) as well as equation (1) in which we suppose z = z, and 
y = yo. On multiplying the first of the equations (3) by To 
and the second by y, and"subtracting them from (1) we 
obviously obtain the relation 


GsyTo + 43yo + ass = 0. 


Together with equations (3) it means that the three numbers 
Zo Yo, 1 make up a nontrivial solution of the system of 
homogeneous equations 


ant + ty + 4332 = 0, 
Gay + azy + 4332 = 0, 
Gg1Z + agy + aaz = 0.4 


Hence the determinant A of this system is zero. Note that the 
assumption ô 550 has not been used in our argument. 
Conversely, if A — 0, then the system above has a non- 
trivial solution Zo, yo, zo. Here z, 0, for 6 440. Therefore 
we may assume without loss of generality that Z, = 1. 
Then the first two equations will show that the point 
M, (xo, yo) is a centre of the curve (1). On the other hand, 
on multiplying the first of these equations (which assume 
that z = Zo, y = yo and z = 1) by z, and the second by yo, 
and adding to the third equation, we obviously obtain equa- 
tion (1) (which assumes z = Zo, y = Yo). Hence the centre 
My (zo, yo) is on the curve (1). O 
, Examples. We find the centres ral the curves [1] to [9]. 
{1] The real ellipse: 6 = 1 and A = —1. There is one 
centre (0, 0). 
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[2] The imaginary ellipse: 6 — 1 and A — 1. There is 
one centre (0, 0). 

[3] The pair of imaginary intersecting straight lines: 
6 — 1 and A — 0. There is one centre (0, 0). 

[4] The hyperbola: 6 = —1 and A = í. There is one 
centre (0, 0). 

[5] The pair of real intersecting straight lines: ô = —1 
and A = 0. There is one centre (0, 0). 

[6] The parabola: ô — 0 and A = —1. There are no 
centres. 

[7] The pair of real parallel lines: 6 — 0 and A = Q. 
There is a straight line of centres y = 0. 

[8] The pair of imaginary parallel lines: 6 = 0 and A = 
— 0. There is a straight line of centres y — O. 

[9] The pair of coincident straight lines: 6 = 0 and A = 
= 0. There is a straight line of centres y = 0. 

We see that central curves (in the list [1] to [9]) are the 
two ellipses, the hyperbola and the pairs of intersecting 
straight lines (real or imaginary). In all the cases the centre 
is, as supposed, the centre of symmetry. 

A noncentral curve without a centre is only the parabola. 

Noncentral curves with a straight line of centres are 
the pairs of parallel lines (real or imaginary, distinct or 
coincident). 

Note that for the curve [9], the only curve among the 
curves [1] to [9] that lies (in situations C and (C, R)) on 
a straight line, the centres of symmetry and the centres 
nevertheless coincide. 


We now study the relative positions of the curve (1) 
and an arbitrary straight line 


z=2,4 tl, 
y = yo + tm. 


The points the curve (1) and the straight line (6) have in 
common are determined from the equation F (rg + tl, 
Yo + tm) = 0, i.e. from the equation 


(7) (al? + 2a45lm + a;m?) t? -- 2 (ag lag + aye (lyo + mz) + 
i + a33hyq + tial 4- a54m) t+ F (rq, Y) — 0. 


(6) 
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Definition 3. When a,,/? + 2a,,lm + a,,m* 40 the 
straight line (6) is said to have nonasymptotic direction (with 
respect to the curve (1)) and when 
(8) a4 E + 2a,.lm + azm? =0 
this straight line is said to have asymptotie direction. 

For a straight line of a nonasymptotic direction equation 
(7) is a second-degree equation. Therefore it has (in the 
ground field K) either two roots or one (double) root or 
has no root. In the first case the straight line (6) intersects 
the curve (1) in two different points, in the second it has one 
point in common with the curve (1), and in the third case 
the straight line (6) and the curve (1) do not intersect. 

In situations © and (C, R) the third case is impossible, 
and in situation (C, R) it is possible in the first case for 
the common points to be either real (then in situation R the 
first case will also hold) or complex conjugate, nonreal (in 
situation R the third case will then hold). 


Definition 4. A straight line of nonasymptotic direction 
for which equation (7) has one (double) root is called a tan- 
gent to the curve (1) and its point corresponding to that 
root (the only point in common with the curve (1)) is called 
a point of tangency. 

Example. Let the curve (1) be an ellipse z? + y? = 1 
and let a point M, (ry, Yo) of the straight line (6) lie in 
that ellipse. Equation (7) is in this case of the form 

(L+ m?) t? 4- 2 (lzy-+ my) t — 0 
and has a double root if and only if lz, + my, = 0, i.e. if 
l: m = —yy: zo. Therefore the tangent to the ellipse z? + y? = 
= 1 at its point M, (Zo, Yo) is the straight line 
(9) zo = To — iyo, Y = Yo + tzo. 

If now the plane is Euclidean and the coordinates z, y 
are rectangular (and so the ellipse under consideration is 
a unit circle), then 

aro = (—Yo) Zo + zoyo = 0, 
where rọ is the radius vector of the point M,. This means 
that the straight line (9) is perpendicular to the radius vec- 
tor of the point M, and therefore is a tangent to the circle 
in the usual sense. i 
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It can be checked in a similar way that in a Euclidean 
plane the tangent at any point of an arbitrary ellipse, parab- 
ola or hyperbola is the tangent defined in calculus as the lim- 
iting position of the secant. For pairs of distinct straight 
lines of the form (1) tangents are all possible straight lines 
different from those straight lines and passing through the 
point they have in common. For the curve y? = 0 the tan- 
gent is any straight line distinct from straight lines y = k. 


For a straight line of an asymptotic direction equation (7) 
is linear and so has either one root (when the coefficient 
of t is nonzero) or has no root (when the coefficient of t 
is zero but the free term is nonzero) or is satisfied identi- 
cally (when all coefficients are zero). In the first case the 
straight line (6) intersects the curve (1) in one point (but 
is not tangent to it!), in the second case it has no point in 
common with the curve (1), in the third case it lies entirely 
on the curve (1). 

Since the undertaken investigation covers all the cases 
we see in particular that a straight line having three points 
in common with the curve (1) lies entirely on that curve. 

Definition 5. A straight line of asymptotic direction 
having no points in common with the curve (1) is called 
its asymptote. 

Examples. 

For curves [1], [2], and [3] equation (8) defining asymptot- 
ic directions is of the form J? + m? = 0 and so has no real 
solutions other than zero solution (l, m) = (0, 0) which 
we do not need. Thus, for these curves there are no straight 
lines of asymptotic direction in situation R and there are 
two asymptotic directions, 1 : i and 1: —i, in situations 
C and (C, R). For, curves [1] and [2] asymptotes are straight 
lines y — ir and y — —iz. Curve [3] (a pair of straight 
lines) has no asymptotes. 

For curves [4] and [5] asymptotic directions are defined 
by the equation 1? — m? = 0. Therefore (over any field of 
a characteristic other than two) there are two asymptotic 
directions (1 : 1 and —1 : 1). For curve [4] (the hyperbola) 
asymptotes are presumably the straight lines y = z and 

= —z. Curve 5 (a` pair of straight lines) has no asymp- 
totes, 
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For curves [6], [7], [8] the equation of asymptotic direc- 
tions is of the form m? — 0, so that there is one (double) 
asymptotic direction 1 : 0. Curve [6] (the parabola) has no 
asymptotes, and curves [7] and [8] (pairs of parallel lines) 
have as their asymptote any line parallel to, but distinct 
from them. 

In the general case of curve (1) (and an arbitrary field 
K) equation (8) has 0, 1 or 2 solutions. The case of 0 solu- 
tions (there are no asymptotic directions) occurs if and only 
if there is no element V —8 in K, where as ever ô = a4,24, — 
— d3,. If, however, Y —8 €K, then solutions are given by 
any of the two formulas: 


l:m=(— a +V —6): ay, 
I:m-—ag:(—ag7 F V — ô). 


When a4, 0 and a4, 0 both of these formulas are equiv- 
alent and when a,, = 0 and a, = 0 we should use the one 
that has meaning. There is a unique asymptotic direction 
if and only if 6 = 0. 

Suppose now that we have situation (C, R) (or R). 
Then all the coefficients of equation (1) are real and so 
the number 6 is real. 

Definition 6. Curve (1) is called the curve of 


elliptic type 6 — 0, 
hyperbolic type if | 6 — 0, 
parabolic type 6=0. 


An elliptic-type curve has two imaginary asymptotic 
directions, a hyperbolic-type curve has two real asymptotic 
directions, a parabolic-type curve has one (real) asymptotic 
direction. 

Note that parabolic-type curves are precisely noncentral 
curves. 


(10) 
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Singular and nonsingular directions - Diameters - Diame- 
ters and centres - Conjugate directions and conjugate di- 
ameters « Simplification of the equation of the second-degree 
central curve - Necessary refinements » Simplification of the 
equation of the second-degree noncentral curve 


Let 
(1) Q112? + 2a45zy + ogy? + 24132 + 2a53y + a34 — 0 


be as before an arbitrary second-degree curve in an affine 
plane. 

For any direction l: m the coordinates 2, yo of points 
Mo (Zo, yo), for which the coefficient of t in equation (7) 
of the preceding lecture is zero, satisfy the equation 


(2) (anl + aam) £ + (tal + azam) y + 
+- (aal + am) = 0. 
Definition 1. A direction l: m is said to be singular if 
(3) tl + am — 0, 


otherwise it is called a nonsingular direction. 

For a nonsingular direction equation (2) defines a cer- 
tain straight line. This line is called a diameter conjugate 
to a nonsingular direction l: m. 

Since 


al? + 2a,?Im + am? = (azl + aam) L+ (aial + am) m, 
every singular direction is asymptotic. 


tiol +- am — 0; 
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The converse is in general untrue. For example, when 
ô 0 equations (3) have for l and m only a trivial solution 
(l, m) = (0, 0) (for 5 is the determinant of this system of 
homogeneous equations), so that for every central curve all 
directions are nonsingular (including both asymptotic direc- 
tions when they exist). [] 

If, on the other hand, 6 — 0, then equations (3) have 
a unique (up to proportionality) nontrivial solution (l, m) 4 


Æ (0, 0). For this solution l: m = —2a,5: yy = —433 : Ap. 
Thus for noncentral curves iie exists a unique singular 
direction -—a45 : 044 = — 34 


o 

But it follows from formales (10) of the preceding lecture 
that for 6 = O this is a (unique) asymptotic direction of the 
curve. Thus for noncentral curves an asymptotic direction is 
singular. O 

In the case of the parabola it is shown by direct compu- 
tation to represent the direction of the parabola axis, and 
in the case of a pair of parallel lines, the direction of these 
lines. 


Consider now the diameter (2) conjugate to a nonsingular 
direction | : m. Clearly, it is correctly defined by that direc- 
tion, i.e. on giving the same direction by a different (but 
proportional) pair of numbers l and m and constructing 
for that pair equation (2) we obtain the same straight 
line (for equation (2) is replaced by a proportional equa- 
tion). 

The question as to how the straight line (2) depends on 
the choice of equation (1) of the second-degree curve under 
consideration is much more difficult. Since at this point we 
do not know what degree of arbitrariness is possible in choos- 
ing this equation, the only way to establish the correctness 
of the definition of the diameter (2) is by giving it a straight- 
forward geometrical description not appealing to equation (1). 

For a nonsingular direction l: m the diameter (2) has the 
direction — (2441 + a.m) : (ayıl + aam). Therefore, if the 
direction l: m is asymptotic (recall that this is possible 
only when ô 0) and hence 


(al + a4 m) 1 + (tial + asam) m = 0, 
then it will coincide with the direction of the diameter (2), 
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In addition, for any point Mj, (£o, yo) of this diameter 
the coefficient of ¢ in equation (7) of the preceding lecture 
is by definition equal to zero. Therefore the diameter (2) 
is either the asymptote of the direction | : m (which unique- 
ly characterizes it) or the straight line of the direction 
l: m entirely on the curve (1) (which in view of centrality 
of curve (1) also, as we shalllater see, uniquely characterizes 
it). Thus for an asymptotic direction l: m the diameter 
(2) is defined correctly. 

Now let the direction 1: m be nonasymptotic. Consider 
an arbitrary straight line of this direction (i.e. one having 
a direction vector a (l, m). Suppose that the straight line 





intersects curve (1) in two distinct points M, and Me, and 


take the centre of the segment M,M, as the point Mo (ze, Yo) 
giving together with the vector a (l, m) this straight line. 
Let 


(4) zc mod, y yod- tim 





be the corresponding parametric equations and let ¢, and 
i, be the values of the parameter ¢ corresponding to the 
e —— . 


——» 

points M, and M,. Then M,M, = tja and MoMa = fa. 
——»- ——» 

But under the hypothesis MM, = —M M, and so t, + t= 


Since according to $Viéte’s formulas the sum tı + f, 
is the coefficient of ¢ in equation (7) of the preceding lecture, 
taken with the opposite sign and divided by the coef- 
ficient of 27, this proves that the indicated coefficient is zero. 
This means that the coordinates (xo, yo) of the centre of 
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the segment cut out by the curve (1) in each straight line 
of the direction l : m satisfy the equation of the diameter 
conjugate to the direction l: m, i.e. that that centre is on 
the diameter (2). 

Conversely, let M, (zy, Yo) be an arbitrary point of the 
diameter (2). Suppose that the straight line (4) of a direc- 
tion l: m passing through the point intersects curve (1) 
in two points M, and M,. Then the values f, and ¢, of the 
parameter £ corresponding to these points are the roots of 
equation (7) of the preceding lecture. But since the point 
Mo (Zo, Yo) is on the diameter (2) the coefficient of ¢ in 
this equation is zero. Therefore tı + ta = 0 and hence the 


point M, is the centre of the segment M,M,. 

Definition 2. A direction 1: m is said to be chordwise 
(for curve (1)) if there exist at least two straight lines of 
that direction, each intersecting curve (1) in two distinct 
points. 

Any chordwise direction is nonasymptotic. 

According to what has just been proved the diameter of 
curve (1) conjugate to the chordwise direction |: m is 
uniquely characterized as a straight line passing through the 
centres of the segments cut out by the curve (1) in the 
straight lines of that direction. 

Thus the diameters conjugate to chordwise directions are 
defined correctly. 

As to the diameters conjugate to nonchordwise directions 
nothing remains for us but to reconcile ourselves to the idea of 
possible incorrectness of their definition and never forget 
about it. 

Note that for curves [1] to [8] all (nonasymptotic) direc- 
tions are chordwise. For these curves Definition 2 is therefore 
correct. A trivial computation shows that for a pair of 
coincident straight lines [9] the diameter conjugate to any 
nonasymptotic direction is either of these straight lines. 
For this curve Definition 2 is thus also correct. 


Equation (2) may be rewritten as 
(aut + aY + 013) l + (aT + aay + 233) m = 0, 


from which it is immediate (cf. equation (3) of the preced- 
ing lecture) that it is satisfied by the coordinates of any 
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centre of curve (1). Thus all diameters of the curve (1) pass 
through each of its centres. DO 

It follows in particular that a noncentral curve possess- 
ing a straight line of centres has a unique diameter coincid- 
ing with that straight line. This diameter is conjugate to 
each nonsingular (i.e. nonasymptotic) direction. 


A direction 
U sm’! = — (a45l + agm) : (a;l + aim) 


of the diameter (2) conjugate to the direction l: m satisfies 
the relation 


(a44l + am) L’ + (aial + azam) m' = 0, 
i.e. the relation 
(5) G4,ll' + ayy (Im' + ml’) +aymm' =Q. 


This justifies the following definition: 

Definition 3. A direction !': m’ is said to be conjugate 
(with respect to curve (1)) to a direction 1: m if condi- 
tion (5) holds. 

This condition remains valid after interchanging l, m 
with /', m'. Hence the conjugacy relation is symmetrical, 
i.e. the direction 1: m is conjugate to the direction I’ : m’. 
One may therefore speak of conjugate directions 1: m and 
l' : m'. 

For a nonsingular direction l: m the conjugate direction 
l':m' is the direction of the conjugate diameter and is 
therefore uniquely defined. As for a singular direction l: m 
it is conjugate to any direction. 

Besides, a direction Z: m (singular or not) is asymptotic 
if and only if it is self-conjugate, i.e. conjugate to itself. 

Definition 4. Two diameters of a central curve (1) are 
said to be conjugate if they have conjugate directions, i.e. 
either diameter is conjugate to the direction of the other. 

For noncentral curves the concept of conjugate diameters 
is not defined. 

A diameter is self-conjugate, i.e. conjugate to itself, if 
and only if it is an asymptote. Conversely, each asymptote 
(of a central curve) is a self-conjugate diameter. 
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We now investigate the question of possible simplification 
of the equation of curve (1) by an appropriate choice of 
affine coordinates. 

Condition (9) shows that the directions 1:0 and 0:1 
of coordinate axes are conjugate if and only if 


aie = 0. 


Indeed, condition (5) for the directions 1: m — 1:0 and 
l' : m' — 0:1 holds if and only if a = 0. O 

Therefore, by choosing coordinate axes having conjugate 
directions we eliminate in equation (1) the term with the 
product zy of the coordinates z and y. 

By placing, however, the origin of coordinates at the 
centre we eliminate linear terms as well. This proves the 
following proposition: 

Proposition 1. For any second-degree central curve there 
exists a system of affine coordinates x, y in which its equation 
is of the form 


(1) aT? -- ay -- 033 — 0, where a0, a2 40. 


A system of affine coordinates has this property if and only if 
the origin is at the centre of the given curve and the coordinate 
axes are conjugate diameters. [] 

The condition a,, 450, dg, 750 holds because otherwise 
equation (I) would not be the equation of a central curve. 


Unfortunately, the presented proof of Proposition 1 
contains a serious logical error. As discussed in detail above, 
the definition of a centre and conjugate directions is bound 
in the general case to the fixed, preassigned equation (1) 
of the second-degree curve under consideration. Therefore, 
if we are to be absolutely strict, we must say “a centre with 
respect to equation (1)” rather than “a centre”, “directions 
conjugate with respect to equation (1)” rather than “conjugate 
directions”, etc. Keeping this in mind we shall restate the 
proof of Proposition 1. To clarify the logical structure of 
the proof beyond a shadow of doubt we shall divide our 
argument into elementary steps. 

Step 1. We choose an arbitrary nonasymptotic (with 
respect to equation (1)) direction and take it as the direc- 
tion of the ordinate axis of a new coordinate system. 
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Step 2. The conjugate direction (with respect to equa- 
tion (1)) is taken as the direction of the abscissa axis. 

Step 3. Under the hypothesis the curve under considera- 
tion has a unique centre (with respect to equation (1)). 
We take it as the origin. 

' Step 4i We finally fix the coordinate system by choos- 
ing arbitrarily direction vectors of the coordinate axes. 

Step 5. Denoting the coordinates with respect to the 
coordinate system thus constructed by.the symbols z', y' 
we write the equation of our curve in these coordinates: 


(6) d (z^? 4- 2a,,2' y' 4-05, (Y) 4-2a,,2' + 2a,4y' + a5, — 0. 

Step 6. Since the coordinate axes are conjugate and the 
centre is at the origin we have Y 

4,70, a,—0, a,4,-—0. 

Hence equation (6) is of the form (I) (up to the primes). 

The error is now evident: at the last step conjugacy and 
centre are understood with respect to equation (6) rather 
than with respect to equation (1)! 

To $ave the proof we must therefore show that nothing is 
spoilt by going over to equation (6). It turns out that this 
is really so if equation (6) is derived from equation (1) by 
replacing the coordinates z and y with their -expressions 


T= 0642! + Cay’ + Zo, 


(7) ce 
i Y = Cuz! + Cony’ + Yo, 
in terms of. the coordinates z', y', rather than chosen any- 
how. Ho ever, appropriate computations, if carried out 
“amateurishly”, without invention, are rather tedious. In 
order t ‘simplify them. we shall use the notation of matrix 
iran | (there are alse other ways, the Einstein notation 
for example, to do this). 
The ! ft-hand side of the conjugacy condition 
` anll, + ay, (Im, + mh) + a54nm, = 0 


(with respect to equation (1)) is a bilinear form with the 
matrix 


"EE : i. i) 
^ b 4 TE dj 02» 


14—01283 
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(L, m)A E) . 


Similarly, the left-hand side of equation (1) is expressed by 
the formula 


(z, a(t )+2 (ers 053) (; Fas: 


On the other hand, formulas (7) have in matrix notation 
the form 
GC) 
y) WI No 
Cy € 
c-( 11 *) 
C214 C22 
is the transition matrix. After replacing on the left of equa- 


tion (1) the coordinates x, y by their expressions (7) we thus 
obtain the polynomial 


EENE] 
se a [C)+ E) 


— (z', y') C' AC C, Jte, y) CTA c) + 


where 


z' Zo z' 
+ (20, vo) AC (4, ) e A (2) 20 ans) (7) 
o y 
z' 
+2 (aig, 423) (0) +en= (z', y) CYAC b ) + 
+2 [(a13, G23) + (zo, Yo) A1 C @ ) + 


Zo To 


+ (Zo, Yo) A © ) +2 (a3, 423) D. ) + 435 
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(in the transformations we have used the symmetry, AT = 


=A, of the matrix A and the identity (a, b(;) = (c, d) (5) ) . 


This proves that if equation (6) is derived by substituting 
in equation (1) expressions (7), then the matrix 


A= = te 2 
Q5, 03, 
is expressed by the formula 
A' —- C'AC 


and the row (ajs, @,,) and the free term a are expressed by 
the formulas 


(ais 0,5) =[(@13, 423) + (Zo, Yo) AIC, 
azs = (To, Yo) A » "+2 (0413; 223) E ee 033. 


If now a is an arbitrary vector and l, m and Il’, m' are 
its coordinates in the old and the new coordinate systems, 


E (2-«(5) 


Hence for any two vectors a and a, 


(i, m) (7) (mo crac (7) m a (7. 


and so the relations 


(li, n) 4(;)-* and (Ii, ma'( i )=0 


are equivalent to each other. 

This proves that the directions of the straight lines with 
the direction vectors a and a, are conjugate with respect to 
equation (1) in the coordinates z, y if and only if they are 
conjugate with respect to equation (6) in the coordinates 
z', y'. At step 6 we thus have the right to understand conju- 
gacy in the required sense (when equation (6) is chosen as 
described, we stress). 


14* 
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The situation is similar for the; centre.as well. The coordi- 
nates z, y of the centre of the curve under consideration with 
respect to equation (1) are found. from the relations. ': 

(Oda + ayy + Gs, =.0, ` n 
am F aY + agy = 0, 65: cogn 
equivalent to a single, matrix relation 
(8) (z, y) A'+ (ais, 253) = (0, 0). 
Therefore the coordinates z', y' ofthe centro of the:same 
curve but with respect to equation (6) satisfy the relation 


(9). (z^, y’) AŽ -F (ais, aga) = (0, 0). A 

ifo AE (ER o, IE REM CSI A EM. Qeon scii ba 
But in view of the formulas proved above ^ |, ye, ,j, 
(x', y) A’ + (a},, 4,5) = ] YI ; 


- [e= -EN CT AC 4 (has Aas) d (20, Yo) AIC = 


y Yo 
=[(z, y) — (To, yo) (C73)! CIAC + [( ays, 023): (20,9) Al G = 
m Pons 0000 = [GS ) A (ag, i23)] €. 


Therefore (the matrix C is invertible) relations (8) and (9) 
are equivalent to each; other,  ‘° 
Step 6 in the proof of Proposition 1 is thus fully justiñed. D 


For a noncentral curve wé take as’ the'directión 9 :'1 
of the:ordinate axis an arbitrary nonsingu]ar (i.c. nonasymp- 
totic in this ¢ase) direction and nee ee disbe'axts the 
diameter conjugate ‘to this direction (thereby we fix not 
only the direction but also the position':of-'the ! abscissa 
axis). According to the general formula (2) the diameter 
conjugate fo the direction 0::-4 has the dquation +) 


Ayo + Gag + des = 


reed 24 eel. 0$. iag Ouen LEEREN 
(here we.mean, of course. the coefficients of the corresponding 
equation (6) and the coordinates z', y' with the primes dis; 
carded), It therefore follows from the condition, that this, dja- 
meter.is the abscissa axis.y. = 0 that ag = Qi. 254. 0. and 
Gea = 0, from. which it further ensues .that., a4, = 0.. (fer 
41192, — a, — 0). Thus if the abscissa axis. apd, the dirge; 
tion of the ordinate axis are chosen in this way, the: equa: 
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tion’ of a noncentral curve becomes 


0). a aJ! Zast das 0 v where do. 0. ': 
Since for this equation B 
0 0 ag 
00 7 ASO as 0 |= — anii, 


(soe dou. Aaa Q. das f 
curve: (10) is of type: IF (has no centres) when a;3 Z0 and 
of type BI (has a straight line of centres) when a; = 0. 

For @,3 = 0 we thus obtain the following proposition: 
| Proposition:2. For: any. noncentral second-degree. curve 
of type III, ‘i.e. having a straight line-of centres, thene exists 
a system of affine coordinates z, y in which the equation of 
the curve has the form 


(IID Aon? -- 444 =0 where üz 0. 


The system of affine coordinates has this property if and only 
if the axis of ordinates has a nonsingular direction and the 
axis of abscissas is the diameter conjugate to the direction of 
the ordinate axis. O 

Now let a,4 0. Then the abscissa axis intersects curve 
S 





(10) in the point with the abscissa 2 — . By choosing 


the origin at that point (which fixes the. position of the 
ordinate axis) we have the free term a3, in equation (10) 
go to zero. This proves the following proposition: 
Proposition 3. For any noncentral second-degree curve of 
type II, i.e. having no centres, there exists a system of affine 
coordinates z, y in which the equation of the curve has the form 


(ID) a224? + 20432 = 0 where do 0, a43 0. 


The system of affine coordinates has this property if and only 
if the axis of ordinates has a nonsingular direction, the axis of 
abscissas is the diameter conjugate to the direction of the ordi- 
nate axis and the origin of coordinates is on the curve. O 


It is advisable to combine the propositions we have proved 
into a single theorem. 

Theorem 1. For any second-degree curve in an affi ne plane 
there exists a system of affine coordinates z, u in which the 
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equation of the curve belongs to one of the following three types: 
(I) 8442? + åy? +a — 0 where a4, 0, aa 7-0; 

(ID) 055J? + 2a44z — 0 where an Æ0, a, 0; 

(III) da53J? + 435 — 0. where az 0. 


For no curve there are two systems of coordinates in which 
the equation of the given curve would belong to different types. O 

The last statement follows from the fact that each of the 
three types is characterized geometrically as: central curves, 
curves without a centre, and curves with a straight line of 
centres. 

We emphasize that Theorem 1 holds in an affine plane over 
an arbitrary field K (with a characteristic =4 2). 
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Second-degree curves in the complex affine plane - Second- 
degree curves in the real-complex affine plane - The unique- 
ness of the equation of a second-degree curve - Second-degree 
curves in the Euclidean plane - Circles 


Depending on whether the individual coefficients are zero 
or nonzero and after dividing by a nonzero coefficient we 
obtain from Theorem 1 of the preceding lecture the following 
types of second-degree equations: 

(L) Az? + By? = 1, 

(I) 417+ By? — 0, 

(I) y? — 2Az, 

(IL) y2-+ 4—0, 

(II) y? —0, 
where A <0, B +0. 

The possibility of further simplification on these equations 
depends on the arithmetic properties of the ground field K. 
For example, if in the field K there is a square root for any 
element (this property is peculiar, in particular, to the 
field of complex numbers, C), then one may introduce new 
coordinates z', y' by the formulas 

z'—yAz, y’=V By 
in cases (I,) and (I,) or by the formulas 
y 


V 


z'-rz, y'= 





PSI 
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in cases (II) and (IIT,). This provides us with the following 


theorem: 

Theorem 1 (reduction to canonical form in situation C). 
For any second-degree curve in a complez affine plane there 
exists a system of affine coordinates x, y in which the equation 
of the given curve is one of the following five equations: 


H4] zy -1, 
[2] z? + y? = 0, 


[3] y? — 2z, 
[4] 2+1 =0, 
[5] y? = 0. 


For no curve there are two systems of coordinates in which 
the curve would have different equations of this list. 

The last statement follows from the fact that curve [2] 
is a pair of intersecting straight lines, curve [4] is a pair of 
parallel lines, curve [5] is a pair of coincident straight lines, 
curve [3] has no centre (of symmetry), and curve [1] is a 
central curve (with a centre of symmetry) and contains no 
straight line (if we have identically for ¢ an equation of 


the form 
(zo + £I? + (yo + tm)? — 1, 
then 
P24m=0, rl+ym=0, z?+y =i, 


which is possible only for (J, m) = (0, 0)). O 


Corollary (theorem of the classification of second-degree 
curves in situation C). 7n a complez affine plane any second- 
degree curve is either 

(a) a central curve 4] on which there is no straight line or 

(b) a curve without a centre [3] or 

(c) a pair of (intersecting [2], parallel and distinct [4] 
coincident [5]) straight lines. DO 

One is equally justified in calling curve (a) either an ellipse 
or a hyperbola. Some writers call it an oval. 

Curve (b) may well be called a parabola. 


In situation (£, R) if we are not to violate the reality 
of the coefficie nts we should introduce new coordinates by 
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the formulas 
z'—-yjAlz y'=VIAly 


in cases (I,) and (I) or by the formulas 


z= T, 

-yi lAl 
in cases (II) and (III,). In view of the possibility of manis 
plying equations by —1 this yields the following theorem: 

Theorem 2 (reduction to canonical form in situation 
(C, R)). For any real second-degree curve in a real-compler 
affine plane there exists a real affine ‘coordinate system in which 
the equation, of the given curve is one of the following nine cu- 
nonical affine equations: 

4] 2+ y2—1=0, 

[2] z? + y. -- 1 — 0, 

[3] z? + y? = 0, 

[4] z2—,5—1-0, 

[5] z? — y? = 0, 

[6] y? — 2z = 0, 





[7] ry —1=0, 
[8] 2y +1=0, 
[9] y? = 0. 


For no curve there are two systems of coordinates in which 
the curve would have different equations of this list. 

The last statement follows from the fact that eacli of the 
curves [4] to [9] can be characterized geometrically: 

[1] A central curve cutting out an ellipse in the real plane. 

[2] A central curve intersecting no real plane. 
i [3] A pair of complex conjugate intersecting straight 
ines. 

nis A central curve cutting out a hyperbals in the seul 
plane. 

[5] A pair of real intersecting straight lines. 

[6] A curve without centres (cutting out a parabola - in 
the real plane). 

[7] A pair of real parallel and distinct lines. 
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i [8] A pair of complex conjugate parallel and distinct 
ines. 

[9] A pair of coincident straight lines (autematically 
real). (] 

Affine coordinates in which the equation of a given sec- 
ond-degree curve has the form aaa in Theorem 2 
are called canonical (for the given curve). 

As already said, curve [4] is called a real ellipse, curve [2] 
is called an imaginary ellipse and curves Ai and [6] are 
respectively called a hyperbola and a parabola (with or 
without adding the epithet “real”). 

Corollary (theorem of the classification of second-degree 
curves in situation (C, R). In a real-compler affine plane 
any real second-degree curve is either 

(a) an ellipse (real [4] or imaginary [2]) or 

(b) a hyperbola [4] or 

(c) a parabola [6] or 

(d) a pair of (intersecting complex conjugate [3], intersect- 
ing real [5 [51 parallel distinct and real [7], parallel distinct and 
complex conjugate [8], coincident [9]) straight lines. 


In order to complete the theory of second-degree curves 
(in situations C and (C, R)) it remains to consider the 
question of the uniqueness of their equations. 

It is clear that if a second-degree curve is given by some 
equation of the form 


F (z, y) = 0, 


where F (r, y) is a second-degree polynomial, then the 
proportional equation 


kF (z, y) = 0, 


where k is an arbitrary nonzero number, gives the same 
curve. It is natural to consider such equations as being equal. 
It turns out that it is to this that (in situations C and 
(C, R)) all the arbitrariness is confined. 
Theorem 3 (uniqueness of the equation of a second-degree 
curve). If in a complex or, real-complez affine plane two 
second-degree equations 


F (z, y) — 0, G (z, y) = 0 
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give (in the same system of affine coordinates z, y) the same 
curve, then the equations are proportional 


G (z, y) = kF (z, y), k 0. 


This theorem shows that the scrupulousness which we 
exercised in proving Theorem 1 of the preceding lecture 
was really unnecessary. In order to avoid the vicious circle, 
however, we could not use Theorem 3 there, for its proof 
rests on the classification theorem (and hence on the results 
of the preceding lecture). 

We shall preface the proof of Theorem 3 with a number of 
general remarks which are of interest in their own right as 
well. The ground field K is for the time being taken to be 
arbitrary. 

The fact that the second-degree curve 


0442? + 2a,5zy + aY? + 2a,4z + 2a;3y + G33 — 0 


passes through a point M, (£o, yo) means that we have the 
relation 


(1) | a4,25 4- 2a12T0Yo + 155; + 2,329 + 2a53Jo + G33 — 0, 


which is a homogeneous linear condition on the six coeffi- 
cients 


(2) 0,1, 0,5, Zoo, 213, Q23, 233 


of the equation of the curve. But it is known from algebra 
(this is a special case of the general theorem on the number 
of fundamental solutions of a system of homogeneous equa- 
tions for which, incidentally, we shall provide a geometrical 
interpretation and a new proof in the next semester) that 
a system of n homogeneous linear equations in n + 1 un- 
knowns has a unique up to proportionality nontrivial solu- 
tion if the equations of that system are linearly indepen- 
dent. Therefore, if five distinct points 


(3) M,, M», Ms, M, M; 


have the property that the corresponding five conditions of 
the form (1) on the coefficients (2) are linearly independent 
(throughout the proof of Theorem 3 these points will be 
referred to as independent) and if there exists a second-degree 
curve passing through these points (the theorem of equations 
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does not imply the existence of the curve since all the ‘three 
components @,;, 4413, 45 may turn out to be zero in the solu- 
tion), then any two equations of the curve are proportional. 
This means that the following proposition is true: 

Proposition 1. If there are five independent. points. òh a 
second-degree curve, then any two equations of the curve (of 
the form F (z, y) =0, where F (a, y) is a feconindegree 
polynomial) are proportional. oO 

An important extension of the proposition is the. follow- 
ing lemma: ZI 

Lemma. Tke points (3) are independent if no four of zm 
are on. the same straight line.. 2 

Proof. Suppose that the points (3) are. denoudont: i.e; 
that a relation of the form (1) corresponding to one of :the 
points (say to the point /,) is a linear combination of: tola- 
tions corresponding to the other points. This means that 
any second-degree curve passing through the first four points 
also passes through the point M,. But one of such: curves 
is a pair of straight lines M,M, and M,M,. Therefore the 
point M, lies on one of these straight lines. For similar rea- 

sons this point lies on one of the curves M,M, ot M, M, 
as: well. But it is obvious that this is possible only: it. at 
least two of these four straight lines coincide, i.e..if. at 
least three points of the quadruple M,, Ma, M3, M, are 
on the same straight line. 

Let these be the points M4, M, and M,: Then the second- 
degree curve consisting ‘of the straight line M,M, and an 
arbitrary straight line passing through the point. M, will 
contain all the four points M, M, My, M, and hence the 
point M,. It is clear that this is possible only if the-point M; 
is on the straight line M,M,. But then, contrary to the 
assumption, the points M,, Ma, M, and M; will lie on the 
same straight line. The contradiction epeanee proves. the 
lemma. O 

Now we are already in a position to pass on directly to 
the proof of Theorem 3. 

Proof"of Theorem 3. According to Proposition 1 it is 
enough to find five independent points on each .secónd- 
degree curve. In the case of situation (C; R) there is nó 
need for these points to be real (since we are not construct- 
ing:the equation of a-curve from these points but-are only 
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proving the uniqueness.of the equation). We may therefore 
restrict ourselves to situation C without loss of generality. 

: If the: second-degree curve under consideration does not 
contain any straight line (i.e. is an oval or a parabola), 
then any three (and:all the more four) of its points are not 
oh the same straight line. Therefore, according to the lemma 
ahy ‘five of its points are independent. This proves Theorem 3 
for such a curve. 

r Five points satisfying the condition of the lemma and 
henoe independent.can clearly. be found on any pair of dis- 
tinct straight lines as well. Therefore for a pair of distinct 
straight lines Theorem 3 is also true. 

The remaining case of coincident straight lines requires 

a separate study. 

"Let F (z, y) = 0, where F (z, y) is a second-degree poly- 
üomiàl,; be an arbitrary equation of a pair of coincident 
straight lines. According to the reduction theorem (in its 
précise statement) it is possible to transform from the coor- 
dinates z, y to ofher coordinates 


(E! = C4 + CY +25, n 
y "= 4s? + Cra + Yor 


having the property that after substituting in the polyno- 
mial F (z, y) the expressions for the coordinates z, y in 
terms of the coordinates x’, y' we obtain a polynomial pro- 
portional to the polynomial y'?. But then the polynomial 
F(x; y) itself .is. clearly proportional to the polynomial 
(ejt + c24: + y). This proves that any equation of a. pair 
of:coineident.straight lines.is of the form (Ax + By + C)? = 
= 0, where Ax + By + C =Q is the equation of either 
of: tho. Straight lines. 

The -proportionality of any two equations of a pair .of 
coingident: Straight lines now follows.from the proportion- 
ality of:any two equations of a straight line. 

This completes the proof of Theorem 3. O 

"Remark. It is easy to show in the case of an arbitrary 
ground field (of a characteristic 42) that curves of types 
(I).and (II) (see the beginning of this lecture) contain no 
straight, lines, that a curve of type (I) is either a point or 
a pair of intersecting straight lines and that a curve of 
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type (III,) is either an empty set or a pair of parallel lines. 
Besides, the set of points in every curve of type (II) is 
equivalent to the set of elements in a field K and the set 
of points in every nonempty curve of type (I,) is equivalent 
to the set of elements in a field K plus one more element 
(prove this!) Thus, for the case of an arbitrary field K the 
situation is the same, formally, as that in the case of the 
field R. 

Therefore, if the number of elements in a field K is great- 
er than three, then Theorem 3 holds for any second-degree 
curves in an affine plane over K that contain more than 
one point. But it cannot hold in principle for empty and 
single-point curves. 


We now turn to second-degree curves in a Euclidean 
(real or real-complex) plane. The coordinates r, y will now 
be assumed to be rectangular. 

Definition 1. A direction 1: m is said to be principal 
with respect to a given second-degree curve 

a4,2? + 2a,5zy + 4,5? + 2a45z -+ 2a53y + a33 = O 
if the perpendicular direction —m : l is conjugate to it (and 
in particular is not singular). 

This condition holds of course for the singular direction 
— liz 1 041 = —35: 0,5. Thus, for every noncentral curve 
the singular direction (i.e. the direction of the axis for a 
parabola and their own direction for parallel lines) is the 
principal direction. 

Also principal is the direction perpendicular to the singular 
direction. A second-degree noncentral curve has no other 
principal directions. Thus, for any noncentral curve there 
are two and only two perpendicular principal directions. Q] 

On recalling now the method presented in the preceding 
lecture for reducing the equation of a second-degree curve 
to the simplest form (II) or (III) we immediately discover 
that in the Euclidean plane this can be done in the class 
of rectangular coordinates: it is enough to choose in the 
initial step of construction the direction of the ordinate 
axis as principal and nonsingular. Thus, for any second- 
degree noncentral curve in a real or real-complez Euclidean 
plane there exist rectangular coordinates x, y in which the equa- 
tion of the curve has the form (II) or (III). O 
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A similar statement for central curves will of course be 
also proved should we prove the existence of at least one 
pair of conjugate perpendicular (and hence principal) direc- 
tions. But this is easily done. Indeed, the conjugacy of 
a nonsingular direction |: m and the perpendicular direc- 
tion —m : l implies that we have 


l (asıl + azam) — m (ul + am) = 0, 
i.e. 
(4) ayl? + (a5 — 244) lm — a44m? = 0. 


Thus a direction |: m is a principal direction if and only if 
we have relation (4). O 

(A direct check shows that incidentally this is also true 
when the direction l: m is singular). 

For ai = 0 and a,, = a5, relation (4) is satisfied iden- 
tically, i.e. in this case any direction is a principal direc- 
tion. For a; = Q relation (4) is a quadratic equation in l : m 
whose solutions can be written in one of the equivalent 
forms: 


L:m = (244—655 + V (a4 — 453)? + 4a1,) : 2045, 
l: m = —2a4:(a4— l2 F V (8, — äp)? + 4a?,). 


These same formulas are also suitable for aia = 0, a4, =Æ 
Æ Qo; it is only necessary to use the formula that makes 
sense, i.e. the upper one when the root is taken with the 
positive sign and the lower one otherwise. 

Thus when (a; — a)? + 4a?, — 0 these formulas give 
for | : m two real values. This means that for a second-degree 
central curve either there are two and only two principal direc- 
tions (automatically conjugate and perpendicular) or any 
direction is principal. O 

We have thus proved in particular that for any such curve 
there exist rectangular coordinates in which its equation 
has the form (I), i.e. (I,) or (Ij). 

Multiplying (if necessary) by —1 we may assume that 
in this equation A > 0. We set 


EI ERE, 


y i4l" Y [BI ` 
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Moreover, in case (I,) for B > 0, as well as in case (1,) 
we may in addition assume that az» b (otherwise it is 
necessary to interchange the coordinates). Besides, in case 
'(Ig) we can also obtain 
1 
rI dus m 1. 
In a similar way we can assume in case (II) (by changing 
if necessary, the orientation of the abscissa axis) that A > 0. 
We set p — A. 
In case (III,) however, we set 


b— Y l4]. 
This yields the following theorem: 

Theorem 4 (reduction to canonical form in a Euclidean 
plane). For any (real) second-degree curve in a real or real- 
complex Euclidean plane there exists a (real) system of rectan- 
gular coordinates in which the equation of the given curve 
belongs to one of the following nine types: 


[1] Z+ =l where azzb 0; 


[2] ST --1 where azzb 0; 
[3] Z +H =O where as>b>0 and i-i 


"[4] cr eee where a>0, b>0; 


a 

[5] H —0 where a2 0, b>0, and 4 3-1; 
[6] cos where p»0; 

[7] y2—b?=.0 where b>0; 

[8] y2+b2=0 where b>0; 

[9] y? —0. 
In the real plane these are respectively 

[1] an ellipse, 

[2] an. empty set, 


[3] a point, 
[4] a hyperbola, 
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[5] a pair of intersecting straight lines, 

[6] a parabola, 

[7] a pair of parallel but distinct lines, 

[8] an empty set, 

[9] a pair of coincident straight lines, and in the real- 
complex plane they are ‘ 

[1] a real ellipse, 

[2] an imaginary ellipse, 

[3] a pair of complex conjugate intersecting straight lines, 

[4] a hyperbola, 

[5] a pair of real intersecting straight lines, 

[6] a parabola, 

[7] a pair of real parallel distinct lines, 

[8] a pair of complex conjugate parallel distinct lines, 

[9] a pair of coincident straight lines. 

For no curve containing in the real case more than one point 
there exist two systems of coordinates in which that curve would 
have different equations of the list. 

The last statement follows from the corresponding state- 
ment for the affine case with respect to equations of different 
types, and with respect to equations of one type it follows 
from the fact that (in cases [1] to [8]) the coefficients of 
these equations can be characterized geometrically: 

[1] The numbers a and 5 are the lengths of segments cut 
out by the curve in the axes of symmetry. 

[2] (Relates only to the real-complex case). The numbers 
ia and ib are the lengths of segments cut out by the curve 
in the axes of symmetry. 

[3] (Relates only to the real-complex case). For a — b 
the length of any segment in each of the straight lines making 
up the curve is zero (such straight lines are called isotropic) 


and for a =b the cosine of the angle between the straight 
2 2 
lines is equal to sti . Together with the normalizing 





condition Stp=! this uniquely determines the 


numbers a and b obeying the inequalities a> b > 0. 

[4] The number 2a is the length of a segment cut out by 
thecurve in theaxis of symmetry and the number p 
is the cosine of the angle between the asymptotes of the 
curve. 

15—01283 
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[5] The number Arg is the cosine of the angle 
between the straight lines that make up the curve. 
[6] The number J. is the distance from the focus to the 


2 
vertex. 

[7] The number 2b is the distance between the straight 
lines that make up the curve. 

[8] (Relates to the real-complex case only). The number 
2ib is the distance between the straight lines that make up 
the curve. O 

Corollary (theorem of the classification of second-degree 
eurves in the Euclidean plane). Any real second-degree curve 
in a real-complez Euclidean plane (any real second-degree 
curve in a real Euclidean plane containing more than one 
point) is either 

(a) an ellipse (real [4] or imaginary [2]) or 

(b) a hyperbola [4] or 

(c) a parabola [6] or 

(d) a pair of (intersecting complex conjugate (3), intersecting 
real [5], parallel distinct and real [7], parallel distinct and 
complex conjugate [8], coincident [9]) straight lines. [] 


In conclusion we consider the question of the geometrical 
description of central curves for which any direction is 
principal. 

In a real Euclidean plane an example, of such a curve is 
provided by the circle, i.e. a locus of points whose distance 
from a given point (the centre) is equal to a given number R. 
Indeed, the equation of a circle (in the rectangular coordi- 
nates z, y) has obviously the form 


(5) (z — a} + (y — b? = R, 
where a, b are the coordinates of the centre, i.e. the form 
(6) z? + y? —2az — 2by + c = 0, 


where c = a? + b? — R?. Thus, indeed, for a circle ay, = 0 
and a1, = 43s. O 

In a real-complex plane we assume the last property as 
a definition: 

Definition 2. A real second-degree curve in a real-com- 
plex Euclidean plane is said to be a circle if a, = 0 and 
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Q4; = 454, i.e. if the equation of the curve may be written 
in the form (6). A (real) point with the coordinates a, b 
is called here the centre of the circle, and the number R = 
= Va + vU —¢ is called the radius of the circle. 

It can be directly verified that these definitions are cor- 


rect, i.e. do not depend on the choice of rectangular coordi- 
nates z, y. 


Three cases are possible: 

The case a? + b? -c>0O. Here the radius R of the 
circle is a positive real number. The intersection of the 
circle with a real plane is an ordinary circle of radius R 
with centre (a, b). As a second-degree curve such a circle 
is of type [1], i.e. is a real ellipse. It is usually called a real 
circle. 

The case a? + b? — c = 0. The radius R of the circle is 
equal to zero. The circle has a single point (0, 0), the centre, 
in common with a real plane. As a second-degree curve this 
circle belongs to type [3] and is a pair of intersecting (at the 
point (0, 0)) complex conjugate isotropic straight lines. 

The case a? -+ b? — c < 0. Here it is usually assumed 
that R = Y |a? + b —c |, denoting thereby the radius 
of the circle by iR. Such a circle has no real points. It be- 
longs to type [2] and is usually called an imaginary circle. 

In all the three cases the circle is a locus of points in 
a real-complex Euclidean plane whose distance from the 
centre is equal to a given real or pure imaginary number. 
This may be accepted at will as a definition of the circle. 
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Ellipsoids - Imaginary ellipsoids - Second-degree imaginary 
cones + Hyperboloids of two sheets - Hyperboloids of one 
sheet - Rectilinear generators of a hyperboloid of one sheet . 
Second-degree cones + Elliptical paraboloids - Hyperbolic pa- 
raboloids - Elliptical cylinders - Other second-degree sur- 
faces » The statement of the classification theorem 


The analogues of second-degree curves in space are second- 
degree surfaces having an equation of the form 


F (z, y, 2) = 0 


where F (z, y, Z) is some second-degree polynomial in z, 
y, Z. One can repeat for these surfaces, with appropriate 
modifications and complications, what was said above about 
second-degree curves. For lack of the necessary time we shall 
restrict ourselves to a brief description of all the possible 
types of surfaces. We shall work in the Euclidean space in 
rectangular coordinates. 


Type [1]. Of this type are surfaces having in some system 
of rectangular coordinates z, y, z an equation of the form 


2 2 2 
(4) atrial 


where a> b> c > 0. These surfaces are called ellipsoids. 

When a = b = c an ellipsoid is a sphere of radius a. 

The easiest way to get an idea of what the shape of an 
arbitrary ellipsoid must be is through a study of its sections 
by planes parallel to the coordinate planes. Consider, for 
example, a plane z = k parallel to the plane Ozy. In this plane 
the numbers z, y are coordinates (relative to a coordinate 
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system H;;, where i, j are the basis vectors of the axes Ox 
and Oy and H is a point with the coordinates (0, 0, h)) 
and the equation of the curve cut out in the plane by ellip- 
soid (1) has in these coordinates the form 


z? y? hà 
wtgciomw 
i.e. the form 
2 2 


rh? \2 /, M2 
(XY ^) 
Hence the plane z = k does not cut ellipsoid (1) when 
[A | >c, has a single point in common with the ellipsoid 





An ellipsoid An imaginary ellipsoid 


(1) when |h| =c (the point (0, 0, c) when k = c and 
(0, 0, —c) when k = —c) and cuts ellipsoid (1) in an ellipse 
with the semiaxes 


when |k |< c, the semiaxes being the largest (and equal 
to a and b) when k = 0 and monotonically decreasing to 
zero when | | increases from zero to c. 

It can be shown in a similar way that the plane y = k 
does not çut ellipsoid (1) when | y | > b, hasa single point 
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in common with ellipsoid (1) when | y | = b (the point 
(0, b, 0) when y = b (and (0, —b, 0) when y = —b) and 
cuts ellipsoid (1) in an ellipse with the semiaxes 


ay ac. eis 


when | y | « b, the semiaxes being the largest (and equal to 
a and c) when h = 0 and monotonically decreasing to zero 
when |k | increases from zero to b. 

In just the same way the plane z = h does not cut ellip- 
soid (1) when | h | >a, has a single point in common with 
the ellipsoid (1) when | h | — a (the point (a, 0, 0) when 

= a and (—a, 0, 0) when k = —a) and cuts ellipsoid (1) 
in an ellipse with the semiaxes 


h? ERST 
ATE, cH 
then | h |< a, the semiaxes being the largest (and equal 
to b and c) when h — 0 and 
monotonically decreasing to 
zero when |h| increases from 
zero to a. 

All this gives a quite satis- 
factory idea of the shape of 
ellipsoid (1). In particular 
we see that ellipsoid (1) is 
located wholly inside a rect- 
angular parallelepiped (is 
inscribed in that parallel- 
epiped) with centre at the 
point O (0, 0, 0), with faces 
parallel to the coordinate 
planes and with sides of 
lengths 2a, 2b, and 2c. 

It can be added that since 

equation (1) remains un- 
om Se EROR changed when the’ signs of the 
coordinates z, y, z are changed 
the coordinate planes are the planes of symmetry of ellipsoid 
(1) and the origin of coordinates is its centre of symmetry. 
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The ellipsoid has no other planes of symmetry when 
ac bc. 


Type [2]. Of this type are surfaces having in some system 
of rectangular coordinates z, y, z an equation of the form 


za. à 
(2) $+B+5=-1, 


where az» b>c>0. They have no real points and are 
called imaginary ellipsoids. 


Type [3]. Of this type are surfaces that have in some 
system of rectangular coordinates z, y, z an equation of 
the form 


(3) 5444-0 


where az» bz» c7 and itatás. They have 


a single real point O (0, 0, 0) and are called imaginary 
cones of the second degree. 


Type [4]. Of this type are surfaces that have in some 
system of rectangular coordinates x, y, z an equation of the 
form 

a 2 2 
(4) AD —+=—1 


ba c? 
where a> b — 0, c — 0. They are called hyperboloids of two 
sheets. 
The plane z = h does not cut hyperboloid (4) when 
| ^ |< c, has a single point in common with hyperboloid (4) 
when | ^ | = c (a point (0, 0, c) when k = c and (0, 0, —c) 
when k = —c) and cuts hyperboloid (4) in an ellipse with 


semiaxes 
hê 
" v= —1, bf Ei 4 


when |hÀ|-c, the semiaxes increasing monotonically 
(from 0 to +00) as | h | increases from c to +00. 

Any plane y = k cuts hyperboloid (1) in a hyperbola 
with semiaxes 


ey ie a tte 
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increasing monotonically (from c and a to +00) as | | 
increases from zero to -+oo. 
Any plane z — h cuts the hyperboloid (1) in a hyperbola 


with semiaxes 
3 h? 
UHR. VER 


increasing monotonically (from c and bto +00) as |k] 
increases from zero to --oo. 
This fully explains the shape of the hyperboloid of two 








A hyperboloid of two sheets A hyperboloid of one sheet 


sheets. In particular we see that this hyperboloid is made 
up of two symmetrical parts ("laps") located respectively 
in the half-spaces zz c and z< —c. 

By the same reasons as those for the ellipsoid the coor- 
dinate planes are the planes of symmetry of the hyperboloid 
of two sheets and the origin of coordinates is its centre of 
symmetry. 
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Type [5]. Of this type are surfaces having in some system 

of rectangular coordinates r, y, z an equation of the form 
z3 y? 2 

(5) ata aTi 
where a> b œ> 0, c — 0. These surfaces are called hyperbo- 
loids of one sheet. 

Any plane z = k cuts! hy- 
perboloid (5) in an ellipse 
with semiaxes 


h? 


ay 144, 
by 14 


increasing ‘monotonically 


(from a and b to --oo) as 
| ^| increases from zero to ++ oo. 


The ellipse’ 
gi a Rectilinear generators of a one- 
te=! sheeted hyperboloid 





we get when k = 0 is called the striction ellipse of hyper- 
boloid (5). 

As for the planes y = k and x = h, when |k | — b the 
plane y = hk cuts hyperboloid (5) in a hyperbola with 


semiaxes 
4 PEE TN 
a V 1 — ’ € y 1 — Fr 


decreasing monotonically from a and c to zero as |h |in- 
creases from zero to b, when | h | = b it cuts hyperboloid (5) 
in a pair of straight lines which has in the coordinates 
z, z (that are obviously rectangular coordinates in this 
plane) an equation 

z? z? 

uic uu 


and when | h | > b it cuts (5) in a hyperbola with semiaxes 


A? h2 
c V 3-1. a yi 
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increasing monotonically (from zero to 4-oo) as |h | increases 
from b to +oo. The imaginary (real) axes of hyperbolas 
obtained for | k | — b are parallel to the real (imaginary) 
axes of hyperbolas obtained for |h | < b. 

Similarly, the plane z = h cuts hyperboloid (5) in a 
hyperbola with semiaxes 


h? S3 M 

b V1 ar c V 1— P 
decreasing monotonically (from b and c to zero) as |h | 
increases from zero to a when |h |< a; when |Àh | =a 
it cuts hyperboloid (5) in a pair of straight lines which 


has in the coordinates y, z (that are obviously rectangular 
coordinates in this plane) an equation 





y? 2 
a, 


and when | | > a it cuts (5) in a hyperbola with semiaxes 


Sw | wo, 
ey Ri Ven! 
increasing monotonically (from zero to +00) as || increases 
from a to --oo. The imaginary (real) axes of hyperbolas 
obtained for |h | — a are parallel to the real (imaginary) 
axes of hyperbolas obtained for | h | — a. 
Besides, like the preceding surfaces the hyperboloid has 
the coordinate planes as the planes of symmetry and the 
origin of coordinates as the centre of symmetry. 


The most remarkable property of hyperboloid (5) is that 
it has straight lines lying wholly on it. 

Definition 1. A surface in space is said to be an I[-fold 
ruled surface if l (and only l) distinct straight lines lying 
wholly on it pass through any of its points. These straight 
lines are called rectilinear generators (or generatrices) of 
a ruled surface. 

Proposition 1. The one-sheeted hyperboloid (5) is a doubly 
ruled surface. 

Proof. Let My (xo, yo, Zo) be an arbitrary point of the 
hyperboloid (5). A straight line passing through the point 
M, and having a direction vector a (l, m, n) wholly lies 
on the hyperboloid (5) if and only if we have identically 


Lecture 23 236 


for t 
(zy tl)? (Yot tm)? (zo + tn)? 4 
a? b2 cà 


Multiplying out and taking into account the fact that under 
the hypothesis 


2 
H-t- 


we obtain from this two re- 
lations: 
13 m? n? 
aoa ud 


and 





Jo mu. rao 


a? Ba a 


It follows from the first 
relation that n 0 (since 
otherwise we should have 
the equation (l, m, n) = (0, 
0, 0)). Therefore we may as- 
sume without loss of gen- A cone of the second degree 
erality that n — c. 

For ! and m we then have the equations 





12 m iz, myo z 
ge Speke ae 





Setting in the second equation 
Ly = 2,412 and Jo — V, - m -- 
we immediately get (taking into account the first equation) 
lz my 
ete o 
In addition, since 


Grè) trt) a apa, 
POR-SEME- (Ge HER-)3-44 


c 


a3 
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we get 


at Had, 


i.e. the point (z,, y,) lies on the striction ellipse of hyper- 
boloid (5). 

Therefore the numbers z, and y; are not both zero and 
hence the equation 


m +4 I —0 
uniquely determines the relation 1: m = —a*y, : b?z,. 
We set 
a b 
l= Fu, m= Ty 


where u is the factor of proportionality. Since 
Sg ($43) 0 
we have u? = 1, i.e. u = +1. Besides, 
r= 4l zu y, 
yo— y +m =y tue Tg, 


from which we find z, and y,: 


az bz 
zotu t —- ys Jo — u— —- To 
(e) ots b c y= a c 
| An | AB 
a? b2 a? b2 


Conversely, a direct check shows that for any £ a point 
with the coordinates 


p—X3)—uy = Vit, Y=Yotu— xt, Z — 2, 4- ct, 
where u = +1 and the numbers z, and y, are computed 


from formulas (+), is on hyperboloid (5) (and the point 
(tj, yj) is on its striction ellipse). C} 
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The obtained parametric equations 
TI-—i1Q—Uu + Ut, 


b 
y—Vyotucaut, 
z= Zg-]- ct 


of the rectilinear generators of hyperboloid (5) can be con- 
veniently written in a different way by noting that 


t,=%—uty,(—=2), 
n=p+u n (4), 
ate (- 2). 
ie. that for t — —2 we have the point (zı, yı, 0). 


Therefore, setting t = t + E and omitting the primes 


we obtain for the rectilinear generators the same equations 
but with replacement of zo, yo, and 2) by zı, Yı, and O. 
This proves the following proposition: 

Proposition 2. Any rectilinear generator of a hyperboloid 
of one sheet cuts the striction ellipse of the hyperboloid. The 
parametric equations of rectilinear generators passing through 
a point (zı, yi) of the striction ellipse are of the form 


a 
z—2,—Uu3 yl, 


y=yturayt, 
z=ct 
where u = +1. O 
Two rectilinear generators of hyperboloid (5) are said 
to be of the same sign if they have the same value of u corre- 
sponding to them. Thus all generators are divided into two 
classes: generators of the same sign belong to the same class, 
those of opposite signs belong to different classes. These 
classes are usually called families of rectilinear generators 
of hyperboloid (5). 
Theorem 1 (properties of rectilinear generators of a hyper- 
boloid of one sheet). The following statements hold: 
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A. One and only one rectilinear generator of each family 
passes through any point of a hyperboloid of one sheet. 

B. Any two generators of a hyperboloid of one sheet that 
are of opposite signs lie in the same plane. 

C. Any two noncoincident generators of a hyperboloid of 
one sheet that are of the same sign are skew. 

D. No three mutually disjoint generators of a hyperboloid 
of one sheet that are of the same sign can be parallel to any 
plane. 

Proof. Property A has in fact been proved above. Let 
(Tı, yy) and (z,, Y2) be two points of the striction ellipse. 
Then according to Proposition 1 the direction vectors of 
two distinct rectilinear generators passing through these 
points are of the form 


a b a b 
(—w tu, it c), (=u F Ye Yaz T c) 


where u, = +1 and u, = +1, and therefore these genera- 
tors are skew if and only if the determinant 


X,—2Z, y;—y, 0 


a b 
Tau uga l 
a b 
— Uz g Us Uetz te € 


mabe | {aa 023—922... Ye vd Gaw] 


where u—u,u,, is nonzero. But if u — 1, then 


(22 — 21) (za — uz) 4 (ys —U1) (Y2— uy) = 
aî b* 


m= 3 ee 2 
— Gs 2 ES (Va za >0 
(when u = 1 both equations z, = z$, yy = ys are impos- 


sible, for both generators would then be equal) while if 
u = —1, then 


(z3— 21) (T2 — Uz1) + (Y2— Y1) (y2— uy) __ 
a? b2 


-AA sia (bh) (B40. 


This proves properties B and C. 
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To prove property D it is enough to establish that for 
any three mutually disjoint points (zi, yi), (x5, Yə), and 
(£3, Y3) of the striction ellipse the vectors 


(—uty ur c) 
b 1* a 1* , 
a b 
(ut yn uÈ zy c), 


( —uty;, uč z c) 
b Ja; a "9? 
where u = +1, are not coplanar, i.e. that the determinant 


uty uS zc 
—U- UI uU 
? E yy, 1 


Ep utr = z 1 
p y a 22 06|7—€6 |T2 Y2 


a b T3 Y3 1 
—WyVys Um T.C 


is nonzero. But this is really so, since the points (ri, yi), 
(£2, Y2), and (£3, ys) are not on the same straight line. O 

Let us now resume the enumeration of all the possible 
types of second-degree surfaces. 


Type [6]. Belonging to this type are surfaces having in 
some system of rectangular coordinates z, y, z an equation 
of the form 

z2 


(8) A 0 


where a2» b 20, c0 and Sta Sat. These 


surfaces are called real cones of the second degree. 
The coordinate planes are the planes of symmetry of cone 
(6) and the origin of coordinates is its centre of symmetry. 
In general a cone is a ruled surface all rectilinear generators 
of which pass through the same point called the vertex of 
the cone. 
For any point M, (£o, Yo, zo) of surface (6) other than the 
point O (0, 0, 0) each point of the form (tzo, tyo, tz), i.e. each 
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point of the straight line OM,, lies on this surface: 


t 2 2 2 


Surface (6) is thus indeed a cone. 
A directrix of a cone is a curve arbitrarily located on the 





(a) (b) 


Sections of a second-degree cone: fa) a hyperbola; (b) a parabola 


cone and having the property that any rectilinear generator 
intersects it in one and only one point. 

An example of a directrix of cone (6) is a section of the 
cone by an arbitrary plane of the form z = k, where h =Æ 0. 
This section is an ellipse with semiaxes 


a b 


increasing monotonically together with |h | from zero to 
-Foo. The straight line passing through the centres of ellipses 
obtained in this way for different h, i.e. the axis Oz, is called 
the azis of the cone. It is interesting that intersecting cone (6) 
with the planes not perpendicular to the axis we can obtain 
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à circle (prove this!). Therefore cone (6) is also called a 
circular cone or oblique circular cone, when one desires to 
emphasize that generally speaking the axis of the cone does 
not pass through the centre of that circle. When the axis 
of the cone passes through the centre of the circle, which 
occurs if and only if the plane of the circle is perpendicular 
to the axis or, differently, if a — b, the cone (6) is called 
a right circular cone. 

Directrices of cone (6), or, more exactly, of this cone with- 
out two generators, are also the sections of the cone by the 
planes y — h and |z =h, 
where h= 0, that are hy- 
perbolas with semiaxes 


ll ği] and 
c b 
del TÉ 


also increasing monotonical- 
ly together with |h | from 
zero to +00. 

The plane z = 0 inter- 
sects cone (6) in a point 
and the planes y = 0 and 
z = 0 do in a pair of straight 
lines (in two generators). 

Plane sections (and direc- 
trices) of cone (6) are not only 
ellipses and hyperbolas but also parabolas. Thus, for exam- 
ple, a parabola is a section of the cone (6) by any plane of 


the form z — £ z + k, where h = 0. Indeed, in this plane 


the numbers z, y are affine (and not rectangular!) coordinates, 
and the equation of the curve cut out in the plane by the 
cone (6) has in these coordinates the form 


ato yt Miri eth)’ =0. 


gi p a 
Simple transformations reduce this equation to the form 


paie (ee) 





An elliptical paraboloid 


16—01283 
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which clearly shows that the equation defines a parabola. 
We see that the ellipse, the hyperbola, and the parabola 





A hyperbolic paraboloid 
are plane sections of cone (6). For this reason these curves 
are usually called conic sections. 


Type [7]. Of this type are surfaces that have in some 
system of rectangular coordinates z, y, z an equation of 
the form 

2 a 
1 Go Wd 
(7) pae: z 


where p œ q > 0. They are called elliptical paraboloids. 
The plane z = h does not intersect paraboloid (7) when 





Rectilinear generators of a hyperbolic paraboloid 


h < 0, has a single point (0, 0, 0) in common with it when 
h = ( and intersects the paraboloid in an ellipse with semi- 


axes 
V2hp,  V?hq 
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increasing monotonically together with k from zero to --oo 
when k — 0. 

The planes y = h and z = h intersect the paraboloid (7) 
in parabolas with focal parameters p and q, with vertices at 


the points ( 0, h, x) and ( h, 0,5 and upturned “horns”. 


The planes z = 0 and y = 0 are the planes of symmetry of 
paraboloid (7). When p q it has no other planes of sym- 
metry. 

It is clear that an elliptical paraboloid (like an ellipsoid 
and a hyperboloid of two 
sheets) is not a ruled surface. 


Type [8]. Of this type are 
surfaces having in some sys- 
tem of rectangular coordi- 
nates r, y, z an equation of 
the form 
Bp “awa 
( Pog 
where p >0, g>0. They 
are called hyperbolic parabo- 
loids. 

Of all [second-degree sur- 
faces the shape {of a hyper- 
bolic paraboloid is the most An elliptical cylinder 
difficult to imagine. 

The plane z = h intersects paraboloid (8), when kh < 0, 
in a hyperbola with semiaxes 


y =gh y —2ph 


decreasing monotonically from +00 to zero as h increases 
from —oo to zero. The real axis of the hyperbola is parallel 
to the axis Ox and the imaginary axis is parallel to the axis 
O 





y. 
The plane z = 0 intersects hyperboloid (8) in a pair of 
straight lines that has (in coordinates z, y) the equation 


2 a 
IIIJ 0 
P q 
16% 
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and the plane z = h intersects (8), when k > 0, in a hyper- 
bola with semiaxes 


V2ph, V 2gh 


increasing monotonically together with k from zero to +o. 
Contrary to the case k < 0 the real axis of this hyperbola is 
parallel to the axis Oy and the imaginary axis is parallel to 
the axis Or. 

The planes y = k and z = h intersect the hyperbolic parab- 
oloid (8) in parabolas with focal parameters p and q and 


3 
with vertices respectively at the points (0, h, — x) and 


(^. 0, =) . The “horns” of the first parabola are turned up 


and those of the second are turned down. The vertices of 
parabolas cut out by the planes y = h lie on the parabola 
cut out by the plane z = 0 and those of parabolas cut out 
by the planes z = h lie on the parabola cut out by the plane 


The planes z = 0 and y = 0 are the planes of symmetry 
of the hyperbolic paraboloid (8). This paraboloid has no 
other planes of symmetry. 

Proposition 3. A hyperbolic paraboloid is a doubly ruled 
surface. 

Proof. Let My (zo, yo, zo) be an arbitrary point of parabo- 
loid (8). If a straight line f 


z = T, + tl, 
y = yo + tm, 
Z — zy + ín 


passing through the point M, lies wholly on the paraboloid 
(8), then we must have identically for ¢ the equation 


(tot th)? — (ot im)? Z9 (29 + tn), 
p q 
i.e. the equation 


e (5) etn ($-a) 
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which is possible only if 


So mh 0 
P q 
and 
lo _ m0 n=O. 
P 


Up to proportionality these equations have two and only 
two solutions: 





l:m:n= u x n- 
Vava: (god 
where u = +1. 
Conversely, a direct check shows that both straight lines 
£—TQdi Ve, 
y = Yo + ul Ya, 


Z= 29-4-t (u y; ) 
lie wholly on the paraboloid (8). O 














If = — u +0, then for t = t, where 
VP y o , 1 | 
= —-——__2__ =- 
"e TEES (v y;) 
VP Ya 


the found rectilinear generators intersect the plane z = 0 
and, consequently, one of the straight lines 


—-— 4-0 - - 
Vp Va VP Va 
of this plane that lie on the paraboloid. Since 
totti VP u Yotut: Y q +2t,—0 
Ys "CU Va +2 








yr Ws 


that straight line is the line 


414 =0 
vet ya 
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with the parametric equations 
T=T Vp, 
y= — TU Ya. 


The point of intersection (ry + tı V p, yo + ut, V q) has 
a nonzero value 


—oo «1 «oo. 


Ti 





ott VP Yo 
a a aa ye) 

of the parameter t. Geometrically the number 1, is a distance 

of the point of intersection from the origin divided by the 

length of the vector (V p, —u Yq), i.e. by Vp + q. 
Setting i^ = t — t, we derive from this that 


c= IXy+tVp=(m+t, Vp)+(t—ty) Vp=(t'+%) Vp. 
y=YottuVg=(y+twu V q) -F u (£ — t) Va- 








— u (t' 54) Vq, 
= t = —j-—(t—t = = i'n. 
z= Zo + (3 Vp Vi H) = ( 1) (= Vp T ) 1 
If, however, -Æ — u-4 = 0 and hence (according to 


P 
equation (8)) z, = 0, then “the rectilinear generator under 
consideration lies wholly in the plane z = 0 and passes 
through the origin. Setting as before t = t — tı, we can 
write the parametric equation of that generator as 


r-t' Yr. y—ut' Va. z — 0, 
i.e. in the same form as before but with v, = 0. 
Thus we have proved the following proposition (we again 
denote t’ by t and t, by x): 


Proposition 4. Each rectilinear generator of the hyperbolic 
paraboloid (8) intersects the plane z = 0 or is in this plane. 
Its parametric equations can be writter as 


z (t1) Vp, 


y=u(t—1) V4, 
z—2tt, 
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where u = +1 and the number « is either zero (if the generator 
is wholly in the plane z = 0) or equal to the distance from the 
origin to the point of intersection of the generator with the plane 
z = 0 divided by Vp Fq. O 

As in the case of a hyperboloid of one sheet two rectilinear 
generators are said to be of the same sign (to belong to the 
same family of generators) if 
the same value of u corre- 
sponds to them. 

Theorem 2 (properties of 
rectilinear generators of a 
hyperbolic paraboloid). The 
following statements hold: 

A. One and only one rec- 
tilinear generator of each fam- 
ily passes through any point 
of a hyperbolic paraboloid. 

B. Any two generators of 
opposite signs in a hyperbol- 
ic paraboloid intersect (and 
hence are in the same plane). An imaginary elliptical cylinder 

C. Any two noncoincident 
generators of the same sign in a hyperbolic paraboloid are 
skew. 

D. Generators of the same family are ail parallel to the 
same plane. 

We see that the properties of generators of a hyperbolic 
paraboloid closely correspond to those of generators of a 
hyperboloid of one sheet (property B being even somewhat 
stronger, because of the excluded parallelism of the genera- 
tors). The only fundamental difference lies in property D. 

Proof of Theorem 2. Property A has already been proved 
above in fact. For two generators 








z—(t--*)V p, z— (t 4-33) V p. 
y —u,(t—1) V, and y = Uy (t— T3) Va, 
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not to be skew, it is necessary and sufficient that the deter- 
minant 


T2 Vp —uYp-— UT» Va4- MAA q 0 
Vp uy Ya 21,|— 
Vp Uz Va 2x; 
—2 V pa (uy + uj) (5 — 14)? 


should be zero. This proves property C. But to prove proper- 
ty B it is necessary in addition to note that since 


VP wYa 
V» uYa 
generators of opposite signs cannot be parallel. 


Finally, it is clear that vectors of the form (V p, u V q, 2x) 
are all parallel to the plane 


mn V pa (u4 — Us) 








This proves property D. O 


Type [9]. Of this type are surfaces that have in some sys- 
tem of rectangular coordinates z, y, z an equation of the 
form 


2 2 
(9) FARE id 
where 
a2bLO. 


They are called elliptical cylinders. 

The coordinate planes are planes of symmetry of cylinder 
(9) and the origin is its centre of symmetry. Cylinder (9) 
has no other planes of symmetry for a b. 

In general, a cylinder is a ruled surface whose rectilinear 
generators are all parallel to one another. If a cylinder has 
a centre of symmetry, the straight line passing through this 
centre and parallel to the generators is said to be the aris 
of the cylinder (it is its axis of symmetry). 

It is clear that for any point M, (xo, Yo, Zo) of surface 
(9) each point of the form (zo, Yo, Z), i.e. each point of the 
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straight line passing through the point (ry, yo) and parallel 
to the axis Oz is on this surface. Surface (9) is thus indeed 
a cylinder. The axis of the cylinder is the axis Oz. 

A directriz of a cylinder is a curve arbitrarily located on 
the cylinder and having the property that each generator 
intersects it in one and only one point. In particular, plane 
directrices are exactly the curves cut out on the cylinder 
by planes not parallel to the generators. For example, each 
plane z = h (perpendicular to the generators of the cylinder 





A pair of imaginary planes A hyperbolic cylinder 


(9)) intersects the cylinder (9) in an ellipse having in the 
coordinates z, y defined in this plane equation (9). This 
accounts for the use of the adjective "elliptical" in the name 
of cylinder (9). i , 

It is interesting that one of the plane directrices of cylin- 
der (9) is a circle (prove it!). Therefore elliptical cylinders 
are also called circular cylinders or, more precisely, oblique 
circular cylinders when it should be emphasized that the 
plane cutting out the circle is not perpendicular to the axis. 
When the plane is perpendicular to the axis, i.e. when a = b, 
cylinder (9) is said to be a right circular cylinder. It is these 
cylinders that are considered in the school mathematics 
course. 


The remaining second-degree surfaces are all also cylinders 
(whose directrices are other second-degree curves). 
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Type [10]. Belonging to this type are surfaces having in 
some system of rectangular coordinates x, y, Z an equation 
of the form 


2 2 
(10) itai 


where a >> b — 0. They have no real points and are called 
imaginary y elliptical cylinders. 
Type [11]. Belonging to this type are surfaces that have 





A pair of intersecting planes A parabolic cylinder 


in some system of rectangular coordinates x, y, z an equation 
of the form 


(41) X o 


p 
where a — 0, b — 0 and OC 

The real points of every surface of this kind make up a 
straight line. In a real-complex space surface (11) is a pair 
of imaginary (complex conjugate) planes intersecting in 
a real straight line. 

Type [12]. Belonging to this type are surfaces that have 
in some system of rectangular coordinates zr, y, 2 an equation 
of the form 
(12) LEN ee | 


a b 
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where 27 0, b>>0. They are called hyperbolic cylinders. 
Each plane z = h intersects cylinder (12) in a hyperbola 


~ P~ 


{ 

I 

i 

j | 

l 

E | 

E | 
— 


A pair of parallel distinct planes A pair of imaginary distinct planes 






z~ 





l 
| 
t 
| 
p 
~~ 


having in the coordinates r, y in this plane equation (12). 
Type [13]. Belonging to this type are surfaces that have 


z 


A pair of coincident planes 
in some system of rectangular coordinates z, y, z an equation 
of the form 
2 2 
(13) LINES EV 


a? pa 


where 270, b>0 and its 1. Every surface ol 
this kind is a pair of intersecting planes. 
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Type [14]. Belonging to this type are surfaces that have 
in some system of rectangular coordinates z, y, z an equation 
of the form 


ae f = 2pa 


where p — 0. They are called parabolic cylinders. Each plane 
z — h intersects the cylinder (14) in a parabola having in the 
coordinates r, y in this plane equation (14). 

Type [15]. Belonging to this type are surfaces that have 
in some system of rectangular coordinates z, y, z an equation 
of the form 


(45) y—»P-0 


where b — 0. They? are pairs of parallel distinct planes. 

Type [16]. Belonging to this type are surfaces that have 
in some system of rectangular coordinates z, y, z an equation 
of the form 


(16) y+ =0 


where b — 0. They are pairs of imaginary (complex con 
jugate and distinct) planes. 

Type [17]. Belonging to this type are surfaces having in 
some system of rectangular coordinates z, y, z an equation 
of the form 


(17) y=0. 


Every surface of this kind may be regarded as a pair of 
coincident planes. 


The theorem on the classification of second-degree surfaces 
states that the enumerated seventeen types cover all second- 
degree surfaces in Euclidean space, no surface having two 
systems of rectangular coordinates in which it would have 
different equations (1) to (17). All second-degree surfaces are 
thus exhausted by: 

(a) ellipsoids (real [1] and imaginary [2]), 

(b) hyperboloids (of one sheet [5] and of two sheets [4]), 

(c) paraboloids (elliptical [7] and hyperbolic [8]), 

(d) second-degree cones (imaginary [3] and real [6]), 

(e) second-degree cylinders (real elliptical [9], imaginary 
elliptical [10], parabolic [14] and hyperbolic [12]), 
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(f) pairs of (imaginary intersecting [11], real intersecting 
13], real parallel and distinct [15], imaginary parallel [16], 
real coincident [17]). planes. 

We shall not prove this theorem now, since in the next 
semester we are going to prove its extension to the case of 
spaces of any dimension. 
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Coordinates of a straight line - Pencils of straight lines - Ordi- 
nary and ideal pencils - Extended planes - Models of projective- 
affine geometry 


Thus far we have assumed that the basic element of geometry 
is the point. But this is not at all obligatory. It is possible, 
for example, to construct a geometry whose basic elements 
are straight lines. We shall first consider straight lines in 
the (affine) plane. 

Assuming that some system of affine coordinates z, y is 
fixed in a plane we may characterize any straight line in 
the plane by three numbers A, B, C, the coefficients of its 
equation 


(4) Az + By-- C — 0. 


Just as coordinates uniquely determine a point, these num- 
bers uniquely determine a straight line. It is natural there- 
fore to call them the coordinates of a straight line. However, 
while a point uniquely determines its coordinates, a straight 
line does not, its coordinates being determined only up to 
proportionality. This property of the coordinates of a straight 
line is called the homogeneity of the coordinates. For the 
purposes of notation we shall designate a straight line with 
coordinates A, B, C by the symbol (A:B:C). 

Another difference between the coordinates of straight 
lines and those of points is that not every triple of numbers 
A, B, C may be the triple of coordinates of a straight line: 
for this to be the case it is required that at least oneof the 
numbers A or B should be nonzero, whereas the number C 
is not constrained in any way. This asymmetry of coordi- 
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nates (a peculiar role played by the coordinate C) leads, as 
we shall later see, to numerous reservations and complica- 
tions. But for the present we are forced to put up withit. 

If for a straight line (1) the coefficient A is nonzero, then 
we may characterize this straight line by the nonhomogeneous 


coordinates z i L that are already uniquely determined by 


the straight line. Straight lines may therefore be represented 
by points of a plane, associating with a straight line (1) 


the point (+ : £) . However, in doing so one omits from 
consideration straight lines with A = 0. Homogeneous coor- 
dinates are good just because they presuppose no omissions. 


We know that the coordinates of points M (x, y) of a 
straight line passing through two distinct points M, (Zo, Yo) 
and My, (zı, yı) are expressed by the formulas 

z = (1 — t) To + tz, y= (1 — t) yo + ty 
by analogy it is possible to introduce into consideration for 
any two distinct straight lines (A9:Bo:C,) and (A,:B,:C,) 
i : By Co Bı C 
having nonhomogeneous coordinates ( AC x) and ( As i) 
various straight lines (A:B:C) for which 


‘ B B B C C C 
(2) ram rir re aor) tia: 


The set of all these straight lines is then an analogue of the 
straight line passing through two points. 
Writing now equation (2) as 
B  (4—1204;Be-FtAsB,.. ((L—2) 41] Bot [£49] Bı 


A AoA; 7 [0—9 A] A+ tA] Ax; " 
C _ (LD AC ot tAC,. [0 — t) 41] Co+ [Ao] Cr 
A Ao; [(£ — 2) 41] Ag+ [t40] 41 


we obtain for the coefficients A, B, C the following expres- 
sions: 


B = I — t) eA, By + ltpAgl By, 
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where p is an arbitrary factor of proportionality. Setting 
p—(1—10pA4, v= tpA, 
we can write these formulas in the following form: 
A = pA,+ vA, 
(3) B = Bo + vB,, 
C = wl, + NC, 


In deriving these formulas we used nonhomogeneous coor- 
dinates, i.e. assumed all straight lines to be non-parallel to 
the axis of ordinates. However, formulas (3) make sense 
for arbitrary straight lines (A :Bo:Cy), (A ,:B,:C,) and 
determine for any permissible values of the parameters p 
and v (i.e. such that either A 2&0 or B 0) somestraight 
line (A:B:C). Of interest, however, is only the case where the 
straight lines (4,:8,:C,) and (A,:B,:C,) are distinct since 
if (ABoCo) = (A,:B,:C,), then we obtain the same straight 
line (A9:Bo:C,) for any p and v. 


All this motivates the following definition: 

Definition 1. The set of all straight lines (A:B:C) obtained 
from formulas (3) for various permissible values of param- 
eters and v is called a pencil of straight lines whichis 
determined by straight lines (A$5:8,C,) and (A,8B,0€) 
(assumed to be distinct). 

Pencils of straight lines are thus analogues of straight 
lines in the geometry of points. 

If we set f = Apr + Boy + C, and g = Az + Biy + C, 
the straight lines of the pencil (3) will have an equation of 
the form 


uf + vg = 0. 
It is often convenient to use this notation for a pencil. 


Straight lines in a plane may be given by equations of 
the form (1) rather than by parametric equations. The cor- 
responding analogues in the geometry of straight lines are 
sets of straight lines (A:B:C) defined by conditions of the 
kind 


k (2) en (5)ear-o 
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or, in a more general form (not assuming that A 550) of the 
kind 
KB + LC + MA=0 


where K, L, M are fixed numbers. Somewhat changing the 
notation we shall write the last relation as 


(4) AX, -F BY, + CZ, T 0 


where X,, Yo, Z, are some numbers. In close analogy with 
the "point" case it should be assumed that at least one of 
the numbers X,, Y, is nonzero. However, we shall some- 
what extend (and "symmetrize") the statement to include 
only the requirement that at least one of the numbers 
Xo, Yo, Zo Should be nonzero (otherwise relation (4) is 
satisfied identically). 

It isremarkable that this approach to the concept ofa 
pencil should lead to the same result: 

Proposition 1. A set of straight lines is a pencil of straight 
lines if and only if the straight lines (A:B:C) it contains are 
characterized by a condition of the form (4). 

For this reason relation (A) is called the equation of a pencil. 

We preface the proof of Proposition 1 with the following 
lemma: 

Lemma. If two distinct straight lines (Ao:By:Cy) and 
(A,:B,:C,) satisfy relation (4), then the pencil (3) they determine 
coincides with the set of straight lines satisfying relation (4). 

Proof. If a straight line (A:B:C) is in the pencil (3), then 


AX,+ BY,--CZ,— 
= (p.Ao + v41) Xo + (UB + vB4) Yo + (uly +C) Zo = 
=p (AXo + BoY o + CoZo) + v (AXo + BiYo + CZ) = 0. 


Conversely, let a straight line (A:B:C) satisfy relation (4). 
Then the columns of the matrix 


ABC 
Ay Bo Co 
Ay B, C, 


are linearly dependent and so are the rows. But under the 
assumption the last two rows are not proportional, i.e. 
are linearly independent. The first row is therefore linearly 


17—01283 
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expressible in terms of the last two and, hence, the straight 
line (A:B:C) is in the pencil (3). O 

Proof of Proposition 1. Suppose we are given the pencil 
(3). Consider a system of two homogeneous linear equations 
in three unknowns 


A,X + BY + Coz — 0, 
A,X + BY + CZ = 0. 


We know from algebra that such a system necessarily has 
a nontrivial solution (Xo, Yo, Zo) Æ (0, 0, 0). This solution 
gives us relation (4) with respect to which the given straight 
lines satisfy the conditions of the lemma. Therefore the 
pencil (8) is characterized by this relation. 

Conversely, suppose we are given relation (4). To apply 
the lemma and thus prove the proposition, it suffices to find 
two nonproportional triples (Ay, By, Cy) and (A,, By, C4) 
satisfying relation (4) and capable of serving as triples of 
coordinates of straight lines (i.e. such that at least one of 
the numbers A, B, or, respectively, A,, B, is nonzero). 
But this is easily done. Indeed, if, for example Z, 4&0, 
we may Set 

A, = Zo, By — 0, Co = —Xo, 


A, = 0, B, = Zo C, = —Y,. oO 


In connection with Proposition 1 it is interesting to clarify 
the geometrical meaning of relation (4). 


Suppose first that Z, 2-0. Then setting zy = z , Yo = o 


we may write the condition (4) as the relation 
Az, + By; + € —0 

implying that the straight line (A:B:C) passes through a 
point M, (ro, yo). We therefore derive that the totality of 
all straight lines passing through a given point M , is a pencil. O 

Definition 2. Pencils of such a form, i.e. pencils with 
equation (4) for which Z, 0 are called ordinary pencils. 
A point M, through which the straight lines of an ordinary 
pencil pass are called the centre of the pencil. 

On the other hand, pencils having equation (4) with 
Zo — 0 are called ideal pencils. 
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The straight lines of an ideal pencil are thus character- 
ized by a condition of the form 


AX, + BY, —0 


implying, as we know, that the straight line (A:B:C) is 
parallel to a vector with the coordinates Xo, Y ,. This proves 


Xf 


Pencils of straight lines 


that ideal pencils are exactly sets consisting of all straight 
lines parallel to one another (i.e. having a common direction 
vector a (Xə Y). O 

Note that for an ordinary pencil (3) we have the relation 


A B 
Ay T B. 
and therefore for any p and v we obtain some straight line 
(A:B:C). But for an ideal pencil there are "prohibited" pairs 
(p, v), viz. pairs for which p:v = —4,:A,. These pairs 
have no corresponding straight line. 
The statements proved may be combined into the follow- 
ing proposition: 
Proposition 2. For any two intersecting straight lines f = 0 
and g = 0 each straight line of the form 


(5) uf + vg =0 


passes through a point M, they have in common, and, con- 
versely, any straight line passing through the point M, is of the 
form (5). 


17° 
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Similarly, for any two parallel lines f = 0 and g=0 
each straight line (5) is parallel to them, and, conversely, any 
straight line parallel to them is of the form (5). 

In the first case (5) is the equation of a straight line for 
any u and v and in the second we have a single (up to pro- 
portionality) exception (arising when u:v = —A,:A4). O 

Although pencils do not explicitly figure in this propo- 
sition (and it can be proved therefore without them), still 
it is only on the basis of the concept of a pencil that one can 
fully comprehend its geometrical meaning. 


The numerous reservations we had to make above and the 
incomplete symmetry between points and straight lines cry 
for elimination. In the light of what has been said above 
it is sufficiently clear that after all this is due to ideal pencils 
having no centres. Let us try therefore to provide each ideal 
pencil with a centre. 

Since all points of the plane are already occupied by the 
centres of ordinary pencils, to do this we must ertend the 
plane and add new points to it which it is appropriate to 
call "ideal" points. It is necessary to add as many of these 
points as there are ideal pencils, i.e. classes of parallel lines. 
If we add fewer than necessary, some pencils will remain 
without centres, and if we add more than required some 
points will not be the centres of pencils. We thus arrive at 
the following definition: 

Definition 3. A set 4+ is said to be an extended plane 
if it contains an affine plane Æ and we are given a mapping 
d+» d* of a set of all straight lines d of the plane Æ onto 
the complement ÆN 4 having the following properties: 

(a) any element of 4£*\ Æ has the form d+ for some 
straight line d; 

(b) dt = d*, if and only if the straight lines d, and d, are 
parallel. 

The extended plane Æ is also called a projective-affine 
plane, and its geometry is called projective-affine geometry. 

Elements of a set 4+*\.4 are called ideal points of the 
projective-affine plane Æ and the points of Æ are called 
ordinary points. 

(Ordinary) straight lines of a plane ¥ are straight lines d 
of the plane Æ to each of which an ideal point d* is added. 
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These straight lines are designated by the same symbols d, 
due to which the point d* has to be called an ideal point of 
a straight line d. It is sometimes convenient, however, to 
understand by a straight line in this phrase the initial 
straight line of the plane 4 as well. 

It thus turns out that the "growth" j£*«£ possesses a 
characteristic property of straight lines, having as it does 
a single point in common with each straight line d. For 
this reason it is appropriate to call it an ideal straight line 
of the projective-affine plane 4+. 

Pencils of a projective-affine plane .4+ are ordinary pen- 
cils of a plane 4 (it is implied, of course, that to each straight 
line of a pencil its ideal point is added) and ideal pencils of 
the plane Æ to which an ideal straight line is added. 

Accordingly, any pencil in a plane æ+ consists of all 
Straight lines passing through some fixed point (ordinary 
one for ordinary pencils and ideal one for ideal pencils). 
This point is called the centre of a pencil. 

In projective-affine geometry, just as in affine geometry, 
a single straight line passes through any two distinct points 
but in addition (a property affine geometry lacks) any two 
distinct straight lines intersect in a single point. 

In complete analogy with this, in projective-affine ge- 
ometry two distinct straight lines determine a single pencil 
and (what is incorrect in affine geometry) two distinct pencils 
have a single straight line in common. 

It is very important to note, and it is not specified in Defi- 
nition 3, over what field the affine plane ¥ is given. If this 
plane is an affine plane over a field K, then the projective- 
affine plane .4* is also called a plane over the field K. In 
particular, for K = C we obtain a complex projective-af- 
fine plane. If Æ is a real-complex plane, then +*+ is called 
a real-compler projective-affine plane. 

What is more, the plane Æ in Definition 3 may well be 
assumed to be a Euclidean plane. We then have a projective 
Euclidean plane J£*, which even has two variants, a real 
and a real-complez one. 

We thus have a whole bunch of different "planes" and 
hence different "geometries". In relation to each geometrical 
construction and theorem one should always have a clear 
idea of what geometry is, strictly speaking, involved, i.e. 
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what plane is used. Although this is nearly always clear 
from the context, still there are situations in which lack 
of proper attention to this point may result in an error. 


To visualize a projective-affine plane consider in affine 
space an arbitrary plane x and some point O not lying in that 
plane. Let Æ be a set of all straight lines passing through 
the point O and intersecting the plane x. This set is in a 
bijective correspondence with the set of points of the plane x 
(a straight line OA corresponds to a point A of the plane) 
and therefore it may also be considered to be an affine plane 
(or a model or interpretation of affine geometry, as some 
people sometimes prefer to say). This model considers as 
points straight lines of the form OA and takes as straight 
lines sets of straight lines of the form OA that lie in the 
planes passing through the point O (and, certainly, not 
parallel to the plane x). For this reason straight lines are 
sometimes said tojbe represented in the model under con- 
sideration by planes (passing through the point O and not 
parallel to the plane x). 

A natural extension of a set Æ is a set Æo of all straight 
lines in space passing through the point O '(such a set is 


eG C» 


(a) (b) (c) 


(o) The sphere model, (b) a change to the circle model, (c) the circle 
mo 


called a bundle of straight lines). Let d be an arbitrary straight 
line in 4. It is represented by some plane in space passing 
through the point O. This plane has a single straight line 
passing through the point O and parallel to the plane x. 
We take this straight line as an ideal point of the straight 
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line d. It is clear that in this way we transform the bundle 49 
into a projective-affine plane. This plane is called a bundle 
model (interpretation) of projective-affine geometry. 

By surrounding the point O with an arbitrary sphere (the 
surface of a ball) we may change from straight lines to pairs 
of points they cut out on the sphere. We obtain a new inter- 
pretation of projective-affine geometry. In this interpreta- 
tion points are represented by pairs of antipodal (diametrical- 
ly opposite) points of the sphere and straight lines are rep- 
resented by great circles of the sphere (circles cut out on the 
sphere by the planes passing through the centre). This model 
is called the sphere model. 

In this model an ideal straight line is represented by the 
great circle (equator) parallel to the plane z. Consider one 
of the hemispheres into which the equator divides the sphere. 
Each straight line passing through the point O and inter- 
secting the plane x (the ordinary point of the model 49) 
has a single point in common with that hemisphere. By 
orthogonally projecting this point onto the equator plane 
we obtain some'interior point of the circle @ bounded by 
the equator (in the plane passing through the point O and 
parallel to the plane =). We may thus represent ordinary 
points of the plane Æọ by interior points of the circle €. 
As to the ideal points of the plane we are still forced to repre- 
sent them by pairs of diametrically opposite points of the 
circumference of 6. The resulting model of projective-affine 
geometry is called the circle model. Keeping in mind pré- 
cisely this model a projective-affine plane is sometimes said to 
be obtained from a circle by identifying diametrically opposiie 
points of its boundary. 

The circle model appears to be the most demonstrative 
of those presented, if only because ordinary points are rep- 
resented by "real" points in it. Its disadvantage is that 
straight lines are represented in it in general by curved lines 
(semiellipses). These lines join diametrically opposite points 
of the circumference and hence any two of them have a 
point in common. The fact that in a projective-affine plane 
two distinct straight lines have a single point in common is 
thus visually palpable in the circle model. 
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Homogeneous affine coordinates » Equations of straight lines 
in homogeneous coordinates - Second-degree curves in the pro- 
jective-affine plane - Circles in the projective-Euclidean real- 
complex plane - Projective planes - Homogeneous affine coor- 
dinates in the bundle of straight lines - Formulas for the trans- 
formation of homogeneous affine coordinates - Projective coor- 
dinates « Second-degree curves in the projective plane 


Let 4+ be an arbitrary projective-affine plane, let 4 Cc 4+ 
be an affine plane of its ordinary points and let an affine 
coordinate system Oe,e, be given in the plane Æ. What is 
the reasonable way of introducing the coordinates of points 
of the plane 4+? 

Each (ordinary or ideal) point of the plane is the centre 
of some (ordinary or ideal) pencil. According to Proposition 1 
of the preceding lecture a pencil is uniquely characterized 
by the coefficients X, Y, Z of its equation (see equation (4) 
of the preceding lecture; the subscripts of X,, Yo, Zo are 
omitted). It is therefore natural to take them as the coordi- 
nates of the point under consideration. These coordinates are 
determined up to proportionality, i.e. they are homogeneous 
coordinates. 

Definition 1. Coordinates X, Y, Z are called homogeneous 
affine coordinates determined by the affine coordinate system 
Oe;e;. 

A point with the coordinates X, Y, Z is designated by 
the symbol (X:Y:Z). 

From the description given in the preceding lecture of 
ordinary and ideal pencils in connection with their equations 
we immediately obtain the following proposition which 
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gives rules for explicit calculation of homogeneous affine 
coordinates (and may therefore serve as another definition of 
them): 

Proposition 1. A point (X:Y:Z) is an ordinary point if 
and only if Z 0. In this case its ordinary (nonhomogeneous) 
coordinates z, y are expressed by the formulas 


X Y 
Hioc c US 


An ideal point (X:Y :0) is an ideal point of a straight line with 
a direction vector a (l, m) if and only if 


X:Y = Lm. C) 


Note that any triple (X, Y, Z) (0, 0, 0) is a triple of 
homogeneous affine coordinates of some point of a projective-af- 
fine plane. 


We now consider straight lines. According to Proposition 1 
the homogeneous coordinates of points of an arbitrary straight 
line (A:B:C) in the affine plane satisfy the equation 


4(E)+2(L)+0=0, 
i.e. the equation 
(1) AX + BY + CZ — 0. 


In the projective-affine plane + this means that the coor- 
dinates of ordinary points of an ordinary straight line 
(A:B:C) satisfy equation (1). But the direction vector of the 
straight line (A:B:C) is known to have the coordinates B, —A 
whence it follows by virtue of Proposition 1 that the only 
ideal point of the straight line has homogeneous coordinates 
(B: —A:0). Since these coordinates obviously satisfy equa- 
tion (1) we derive that in a projective-affine plane equations 
of the form (1), where either A 0 or B +0, are equations 
of ordinary straight lines. O 

If, however, A = 0, B = 0 but C 0 (otherwise relation 
(1) is satisfied identically), then equation (1) is satisfied by 
all ideal points (and only by ideal points). Hence for A = 0, 
B = 0 equation (1) is the equation of an ideal straight line. 

Thus in a projective-affine plane any equation of the form 
(1), with (A, B, C) = (0, 0, 0), is the equation of a straight 
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line. In other words, just as any triple of numbers (X, Y, Z) = 
Æ (0, 0, 0) is a triple of homogeneous coordinates of some 
point, so any triple of numbers (A, B, C) = (0, 0, 0) is a 
triple of homogeneous coordinates of some straight line. 

We see that the introduction of ideal points restores com- 
plete symmetry between points and straight lines. Analytic- 
ally this symmetry manifests itself in one and the same rela- 
tion (1) being (with A, B, C constant and X, Y, Z variable) 
the equation of a straight line and (with A, B, C variable and 
X, Y, Z constant) the equation of a pencil, i.e. a peculiar 
"equation" of the centre of the pencil. 

Note that in a real-complex plane an ideal straight line 
is a real straight line. 

By analogy we may now introduce the following definition: 

Definition 2. A second-degree curve in a projective-affine 
(say, complex or real-complex) plane is a set of all points 
of the curve the homogeneous coordinates X, Y, Z of which 
satisfy an equation of the form 


(2) a4,X? + 2a4,XY + as Y? -- 2a,5XZ + 2a5,Y Z + a442? — 0. 


Defined in a similar way in a projective-affine plane are 
algebraic curves of an arbitrary degree. 

If at least one of the coefficients a,,, 215, 255 is nonzero, 
then the ordinary points of curve (2) make up in an affine 
plane a second-degree curve 
(3) 0442? + 2a45zy + a55J? + 2a432 + 2a53J + a33 — 0. 

The ideal points (X:Y:0) of the curve satisfy the equation 

aX? 4- 2a44XY + An Y? = 0 

whence we see that they are ideal points of the asymptotic 
directions of curve (3). Thus in the case under consideration 
the second-degree curve (2) in a projective-affine plane is 
obtained from the second-degree curve (3) in an affine plane 
by adding ideal points of the asymptotic directions of the 
curve. 

It follows that if the curve (3) is a pair of straight lines, 
then the curve (2) is a pair of the “same” straight lines (i.e. 
with an addition of ideal points). 

The curve (2) is called an ellipse, a parabola or a hyperbola 
if the curve (3) is respectively an ellipse, a parabola or a 
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hyperbola. Thus in a projective-affine (real or real-complex) 
plane the ellipse, having no real asymptotic directions, does 
not intersect the ideal straight line in real points, the parab- 
ola has one point in common with the ideal straight line, 
the ideal point of its axis (the parabola is said to be tangent 
to the ideal straight line at that point), and the hyperbola 
has two points in common with the ideal straight line. 


The intersection of ellipses 


When 4,, = 445 = 483, = 0 equation (2) is of the form 
2a44XZ + 2453;YZ + 332" => 0 


and is therefore satisfied by the points of the ideal straight 
line Z = 0 and the straight line 

2a,4X + 2dg3Y + a4,Z = 0, 
which may be ordinary (if a,4 40 or a ~0) or ideal (if 
dig = 0 and a4, = 

Summarizing, we obtain the following theorem (which for 
definiteness is stated for situation (C, R)): 

Theorem 1 (theorem on the classification of real second- 
degree curves in the projective-affine real-complex plane). 
Every real second-degree curve in a projective-affine real- 
complex plane is one of the following eleven curves: 

[11 A real ellipse (X? + Y? — Z2? = 0). 

[2] An imaginary ellipse (X +Y? + 2? = 0). 

[3] A pair of distinct imaginary (complex conjugate) coe 
lines intersecting in an ordinary point (X? + Y? = 

[4] A hyperbola (X? — Y? — Z? = 0). 

{5] A pair of distinct real ordinary straight lines intersecting 
in an ordinary point (X? — Y? = 0). 

[6] A parabola (Y? — 2XZ = 0). 

[7] A pair of distinct real ordinary straight lines inter- 
secting in an ideal point (Y? — Z? = 0) 
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[8] A pair of distinct imaginary (complex lg straight 
lines intersecting in an ideal point (Y? + Z? = 

[9] A pair of coincident real ordinary straight lines (Y 2 = 0). 

[10] A pair of straight lines that is made up of a real ordi- 
nary straight line and an ideal straight line (YZ = 0). 

[11] A pair of coincident straight lines each of which is an 
ideal straight line (Z? = 0). O 

Written out in parentheses are the equations resulting 
from an appropriate (canonical) choice of homogeneous affine 
coordinates. 

Similar results hold of course in the projective-Euclidean 
real-complex plane as well. We shall not state them (this 
would be an unnecessary repetition) and instead consider a 
more interesting question of the characterization of circles 
in projective-Euclidean geometry. 

It is natural that in the projective-Euclidean plane we 
shall take homogeneous coordinates X, Y, Z to be homoge- 
neous rectangular coordinates, i.e. to be determined by a 
coordinate system Oe,e, with orthonormal vectors e,, e,. 


Definition 3. A circle in a projective-Euclidean real-com- 
plex plane is a second-degree curve having in homogeneous 
rectangular coordinates X, Y, Z equation (2) in which 


a = Qaa #0, ay, = O. 


Ideal points (X:Y:Z) of such a circle are defined by the 
equation X? + Y? = 0, i.e. have the form (42-1:i:0). They 
are called cyclical points of a projective-Euclidean plane. 

We thus see that a change from Euclidean to projective- 
Euclidean geometry contributes to circles only two new 
points, simultaneously ideal and imaginary. 

Since cyclical points lie in every circle, it is impossible to 
introduce in a reasonable way the concept of their distance 
from ordinary points. At any rate there are no grounds to 
consider this distance infinite. This reveals the imperfection 
of terminology, widely used (especially in the past), in which 
ideal points are called points “at infinity” (not to mention 
the fact that within the framework of affine theory this term 
has in general no right to exist). 

It is appropriate to rank with circles also pairs of straight 
lines at least one of which is an ideal straight line (such 
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circles are characterized by the conditions a = aj, = 0 
and a,4, = 0). Among all real second-degree curves circles 
will then be characterized by the fact that they pass through 
cyclical points. Indeed, if equation (2) is satisfied for X = 
= +1, Y =i and Z = 0, then 


(211 — 259) + 2ia4, = 0 


from which it follows that aj, = 255 and ai = 0. 

The fact that all circles pass through cyclical points ex- 
plains many features of these curves. For example, generally 
speaking two ellipses intersect in four points. Why should 
circles have only two points in common? The answer is: 
two other points in common are cyclical points. 


We have already stressed above the complete symmetry 
(or duality, as is the usual way to put it) of points and straight 
lines in projective-affine geometry. However, in the har- 
monious melody of duality there is in fact a most unpleas- 
ant discord connected with the difference between ordinary 
and ideal points and straight lines. Indeed, there are many 
ideal points, but there is only one ideal straight line! To get 
rid of this latter roughness it is necessary to ignore the differ- 
ence between ordinary and ideal points or straight lines and 
consider them fully equivalent and interchangeable. 

Definition 4. A projective-affine plane in which we ignore 
the difference between ordinary and ideal points and straight 
lines is called a projective plane and its geometry is called 
projective geometry. 

This definition is equally suitable for planes over any 
field K. We thus obtain in particular a real projective plane 
and a complex projective plane, as well as, a real-complez 
projective plane. 

Each projective plane can be transformed into a projective- 
affine plane by choosing arbitrarily in it a straight line and 
declaring the points of that straight line to be ideal. Thus 
the same projective plane can be turned into a projective- 
affine plane in an infinite number of ways (if the ground 
field K is infinite), whereas each projective-affine plane 
uniquely determines the corresponding projective plane. 
Therefore, by way of a formal decoding of Definition 4 the 
projective plane may be defined as a class in the obvious sense 
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of equivalent projective-affine planes. But we shall not 
engage in this rather fruitless play of definitions and prefer 
a different, more interesting way. 

A model of projective-affine geometry which is the easiest 
to transform into a projective geometry model (a projective 
plane) is the bundle model 4 (rather than, say, the circle 
model) Indeed, ideal points of that model are straight 
lines in space parallel to the plane x, and therefore, in order 
to turn it into a projective geometry model it suffices to 
forget about that plane. The model o considered as a 
projective geometry model will be designated by the sym- 


bol Po- 


The model 9 allows us to give a beautiful "stereometric" 
interpretation to homogeneous affine coordinates. According 
to Definition 1, in a projective-affine plane homogeneous 
affine coordinates are given by some affine coordinate system 
Oe,e, given in the "affine part" of the plane (in the set of 


ordinary points). For the projective-affine plane Æa the 
"affine part" isidentified with 


the plane x and so for homo- 
geneous affine coordinates to 
be given in o it is necessary 
to give in n someaffine coordi- 
nate system O'e;e; (the letter 
O is already employed by us). 
But instead of giving the point 
O' itis possible to give its ra- 
—- 
dius vector e —OO' obviously 
linearly inexpressiblein terms 
of the vectors e,, e, and se 
constituting together with them a basis €, €s, es in space. 
Conversely, any basis e,, €>, es, for which the terminal point 


O' of the vector e, = OO’ is in the plane x and the vectors 
e,, e, are parallel to the plane, gives an affine coordinate 
system O’e,e, in the plane x and hence homogeneous affine 
coordinates in the plane £0. 

Each point of the plane Æo, i.e. a straight line in space, 
is uniquely determined by its direction vector. If X, Y, Z 
are the coordinates of that direction vector (in the basis 
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ei, €5, €) and Z 0, then the straight line intersects the 


plane x in a point with the coordinates z = z and y = Z 


(relative to the coordinates of the system O'e,e,), and if 
Z = 0, then the straight line is parallel to the straight lines 
in the plane x having the direction vector with the coordi- 
nates X and Y (relative to the basis ej, ej). According to 
Proposition 1 this means that in the projective-affine plane Ao 
the homogeneous affine coordinates determined by the basis 
€, e, €x (i.e. by the corresponding affine coordinate system 
O'e,e,) are simply the coordinates X, Y, Z of the direction 
vectors of points of that plane considered as straight lines in 
space. O 

This allows us to write without any additional calculations 
formulas for transformation from one system of homogeneous 
affine coordinates to another. Indeed, these must be simply 
formulas for transformation from the coordinates of vectors 
in one basis to the coordinates in another. As we know, these 
formulas are of the form 


pX' = eX + CY 4-064352, Cyn Ci2 C43 
(4) pY' — c,X + CopY +c, Where | Co, Cog Cog |>£ 0. 
eZ’ = Cay X + C30Y + C332, €31 C32 C33 


Here we have introduced in addition an arbitrary factor of 
proportionality p to stress the fact that we are dealing with 
homogeneous coordinates. 

However, it should be taken into account here that we 
are considering bases related in a definite way to the plane x 
(the first two vectors of a basis must be parallel to the plane x 
and the terminal point of the last must be in the plane) 
rather than arbitrary bases. On taking account of these 
requirements we immediately see that in formulas (4) the 
coefficients c4, and cg4 must be zero and the coefficient cy, 
must be equal to unity. 

We have thus proved that two arbitrary systems of homo- 
geneous affine coordinates X:Y :Z and X':Y':Z’ in a projective- 
affine plane are related by formulas of the form 

pX' —ca4X +Y + 0052, 
PY! —cgaX + c5Y + 0332, 
oZ = Z, 
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where p is the factor of proportionality ana 


€44 Cio 








Cor C22 


This statement holds for any projective-affine plane of 
course. It could be proved directly by recalling the formulas 
for the transformation of nonhomogeneous affine coordinates 
and using Proposition 1. The advantage of the method we 
have chosen is that it can be applied directly to the bundle 
Ao considered as a projective geometry model. 


Definition 5. The projective coordinates of points of a 
projective plane Jo are the coordinates X, Y, Z in an arbi- 
trary basis e}, e, eg of the direction vectors of those points 
as straight lines in space. 

Projective coordinates are certainly homogeneous coor- 
dinates. They differ from homogeneous affine coordinates 
in that the basis e}, e,, € involved in their definition is 
quite arbitrary and is not related to any plane x. 

According to what has been said above transformation from 
one system of projective coordinates to another is described by 
formulas of the form (4). 


Note that Definition 5 gives projective coordinates only, 
strictly speaking, to the model Jo. In any other model 
they are most simply defined as coordinates X', Y', Z' 
related to some projective-affine coordinates by formulas 
of the form (4). 


Great freedom exercised in transformations of projective 
coordinates allows us to reduce the number of canonical 
equations of second-degree curves. 

For example, on transforming in the equation of a hyper- 
bola X? — Y? — Z? = 0 to the new coordinates 


X'—-Y,Y'—-Z,Z2'—-x 
and multiplying it by —1 we obtain (after removing the 
primes) the equation of an ellipse X? + Y? — Z =Q. 
Similarly, the equation of a parabola Y? — 2XZ in the 
coordinates 


X'—Y,Y'—-X—Z2,Z7-oX-cZ 
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also coincides with the same equation of an ellipse. This 
shows that there is only one nonsingular second-degree curve 
(i.e. such that does not split into straight lines) in a pro- 
jective real (or complex) plane. If by introducing an ideal 
straight line we transform our plane into a projective-affine 
plane, then that curve turns out to be an ellipse if the straight 
line introduced does not intersect it, a parabola if the 
straight line is tangent to the curve and, finally, a hyperbola 
if the straight line intersects the curve in two points. 

In a real-complex plane, besides this "real" curve there 
is only one more curve, an "imaginary" curve X? + Y? + 
+ Z? = 0 having no real points. 

Similarly reduced is the number of the classes of pairs 
of straight lines. 

The resultant theorem has obviously the following form: 

Theorem 2 (theorem on the classification of second-degree 
curves in the projective plane). In a real-complex projective 
Plane every real second-degree curve is one of the following five 
types: 

[1] A nonsingular real curve (X? + Y? — Z? = 0). 

[2] A nonsingular imaginary curve (X? + Y? + Z? = 0). 

[3] A pair of real distinct straight lines (X? — Y? = 0). 

[4] A pair of imaginary (complex conjugate) straight lines 
(X? + Y? = 0). 

[5] A pair of coincident (real) straight lines (X? = 0). 

In a complex projective plane there are only three types of 
second-degree curves: 

[1] A nonsingular curve (X? + Y? + Z = 0). 

[2] A pair of distinct straight lines (X? + Y? = 0). 

[3] A pair of coincident straight lines (X? — 0). (1 


Written out in parentheses here are canonical equations. 
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Coordinate isomorphisms of vector spaces +» Coordinate isomor- 
phisms of affine spaces - Projective-affine spaces e Projective 
spaces + Pencils of planes - Bundles of planes - Extending space 
with ideal elements » Orthogonal, affine and projective trans- 
formations 


The method of introducing projective coórdinates in terms 
of projective-affine coordinates is of course rather clumsy 
and inaesthetic. But in the general case there is no other 
way out, since the concept of a projective plane was itself 
defined in terms of projective-affine planes. And it is not at 
all simple to give this concept an independent definition. 
We shall do it in a way that is perhaps not the most elegant 
but seems to be the simplest and rich enough in ideas. 

We shall begin by giving a new definition to a vector 
space. 

Note first of all that for any field K and any n > 1 for- 
mulas of the form 


yb ciziq...- edm, 


Bh ee Be te ees 
y^—ciz-...-- c, 
where 
1 1 
Ci ... Cn 
Dope +0, 
ct... Ch 


give bijective mappings of the set K” onto itself. These 
mappings are isomorphisms of the vector space K” onto 
itself (i.e. are its automorphisms). They are called homogeneous 
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linear transformations and obviously constitute a group. This 
group is designated by the symbol GL (n; K) and is termed 
a general linear group. It is isomorphic to a group of non- 
singular matrices of order n. 

For any vector space 7^ of dimension n over a field K its 
coordinate isomorphisms (see Lecture 6) are bijective map- 
pings 
(2) a: FRK" 


having the following properties (the notation a € Coor (7^) 
signifies that œ is a coordinate isomorphism of the form (2)): 

Property 1. If a € Coor (V) and ọ € GL (n; K), then 
q » & € Coor (7^). 

Property 2. If a, a’ € Coor (7^), then a’ o a^! € GL (n; K). 

Property 2 simply states that the coordinates in two 
different bases are related by formulas of the form (1) and 
Property 1 states that if zl, . . ., z” are coordinates, then so 
are yl, .. ., y^ for any transformation (1) (but of course in 
another basis). 

It turns out (and it is a new fact to us) that Properties 1 
and 2 fully characterize coordinate isomorphisms: 

Proposition 1. If for some set Y a set Coor (7^) of its bi- 
jective mappings Y — K" is given having Properties 1 and 2 
(even Property 2 alone is sufficient), then it is possible to intro- 
duce the structure of a vector space into 7' in a unique way so 
that mappings of Coor (Z^) should become coordinate iso- 
morphisms (all coordinate isomorphisms if Property 1 holds). 

Proof. Having chosen an arbitrary mapping « € Coor (7^) 
transfer with the aid of it linear operations from K" into 7^, 
i.e. set 

x+ ya^ (a (x) +a (y), 
kx =a (ka (x)) 


for any elements x, y € 7" and any number k €K. It is 
clear that we thus transform 7^ into a vector space and « 
into a coordinate isomorphism (corresponding to the basis 
q7(e),...,a 1(e;), where e,,..., e; is the standard basis 
of the vector space K”). So to prove Proposition 1 it suffices 
to establish that these operations are independent of the 
choice of a. But this follows directly from Property 2 and 
the fact that homogeneous linear transformations are auto- 
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morphisms of the space K”. Indeed, if a’ = ọ o a, where 
9 € GL (n; K), then 


«(a (x) + a’ (y) = 
=a! (q^! (q (a (x)) + € (@(y)))) =a! (a (x) + a (y) 
and 
«71 (ka (x)) = a7 (pot (ko (a (x)))) = a! (ka (x) 


for any elements x, y €7^ and any number k € K. The unique- 
ness of such a vector space structure in 7 is obvious. 0 

We see that Proposition 1 provides us with quite a new 
axiomatic system of vector spaces. The basic undefined no- 
tions of this system are mappings (1), Properties 1 and 2 
being its axioms. 

Quite similarly one may axiomatically define affine spaces. 
Here one should begin with the group Afi (n; K) of all 
automorphisms of the set K” as an affine space, i.e. of 
nonhomogeneous linear transformations of the form 


yi=cjzi+ ... cir" b, 


u= cit.. Rena? +b", 


where 
1d 1 
cie cÀ 
NETS 
ee 


For any affine space Æ over a field K the set Coor (7^) of 
the coordinate isomorphisms 


a: X —WK 


has the same Properties 1 and 2 (in which Coor (7^) must of 
course be replaced by Coor (4) and GL (n; K) by Aff (n; K)). 
We have an analogue of Proposition 1: 

Proposition 2. If for some set Æ a set Coor (4) of its bi- 
jective mappings A — K" is given having Properties 1 and 2 
(with respect to the group Aft (n; K)), then it is possible to 
introduce into Æ the structure of an affine space over a field K 
in a unique way so that mappings of Coor (A) should become 
coordinate isomorphisms. 
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Proof. Having chosen in æ some point O, denote by 
Coor? (Æ) the subset of the set Coor (4) consisting of all 
mappings a € Coor (.4) translatingO into a point (0,. . ., 0) € 
€ K”. It is easy to see that setting 7^ = 4 and Coor (7^) = 
= Coor’ (4) we satisfy all the conditions of Proposition 1. 
The set Y thus proves to be a vector space. Now determine 


— 
the mapping A, B —> AB by setting 


— 

AB — «1 (a (B) — a (A)), 
where œ € Coor? (4). It is easy to check that the vector 
— 


AB € Y^ is independent of the choice of a and that thus the 
set Æ is provided with the structure of an affine space with 
an associated vector space 7^. Its uniqueness is obvious. [] 


For projective-affine spaces to be obtained by the same 
method (we shall not restrict ourselves to the case n — 2 
and give a general definition; projective-affine planes we 
get for n — 2), it is necessary to determine beforehand the 
projective-affine analogue of the space K”. It is quite clear 
how it is to be done. 

Consider the subset K"+!\0 of a vector space K"*! con- 


sisting of all nonzero vectors (z?, z1, . . ., 27) = (0,0,.. .,0). 
The proportional relation 
(2°, zt . e z”) ind (y?, y, oly y") 


if there is a number k Æ 0 such that 
y? = kx, y! = kal, ..., y^ = ke 


is an equivalence relation on this subset. The equivalence 


class containing the vector (z?, z!, . . ., z”) will be designated 
by the symbol 
(3) (20:451... eT). 


(These classes are simply straight lines of the space Ki? 
that pass through the point (0, 0, . . ., 0).) 

Definition 1. The set of all equivalence classes (3) is 
designated by the symbol KP" and called an arithmetical 
projective space of dimension n over a field K. 
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In this space a group Pr-Aff (n; K) functions whose 
elements are homogeneous linear transformations of the form 


py? — z^, 
py! = chr? + cirit... H iz, 


$9 9 o9 oc o9 oc o9 | 9 t t 98 9 9$ 5 


where 
1 1 
Chee. Ci 
E E= 
cn cn 
1 * on 


As an abstract group it is isomorphic to the group Aff (n; K). 

In particular for n = 2 we have a group Pr-Aff (2; K) 

whose transformations (after the simple redesignation 
z? = Z, zr! = X, z? = Y) can be written 
PX! = CX + CY + 0532, 


pY' = ca X + CY + 6532, 


oZ' =Z, 
where 
ĉii C15 
zz. 
Coy C22 








Definition 2. A projective-affine space of dimension n over 
a field K is an arbitrary set Æ for which a set Coor (4) 
of bijective mappings 


a: A —- KP? 


is given such that the following axioms hold: 
eset 1. If a € Coor (4) and ọ € Pr-Aff (n; X), then 
o & € Coor (4). 
* axiom 2: If a, a’ € Coor (4), then a’ o «^! € Pr-Aff (n; K). 
Points A € A for which a (A) is of the form (0 : z! : ...: z”) 
at least under one mapping a € Coor (.Z) (and hence under 
all such mappings) are called ideal points of a projective- 
affine space 4. The other points of æ are called ordinary 
points. 
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In the light of what has been said above it is quite clear 
that projective-affine spaces Æ of dimension two coincide 
in the sense of this definition with projective-affine planes 
in the sense of Definition 3, Lecture 24. And for any n they 
coincide with projective-affine spaces which we get as an 
obvious generalization of Definition 3 of Lecture 24. 


It is now absolutely clear how to define projective spaces. 
Let Proj (n; K) be a group of all transformations of a 
space KP” acting by formulas of the form 


py? — cüx? -- crt... + cüz^, 


(4) py! — cix? + cirit... eir", 


where 
0 c0 0 
eo 6-6 
1 oet 
cò 64 ci ET 
cn cn c? 


As an abstract group this group is isomorphic to a factor 
group of the group of all nonsingular matrices of order 
n + 1 relative to the normal divisor consisting of all scalar 
matrices. 

Definition 3. A projective space of dimension n over a field K 
is an arbitrary set Ø for which a set Coor (P) of bijective 
mappings 

a: PKP? 


is given such that the following axioms hold: 

Axiom 1. If a € Coor (P) and «€ Proj (n; K), then 
9 » æ € Coor (P). 

Axiom 2. If a, a € Coor (P), then a’ o «^! € Proj (n; K). 

Mappings « € Coor (#) are called coordinate isomorphisms, 
and for every point A € P the. numbers 29, xl, ..., 2” 
satisfying the relation i 


a (9)-—(x9:z1: ... : xz") 
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are called the projective coordinates of A corresponding to 
the isomorphism a. 

It is clear that for n — 2 we obtain projective planes in 
the sense of Definition 4 of the preceding lecture and pro- 
jective coordinates as they were defined in the present 
lecture. 


After the excursus into general axiomatic constructions 
let us return to the more interesting geometrical considera- 
tions. 

Just as straight lines in the plane it is possible to take 
planes in space as a basic element of geometry. 

Each plane in an affine space is uniquely defined by the 
coefficients of the equation of the plane 


Az+By+Cz+D=0 


in the affine coordinates z, y, z; these coordinates may there- 
fore be regarded as its homogeneous coordinates. We shall 
designate a plane by the symbol (A:B:C:D). 

Let 


(9) A oz + Boy + Coz + Do = 0and Ayr 4 Byy+Cyz+ D,=0 


be two distinct planes. 

Definition 4. A pencil of planes that is determined by the 
planes (5) is a set of all planes (A:B:C:D) for which there 
are numbers u and v (certainly not both zero) such that 


A — pA, t v4, B =B T NB. 
C—yCo +C, D=pD,+vD, 
(the plane (4:B:C:D) of course depends only on the ratio 


"T This definition is quite similar to Definition 1 of Lecture 24. 

We could further proceed exactly in the way we did in 
Lecture 24, but we shall instead follow a somewhat different 
way to avoid dull linear algebra. To do this we shall need 
the following lemma: 

Lemma 1. For any point of space M, (21, yj, 2) not lying 
in both planes (5) there exists in the pencil (6) a unique plane 
containing the point M,. 
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Proof. If the desired plane does exist, then for the corre- 
sponding numbers yp and v we must have the equation 


(pAs + vA) z, + (UBy+ vBy) 4 + 
+ (ug + yC) z, + (uD t ND4) = 0, 
i.e. the equation 
p (Aoz, + Boys + Cozi + Dy) + 
T v (Aa, + Biyi + C42, + Dy) = 0 
which uniquely determines the relation 
(7) piv = — (Ai + Bi + Ciz, + Dj): 
: (Apr + Boys + Coz + Dy). 


This proves the uniqueness of the desired plane. 

To prove the existence of the plane it is sufficient to take 
p and v determined by relation (7). O 

Definition 5. A pencil (6) is said to be ordinary if planes 
(5) intersect and ideal otherwise (if planes (5) are parallel). 

Proposilion 3. An ordinary pencil consists of all planes 
containing the straight line in which planes (5) intersect an 
ideal pencil consisting of ali planes parallel to planes (5). 

Proof. Let planes (5) intersect. Then equations (5) taken 
together are the equations of the straight line of their inter- 
section. If a point My (Zo, Yo, Zo) lies on the straight line 
(5), then for any p and v 


Az, + Byo + Cz, + D = (pAg+ 944) To + (uB + B4) yo + 
+ (pCs + vC4) zy + (Do + vD1) = 
= p (Aog + Boo + Coz, + Do) + 
+y (Aito + Biyo + C129 + Dy) — 0, 


and so the plane (6) passes through that point. Hence the 
plane (6) contains the straight line (5). Conversely, consider 
an arbitrary plane containing a straight line (5). Choose in 
that plane an arbitrary point M, (z,, yi, z,) not lying on the 
straight line (5). Then, according to Lemma 1, there exists 
in the pencil (6) a unique plane (A:B:C:D) passing through 
that point. Both planes, the original plane and the construct- 
ed one, contain the straight line (5) and the point M,. So 
they coincide. Hence the plane in question is in the pencil (6). 
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Let planes (5) be parallel. Then 


T, EL een 
Ay Bo Bi Co ? 
and so for any p and v (for which at least one of the numbers 
Ao + vA,, pBy + vBy, uC, + vC, is nonzero) 
Aot vA:  pBotvBi _ wCo+ NC, 
Ay wt B, s Co z 


This means that any plane of the pencil (6) is parallel to 
planes (5). Conversely, consider an arbitrary plane parallel 
to planes (5) and an arbitrary point M, (zi, Y1, zi) in that 
plane. According to Lemma 1 there exists in the pencil a 
unique plane passing through that point. Being parallel to 
the planes (5) this plane must coincide with the original 
plane. Therefore the latter plane is in the pencil (6). [] 

If we now extend the space by adding to each plane an 
ideal straight line (and hence making it a projective-affine 
plane) and require that the ideal straight lines of the planes 
should coincide if and only if the planes are parallel, then 
each ideal pencil also becomes a pencil of planes passing 
through a fixed straight line. 


Pencils are analogues of straight lines. We now consider 
analogues of planes. 
Let 


Az + Bay 4- Coz + D, — 0, 
(8) A,z 4- By 4- Caz 4- D, —0, 
Asz + Bay + C,2-+ D, —0 


be three planes not in the same pencil (i.e. neither parallel 
nor passing through the same straight line). 

Definition 6. A bundle of planes determined by planes (8) 
is a set of all planes (A:B:C:D) for which there are numbers 
Mo: Wi, Ho (certainly not all zero) such that 


A = uoAo + p141 + 0545, 
(9) B = PoBo + pa B1 + o Bs, 

€ = MoCo + Ci F BC, 

D = oD, + p D, + p2 Dz. 
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A bundle is said to be ordinary if planes (8) have a single 
point in common (the centre of the bundle) and ideal if planes 
(8) do not intersect (i.e. if two of the planes (8) intersect 
in a straight line parallel to a third plane; this straight line 
is called the central straight line of the ideal bundle). 

Denoting the left-hand sides of equations (8) by the 
symbols f, fı, and f, respectively, we may represent the 
equation of any plane of a bundle as 


(10) Mofo + Mifi + bafa = 0. 


It is often convenient to use such abridged notations. 

Proposition 4. An ordinary bundle consists of all planes 
passing through its centre, an ideal bundle consisting of all 
planes parallel to its central straight line. 

Proof. Let a bundle (9) be an ordinary bundle and let 
Mo (fo, Yo: Zo) be the centre of the bundle. Then for any 
Wos Bi, Pe the value of the left-hand side of equation (10) 
at a point M, is 


Hofo (£o. Yor Zo) + Wifi (Zor Yor Zo) + Mofa (Xo. Yos Zo) 


and hence zero. Therefore each plane (10) of the bundle 
passes through the point M. Conversely, consider an arbi- 
trary plane passing through the centre M, of a bundle (9) 
and two distinct points M, (z,, yi, 2) and M, (Ta, ys, zi) 
in it, not lying on the straight line containing the point M,. 
The condition that a plane (10) of the bundle should pass 
through these points implies that 


Molo (i, Ys, 21) + afa (Tis Yis 21) + ofa (Ti, Ys, 21) — 0, 
Bofo (Za. Ya: 22) + Mafia (Zor Y2, 22) + Bof a (T2, Yo, 22) =Q. 


These two equations in po, p, us have a nontrivial solution 
(unique to within proportionality) 


Bo? M4 $ Ha = 
E fi Gas Yis 21) fo (21, Yis 24) 
| fa (es Yor 22) f2 (Z2, Yo» 22) 


fo (zi, Yas 21) fo (Tis Yas 24) 
fa (22, Va. 22) fo (T2, Y2, 22) 
fo (Tis Yas 21) fi (ay Vis Z4) 
fo (Ze, Yor Z2) fs (Zo, Yor Za) 
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The corresponding plane of the bundle passes through three 
noncollinear points Mọ, Mı, M, and so coincides with the 
given plane. Therefore the latter plane is in the bundle. 

Let a bundle (9) be an ideal bundle and let a (l, m, n) be 
the direction vector of the central straight line of the bundle. 
Since the vector a is parallel to planes (8) we have 


Asl + Bom + Con = 0, 
Al + Bym + Cyn = 0, 
Asl + Bam + Cn = 0. 


Hence for any po, Ua; Ho 
(noA o + H143 + pede) l + (BoBo + pB + eB) m + 

+ (Wolo + WiC + ny) n = 0. 
This means that any plane of the bundle (9) is parallel to 


the central straight line of the bundle. Conversely, let 
(A:B:C:D) be a plane such that 
Al + Bm + Cn — 0. 

Then in the matrix 

ABCD 

A, B, Co D, 

A, B Ca D, 
the columns are linearly dependent (with the coefficients 
l, m, n, 0) and therefore so are the rows. In addition, under 
the hypothesis the last three rows are linearly independent 
(otherwise planes (8) are in the same bundle). Hence the 
first row is linearly expressible in terms of the others. But 
this exactly means that the plane (A:B:C:D) is in the 
bundle (9). O 


For ideal bundles to have a centre too it is necessary to 
add to each straight line an ideal point and to each plane an 
ideal straight line and assume that the ideal point of a 
straight line is on the ideal straight line of a plane if and 
only if the straight line and the plane are parallel. 

It is clear that to do this it is sufficient to add to each 
straight line an ideal point, one and the same for all parallel 
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lines, and declare the set of all ideal points of the straight 
lines parallel to some plane to be the ideal straight line of 
that plane. The ideal straight lines of parallel planes will 
then coincide as required (see above). 

It is natural that the set of all ideal points added to a space 
should be considered to be a plane. 

A formal description of the obtained projective-affine space 
can be given according to the already familiar models (see 
Definition 3 in Lecture 24 or Definition 2 above). Ignoring 
in this space the difference between ordinary and ideal 
points yields a projective space (see Definition 4 in Lecture 25 
or Definition 3 above). 

Unfortunately, there is no possibility to go further into 
all this here. 


We know from the school course what great importance 
is attached in geometry to the concept of congruent figures 
and the closely related concept of motion. 

Visually, a motion (say of a plane) is a transformation 
under which "nothing essential changes": lengths and angles 
remain unchanged, a vector sum goes over into a vector 
sum, a product of a vector by a number goes over into a 
product of a vector by a number, etc. From a general point 
of view this means that a motion is the isomorphism of a 
Euclidean plane onto itself, i.e. its automorphism. To be 
precise, since a motion also preserves orientation it is the 
automorphism of an oriented plane. But we know (see 
Lecture 14) that the isomorphism 4 — J£' of one Euclidean 
plane onto another (or onto the same) is established from 
the equality of coordinates in two systems of rectangular 
coordinates, i.e. to specify it one needs to choose a rectan- 
gular coordinate system Oi, . . . i, in the space J£, a rectan- 
gular coordinate system O'i; ... i, in the space 4’ and 
associate with an arbitrary point A EA a point A’ € 4’ 
having in the system O'i; ... i, the same coordinates as 
those which the point A had in the system Oi, . .. in. Since 
all this is applicable to the case 4’ = Æ we are concerned 
with now and since a motion must preserve orientation we 
thus come to the following formal definition (which we state 
at once for any n, although we shall only need it for n = 2 
and n = 3): 


286 Semester | 


Definition 7. A motion of an n-dimensional Euclidean 
space is an arbitrary transformation of the space estab- 
lished from the equality of coordinates in two rectangular 
coordinate systems of the same sign. This means that any 
motion is uniquely determined by two such systems Oi, .. . 
... 4, and O'i; ... i, (it being possible to give the first 
of them arbitrarily) and carries every point A over into a 
point A’ having in the system O'i; . . . i; the same coordi- 
nates as those which the point A had in the system Oi, ... in. 

Thus if 


— 
OA — a4i, + woe +apin, 
then 


— 
0'A' —a4d, +... + anin 


It is clear that all motions of the space form a group. 
This group depends to within an isomorphism on the dimen- 
sion n. It will be denoted by the symbol Ort* (n). 

If in Definition 7 we remove the requirement that the 
coordinate systems should be of the same sign, more general 
transformations are obtained. These are called orthogonal 
transformations. They form a group Ort (n) a subgroup of 
which is the group of motions Ort* (n). 

One can similarly introduce the automorphisms of affine 
spaces. They are called affine transformations and represent 
transformations acting by the equality of coordinates in two 
affine coordinate systems. 

Finally, it is possible to introduce projective transformations 
acting by the equality of coordinates in two systems of pro- 
jective coordinates. 

In Euclidean geometry congruent figures, i.e. figures that 
can be carried over into each other by some motion (or, 
more generally, by some orthogonal transformation) are 
considered to be equal. This definition characterizes Eucli- 
dean geometry. 

Likewise, regarded as equal in affine geometry are affinely 
congruent figures (sometimes called affinely equivalent fig- 
ures), i.e. figures that can be carried over into each other by 
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an affine transformation, and regarded as equal in projective 
geometry are projectively equivalent figures (that can be 
carried over into each other by a projective transformation). 

That is why projective, affine and orthogonal transfor- 
mations are very important in geometry. 

Unfortunately, we have no time for the study of projective 
transformations. As to affine and orthogonal transformations 
we are going to tackle them in our next lecture. 


Lecture 27 


Expressing an affine transformation in terms of coordinates + 
Examples of affine transformations - Factorization of affine 
transformations » Orthogonal transformations - Motions of a 
plane - Symmetries and glide symmetries - A motion of a plane 
as a composition of two symmetries - Rotations of a space 


Let z!, . . ., z” be fixed affine coordinates in an affine space 4. 
Then any affine transformation ® of the space .4, being 
a transformation established from the equality of coordi- 
nates, determines some other affine coordinates z", . . ., 2” 
and, conversely, any affine coordinates z!", ..., z"' give 
some affine transformation ®. 

By definition, for any point A € Æ the “primed” coordi- 
nates of a point A’ = Ọ (A) coincide with the “unprimed” 
cóordinates of the point A: 

zt =t, 2% =a". 
But, by the rule of the transformation of affine coordinates, 
the “unprimed” coordinates of the point A’ (denote them by 
the symbols y!, ..., y^) may be expressed in terms of its 
“primed” coordinates z”, ..., z"' using formulas of the 
form 


yi — dz +... pei" +b, 


>. e e 9 9 9 5$ c9 c9 9 5 2 9 c1 5 


n 4° , 
y= cit +... cnx” +0", 


where the determinant of the matrix (ci) is nonzero. On re- 
placing here the coordinates rz", ..., z"' of the point A’ 
by the coordinates zr}, ..., z” of the point A, equal to 
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them, we get 


y! =cjrt+ "T J- clz^ +i, 
ee ae he ate fo rn $ 


y Beata wee enz? 4- b^ 
or, in matrix notation, 


(2) y — Cz b, 
where 
zi y! bi 
t=ļ| ; >» YS : , b= : 
z^" y^ b" 
and 


Thus we have proved the following theorem: 

Theorem 1. In affine coordinates given in a space A any 
affine transformation (D is uniquely determined by some non- 
singular matriz C and a column matriz b. This transformation 
carries a point A with coordinates z!, . . ., z^ over into a point 
A’ with coordinates y!, ..., y^ expressed by formulas (4) 
or (2). O 

The matrix C is usually called a matriz of transformation 
Q (in a given coordinate system). 

Note that formulas (1) are identical with the formulas for 
the transformation of affine coordinates. They are formulas 
for affine transformation when rl, ..., z” and yl, .. ., y^ 
are the coordinates of different points in the same system of 
coordinates and formulas for transformation of coordinates 
when z!, .. ., z^ and y’,..., y^ are the coordinates of the 
same point in different systems of coordinates. 

Of course, a similar remark holds for any transformations 
established from the equality of some other coordinates 
(orthogonal, projective, etc.). 

Remark 1. Every affine transformation carries any straight 
line over into a straight line. It can be proved (we shall not 
do it) that for K = R and n> 1 the converse is also true: 


19—01283 
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every bijective transformation of an affine space preserving 
the rectilinear arrangement of points is an affine transformation. 
The restriction n — 1 is due to the fact that for n — 1 the 
condition that rectilinearity should be preserved is meaning- 
less. On the other hand, the restriction K = R turns out 
to be essential. For example, in the complex case a trans- 
formation carrying every point over into a point with com- 
plex conjugate coordinates is not an affine transformation 
(it is not of the form (1)), although it preserves rectilinear 
arrangement of points. The fact is that the field C has a 
nonidentical automorphism (a complex conjugation) while 
the field R has no such automorphisms. 


Examples of affine transformations. 

It is possible to assume in all the examples for the sake 
of visualization that the space 4 is a Euclidean space and 
that the coordinates are rectangular coordinates. Of course, 
any orthogonal transformation is then an affine transfor- 
mation. We shall give less trivial examples (confining our- 
selves to the case of a plane). 

1. Any homothetic transformation (or homothety) is an 
affine transformation. Its matrix is (in any system of affine 


y. 


ava 
ae 
| LY 










A homothety 


coordinates with the origin at the centre of the homothety) 
a diagonal matrix with equal diagonal elements, i.e. has 
the form kE, where E is a unit matrix. (Such matrices are 
known as scalar matrices.) 

2.^An affine transformation of a plane, given (in coordi- 
nates z, y) by the formulas 


t=T, yı = ky, 
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where k — 0, is called a compression toward the axis of 
abscissae. A combination of two compressions, one toward 
the axis of abscissae and the other toward the axis of ordi- 
nates, is given by the formulas 


tı = kr, y= ly, 
where k — 0, 1 > 0. Its matrix is a diagonal matrix with 
positive diagonal elements k and l. 
It is clear that compressions (and motions) can carry any 


ellipse over into any other ellipse, for example, into a circle. 
Thus all ellipses are affinely congruent. Similarly, so are 





A compression 


all hyperbolas and all parabolas (the latter are even homo- 

thetic, if appropriately located, of course). Analytically this 

is expressed in there being only one canonical affine equation 

for ellipses, hyperbolas, and parabolas. See Lecture 22. 
3. An affine transformation given by the formulas 


z,-—rI-cFph WY, 


19* 
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where p is an arbitrary number, is called a shift. It has the 
property of preserving the area of plane figures. 


It is remarkable that in a Euclidean plane any shift can 
be represented as a (composition) product of an orthogonal 





A shift 


transformation (motion) and two compressions toward mutu- 
ally perpendicular axes. Moreover, this holds for any affine 
transformation. 

Proposition 1. In a Euclidean plane any affine transfor- 
mation (D is a composition of an orthogonal transformation 
and two compressions toward mutually perpendicular azes. 

Proof. Consider in a plane an arbitrary circle of radius 1. 
An affine transformation (D carries this circle over into 
some ellipse, and the centre O of the circle into the centre O' 
of the ellipse (why?). Let O'E; and O'E; be straight lines 
passing through the point O' along the principal directions 
of the ellipse (the principal diameters of the ellipse) and. 
let e; and e, betheir direction unit vectors constituting there-| 
fore an orthonormal basis. Assuming that E; and E; are 
points of intersection of the ellipse with the straight lines 
O'E, and O'E,, consider their inverse images E, and E, 
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— 
under the mapping ®. Then the vectors e, = OE, and e, = 
— 


— OE, are unit vectors and the straight lines OE, and 
OE, are diameters of the circle. Since an affine transforma- 
tion is easily seen to carry conjugate diameters over into 


See 
2 


2 


conjugate diameters and the diameters O'E, and O'E,, 
being principal, are conjugate, so are the circle diameters 
OE, and OE,. Since conjugate diameters of a circle are 
perpendicular, this proves that the basis e,, e, is orthonormal. 

So we have constructed two rectangular coordinate 
systems Oe,e, and Oe;e, having the property that an affine 
transformation (D carries the coordinate axes of the first 
system over into the coordinate axes of the second system. 

To complete the proof it remains to note that the ortho- 
gonal transformation established from the equality of these 
rectangular coordinates obviously differs from the trans- 
formation ® only by two compressions toward the straight 
lines O'E, and OE; (with coefficients k k and l equal respec- 


tively to the lengths of the vectors OE: and O'E). o 
The key item in this proof is the establishment of the fact 
that in a plane there are two perpendicular directions which 
transformation QD carries over into perpendicular directions. 
It turns out that this can easily be proved without resorting 
to the theory of second-degree curves if we use (in confor- 
mity with functions on the circle) the Weierstrass theorem, 
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known from calculus, which states that in a compact set 
a continuous function attains its minimum. 

Consider to this end the same circle of radius 1 with the 
centre at the point O. On denoting by f (M) for any point M 
of the circle the distance of a transformed point M' — 
= (p (M) from the point O' we obviously obtain a conti- 
nuous function f : M — f (M) on the circle. Let M, be the 
point at which the function attains the minimum. It turns 





out that a transformation ® carries the straight line OM, 
and a straight line d perpendicular to it at the point M, 
(and tangent to the circle) over into perpendicular straight 
lines O' M, and d'. Indeed, if this is not the case and the 
point M, is different from the base N; of the perpendicular 
dropped from the point O' to the straight line d' (and there- 
fore | O'N; | < | O'M; | = f (My), then for a point M, 
in which the straight line ON,, No = ©- (Nj), intersects 
our circle we have (in view of the fact that the point M, is 


located on the segment ON, and hence a point M; = f (Mi) 


is located on the segment Ó'N;) the inequality 

f (M) =10'Mi\<10'N,| <f (Mo) 

contradictory to the choice of the point M,. O 
This argument can be generalized without difficulty to 
any dimension (the result is of course not two perpendicular 
directions, but z such directions). Therefore Proposition 1 
holds (with appropriate modifications) for affine transfor- 
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mations of a Euclidean space of an arbitrary dimension. 

Proposition 1 actually completely reduces the theory of 
arbitrary affine transformations to that of orthogonal trans- 
formations. We shall therefore occupy ourselves with 
orthogonal transformations (and, in particular, with mo- 
tions). All coordinates are assumed rectangular. 


Being a special case of affine transformations, orthogonal! 
transformations can be written in the same form (2): 


(3) y = Cz + b, 


except that for them the matrix C is (in rectangular coor- 
dinates) an arbitrary orthogonal (see Lecture 14) matrix 
rather than an arbitrary nonsingular matrix. 

Transformation (3) is a motion if and only if the matrix C 
is a proper orthogonal matrix (has determinant 1). For 
this reason motions are also called proper orthogonal trans- 
formations. 

Definition 1. For C = E transformation (3) has the form 
y = z + b, is a motion and is called a (parallel) translation. 
It carries any straight line over into a parallel line. Such 
motions (for b =Æ 0) leave no point fixed. 

Motions leaving some point O fixed are called rotations 
with centre at O. They make up a group designated by the 
symbol Rot, (n). 

Tf O is the origin of coordinates, then for a rotation with 
centre O there is no column matrix b in formula (3) (it is 
zero) This shows that as an abstract group the group 
Roto (n) is isomorphic to the group of proper orthogonal 
matrices SO (n). 

According to formula (3) any motion is a composition 
of a rotation y — Cz with centre at the origin and a transla- 
tion y = x + b. 


It turns out that in a plane (i.e. for n — 2) rotations 
(with an arbitrary centre) and translations exhaust all 
motions. 

Proposition 2. Any motion of a plane is either a translation 
or a rotation. 

Proof. It follows from the results of Lecture 14 on the 
form of orthogonal matrices of the second order that in 
arbitrary rectangular coordinates z, y every motion of 
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a plane can be written as 
F. z2'-—zcosa-—ysina--b,, 
(4) 'zrsina--ycosa--5,. 


For a = 0 it is a translation. We show that for a s 0 
a motion (4) has necessarily a fixed point and therefore is 
a rotation. 

The condition that a point M, (zo, Yo) should remain 
fixed under motion (4) is that 


Zo = To COS A — Yo Sina + Dy, 


Yo = Z Sina + yo cosa + b,, 
i.e. 
(4 — cos a) z, + (Sin a) y, = bı, 


(—sin a) z, + (1 — cos a) y, = b,. 


Since these equations represent a system of nonhomogeneous 
linear equations in zy, yy with the determinant 

1— cosa sina i TERTE 
anani tog = (1 — cos a)?+ sin? a = 2 (1 — cos a) 
nonzero for œ Æ 0, a fixed point M, does exist (and is 
unique). [] 

Any rotation of a plane with centre at the origin has the 
form 

z’ = zx cosa — y sin q, 

y =zsina + y cosa, 
where « is some angle uniquely determined always suppos- 
ing —z < a < n. This angle is called the angle of rotation. 


Proposition 2 in particular shows that a motion of a plane 
cannot have more than one fixed point. This is not so for 
orthogonal transformations not preserving orientation. 

Definition 2. A nonidentity orthogonal transformation 
of a plane, which has a straight line of fixed points, is 
called a symmetry with respect to (or reflection in) that straight 
line. The straight line consisting of fixed points of symmetry 
is called the azis of symmetry. 

Let the orthogonal transformation 


BS CyT+ CY +O, Y'= Cutt Copy + be 
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be a symmetry with axis z = 0. Then there must hold 
identically for y the equations 
= Ciy +b, Y = Coy + b, 


whence it follows that c,4 = 0, cg, = 1 and b, = 0, b, = 0. 
In view of the fact that the matrix C is an orthogonal matrix 
it is possible (for a nonidentity transformation) only for 


Co; = 0 and c,, = —1. Thus the symmetry under consid- 
eration may be expressed by the formulas 

zt = —z, 
6) , 

y — y. 


In particular we see that symmetry is uniquely determined 
by its axis. Any symmetry reverses orientation and its 
square is an identity transformation. 

For an arbitrary orientation-reversing orthogonal trans- 
formation ® and an arbitrary symmetry S the composition 
Se@ preserves orientation, i.e. is a motion. Since D = 
= SofSo@) this proves that any orientation-reversing ortho- 
gonal transformation ® is a composition of a motion and 
some symmetry S (which may be chosen the same for all ®). 

An example of such a transformation is the so-called 
glide symmetry (or glide reflection) 

t o——z y=yta 
which is a composition of a symmetry and a translation 
along the axis of symmetry. 

Proposition 3. Any orientation-reversing orthogonal trans- 
formation of a plane is a glide symmetry. 

Proof. It follows immediately from the results obtained 
above (as well as from what was said in Lecture 14) that 
any orientation-reversing orthogonal transformation of 
a plane can be expressed in an arbitrary system of or- 
thogonal coordinates z, y by the formulas 


6 z'—rcosa--ysina--b,, 
(6) y’=zsina— y cosa -+ bz. 


We show that there are numbers l, m such that if ¥ 
is a translation by a vector a (l, m), then the transforma- 
tion Q = Y-!.@ isa symmetry whose axis is parallel to 
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the vector a. It is clear that this will prove the proposition 
since the transformation D = Yo isa glide symmetry. 

For any l and m the transformation Q = V -1« (p is obvious- 
ly given by the formulas 


£'-—zcosa--ysina-J-5,—l, 
y'—zsina—ycosa--b,— m. 


Hence its fixed points are determined from the equations 


z (1 — cosa) — y sin œ = b, — l, 
(7) 


—z sin æa + y (1 + cos æ) = b, — m. 


The problem is to choose l and m in such a way that, first, 
these equations should determine a straight line (then Q is 
a nonidentity—since it reverses the orientation—orthogonal 
transformation possessing a straight line of fixed points, 
i.e. is a symmetry). In other words, the numbers / and m 
must be chosen in such a way that equations (7) should be 
proportional: 


1—cosg _ —sing — bı—l 
—sing  1+cosa  b,—m^* 
The condition 
1—cose@ _  —sinc 
—sing ^ 1--cosa 


is satisfied identically, while the condition 
—8inc b,—l 


“TFcosa —b—m 
gives for | and m the equation 
(b, — m) & + (b — 1) =0 
where the notation 





sinc 
Aes 1+cos@ 
is introduced to reduce the formulas. And, secondly, we 
must require that the resulting straight line should be 
parallel to the vector a (J, m), i.e. that there should hold 
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the equation 


Thus, for l and m we obtain the two equations: 
(8) l+ m = bA +b, Al—m=0. 


To complete the proof it remains to note that equations (8) 
have a unique solution 


bA +b baà +b 
E m= 1 D 


It is clear that a glide symmetry with a= 0 leaves no 
point fixed. Thus, if an orientation-reversing orthogonal 
transformation has at least one fixed point, then it is a sym- 
metry (and leaves therefore a whole straight line fixed). 
But forfany rotation a composition of it and a symmetry 
whose axis passes through the centre of rotation is obviously 
this kind of transformation and so represents a symmetry. 
Since the square of any symmetry is an identity transfor- 
mation, this proves that any rotation of a plane is a composi- 
tion of two symmetries. 

Similarly a composition of a translation and a symmetry 
whose axis is perpendicular to the vector of the translation 
is also an orientation-reversing transformation having 
a fixed straight line, i.e. a symmetry. For example, if 
a translation takes place along the axis of abscissae, i.e. has 
the form 


, 


z'-—rda y =y, 
then the composition 
z = —r+a, y —y 
of it and a symmetry with respect to the axis of ordinates 


has a fixed straight line z = + . This proves that any trans- 
lation is also a composition of two symmetries. 
Thus every motion of a plane may be decomposed as a prod- 


uct of two symmetries. O 


We have no time to study orthogonal transformations 
of a space in as much detail. We shall therefore confine 
ourselves to a description of its rotations. 
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By definition every rotation ® of a space leaves some 
point of it O fixed. On taking this point as the origin of 
coordinates we obtain for (D formulas of the form 


z' = C47 F Co + C432, 
Y’ = CyT + Cony + C232, 
Z’ = 6g + C3 + bas. 


Let us try to find all the points (z, y, z) (0, 0, 0) which 
this rotation leaves on the same straight line as that on 
which the point (0, O, O) lies, i.e. such that 


(9) z’ = ìr, y =y, 2 =% 
where À is some number. Their coordinates z, y, z must 
satisfy the equations 

(c1 — A) 2 + cry + C132 = 0, 

Cot + (Cop — À) y + Cogz = 0, 

€giZ. + Cgey + (Cas — A) 2 = 0 
known from algebra to have a nontrivial solution if and 
only if 


€4—À C12 C43 
(10) Coo Ca—À 0n | = 0. 
Cy C32 C33 — À 


But this last equation is a cubic equation in À and it is 
known that any odd-degree equation with real coefficients 
has necessarily a real root. This proves that there do exist 
points (z, y, z) (0, 0, 0) having property (9) (À being 
the real root of equation (10)). But since the transforma- 
tion ( is a rotation, it preserves lengths and so A = +1. 

This proves that for a rotation (D there exists a straight 
line passing through the point O all points of which either 
remain under the rotation (D fixed (the case 4 = 1) or go 
over to positions symmetrical with respect to the point O 
(the case à = —1). 

In both cases every point of a plane passing through the 
point O and perpendicular to the straight line is left by 
rotation (D in the same plane. Therefore ® induces in this 
plane some orthogonal transformation ®’ with the fixed 
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point O. Since under the hypothesis ® preserves the orien- 
tation of a space and, with A = —41, interchanges the 
sides of a plane, in the case à = —1 the transformation ®’ 
reverses the orientation of the plane. Possessing a fixed 
point, it is therefore a symmetry of a plane and hence has 
a straight line of fixed points. All these points are of course 
fixed points of the rotation (D as well. 

This proves that any rotation of a space leaves the points 
of some straight line fixed. 

This straight line is called the azis of rotation. In every 
plane perpendicular to the axis a rotation (D induces a rota- 
tion of the plane through some angle a, the same for all 
the planes (why?). This angle is called the angle of a rota- 
tion ®. It is obvious that the rotation ® is uniquely deter- 
mined when we know its axis and angle, so that two rota- 
tions coincide if and only if so do their axes and angles. 
(Recall that the angle « is chosen in the half-interval 
—3 < a < x; it is clear that rotations through the angles x 
and —z coincide.) 
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The Desargues theorem. The Pappus-Pascal theorem» The Fano 
theorem» The duality principle- Models of the projective plane. 
Models of the projective straight line and of the projective 
space» The complex projective straight line 


There is a relation between points and straight lines in 
projective geometry: a point lies on a straight line, and 
a straight line passes through a point. To emphasize the 
symmetry of this relation the technical term incidence is 
used and one says that a point is incident with a straight 
line, and a straight line is incident with a point. 

Despite the seeming poorness of this relation, it allows 
one to state and prove difficult and beautiful theorems. 
As an example consider the famous Desargues theorem 
(historically the first theorem of projective geometry): 

Theorem 1 (the Desargues theorem). Let for mutually 
distinct points 1, 2, 3, 4, 5, 6 the straight lines 14, 25, and 
36 be incident with the same point other than the points 1 to 6. 
Then the points 13-46, 35-62, 51-24 are incident with the 
same straight line. 

Here, say, the symbol 13 designates the straight line 
passing through points 1 and 3, and the symbol 13.46 
designates the point of intersection of the straight lines 13 
and 46. This theorem does not hold in the affine plane, since 
Straight lines do not always intersect. 

The proof of the Desargues theorem, as is the case with 
other similar theorems, can most easily be carried out in 
the projective geometry model Jo. Points of this model 
are the straight lines of a space that pass through a point O. 
Each of such straight lines is specified by its direction 
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vector a determined to within proportionality. Therefore, 
instead of these,straight lines itjis possible to consider 
their direction vectors. In other words, we may interpret 
points of the projective plane Jo as nonzero vectors in 
Space given to within proportionality. 

The points of the straight line passing through the points 
a oO are then of the form pa + vb, where (p, v) z- 
# (0, 0). 

Thus interpreted, the Desargues theorem takes the fol- 
lowing "vector" form: 

Let for mutually noncollinear vectors aj, az, ag, a, 85, 8g 
of a space there exist nonzero numbers &4, &3, Œg, O4, As, Cg 
such that 


(1) qa, + 048, = QA, + Asas = Agag + Gf. 
Then there exist sets of numbers (Bi Bs, P. Po); (5; Ys» Yo; 
Y2), (ôs, 51, 0,, 6,), each containing at least one nonzero 
number, such that we have the equations 
Bai + Paas = Pia. + Pene, 
Vos + Ysäs = Vode + Voie, 
6,25 + 0,8; = 0,8, + 0,8, 
and these three vectors are coplanar. 
It is in this form that we shall prove the theorem. 
Since the vectors a, 4, are specified only to within pro- 
portionality and since none of the numbers a, is zero, 
we can replace each vector a; by a vector a,a;. Then (1) be- 
comes 
a, + a = 8, + a; = as + 8 
whence it immediately follows that 
a, — ay = —8, + a, 
as — a; = —8g + Ag, 
as — a; = —a, + a, 
Since 
(a; — as) + (as — as) + (as — ay) = 0 


this proves the Desargues theorem. O 
The proof has turned out to be shorter than the statement! 
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There are four more points in the Desargues theorem besides 
the points 1 to 6: 


14-25 = 14-36, 13-46, 35.62, 51.24. 


Designate these points by the figures 0, 7, 8, 9 (in the 
order indicated). Then the ten points 0 to 9 will lie on the 
ten straight lines: 


25, 37, 49, 06, 01, 19, 28, 64, 35, 78. 


If we designate these straight lines by the figures 0 to 9 
(in the order indicated), then the Desargues theorem can be 
restated as follows: 

(*) If each of the points 0 to 8 is incident with the straight 
line designated by the same figure, then point 9 is also incident 
with straight line 9. 

These ten points and ten straight lines form the so-called 
Desargues configuration. In this configuration any point is 





The Desargues configuration 


incident with precisely three straight lines and any straight 
line is incident with precisely three points. 

Two triangles are said to be in perspective if their vertices 
are located in pairs on three straight lines intersecting 
in the same point (the centre of perspective). For example, 
in the Desargues configuration the triangles 135 and 246 
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are in perspective from the centre of perspective 0. In this 
terminology the Desargues theorem states that the points 
of intersection of corresponding sides of triangles in perspective 
are on the same straight line (called the Desargues straight 
line). 

It is a remarkable fact (that can be discovered by survey- 
ing all the ten points and the ten straight lines) that in 
a Desargues configuration all points and straight lines are 
equivalent: any of its points (straight lines) is the centre 
of perspective (the Desargues straight line) of a uniquely 
defined pair of perspective triangles. 


When triples of points 1, 3, 5 and 2, 4, 6 are collinear, 
the Desargues theorem degenerates into a triviality (all 
the three points 7, 8, 9 coincide). On the other hand, the 
following theorem holds for such points: 

Theorem 2 (the Pappus-Pascal theorem). 7j of the siz 
distinct points 1, 2, 3, 4, 5, 6 points 1, 3, 5 are incident 
with the same straight line and points 2, 4, 6 are also incident 
with the same straight line (other than the first) none of these 
points simultaneously lying on both straight lines, then the 
three points 14-23, 45.36, 52-61 are incident with the same 
straight line. 

Proof. In a “vector” interpretation the theorem states 
that if 

(i) the vectors a, aa, a3, a,, aj, ag are mutually non- 
collinear, 

(ii) the vectors a,, as, ag as well as the vectors az, a,, ag 
are coplanar, 

(iii) none of the vectors aj, ag, a, is coplanar with the vec- 
tors as, a,, ag and none of the vectors a4, a,, ag is coplanar 
with the vectors a, ag, 8s, 

then the vectors ay, ag, a expressed by the formulas 


8; = haa + Hedy = Vgl + Vada, 
8g = Mois + Mss = Vil + Velle, 
as = pls F Mee = Via, F Vals, 


are coplanar. 
Let ej, ej, € be vectors such that 


a, A as = ep A er, a; A& = Co A e 
20—01283 
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(see Propositions 2 and 3 of Lecture 7). It is clear that the 
vectors eo, ej, €> are linearly independent and the vectors 
a- are expressible in terms of them. In the expression of 
the vectors a,, ag, aj (the vectors a,, a, ag) in terms of 
the vectors ey, € e, the coefficient of the vector e, (the 
vector e,) is equal to zero and that of the vector e, (the 
vector e,) is nonzero. Since the vectors a, are specified 
only to within collinearity, we may assume without loss 
of generality that . 

a, = kieo + e a: = TN 4 8n; 

ag = kaeo + ej, a, = Key + es 

ag = ley + ej, Ag = keeo + es, 
where k, are some numbers. On substituting these expres- 
sions in the formula for the vector a, we at once see that 
a; = (gal + paka) eo + pier + ques = 

= (vaka + Vaka) eo + vae + Volo. 

Since the vectors ey, e,, e; are linearly independent, this 
equation may hold if and only if p, = vg, p, = Va and 
ual, + ule, = Vaka + Vka. Consequently, 


By (kı — Ks) = py (ka — ka). 


Since the vector a, is also specified only to within colli- 
nearity, we may assume that p, = k, — k, (it is obvious 
that k, = k,) and hence that u, = kı — ks. Thus 


a; = [(k4 — hy) ky + (kı — ka) kil eg + (ka — ki) ei + 
+ (ky — kg) e = (Ik, — kaki) ey + 
+ (kz — 1) ei + (kı — kg) es. 

It can be shown in a similar way that 

ag = (kika — Iyeg) eg + (ka — ke) ey + (kı — ks) es, 

ay = (kgk, — kska) ey + (ky — ke) ey + (ks — ks) es. 
But then a, + a, = ag, and therefore the vectors a;, ag, 8 
are coplanar. [] 


In the Pappus-Pascal theorem, besides points 1 to 6 
there are other points, 7 — 14.23, 8 — 45.36, and 9 — 
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= 52-61, as well as nine straight lines 

69, 46, 27, 58, 13, 38, 14, 78, 25. 
Designating these straight lines by the figures 1 to 9 (in 
the order indicated) we may restate the Pappus-Pascal 
theorem as follows: 

(+) If each of the points 1 to 8 is incident with the straight 
line designated by the same figure, then point 9 is also incident 
with straight line 9. 

Thus the Pappus-Pascal theorem allows the same wording 
of the statement as that of the Desargues theorem! The 
only difference is what straight lines are in what way desig- 
nated. It turns out that a statement of the type (+) (but 





The Pappus-Pascal configuration 


in general with a different number of straight lines and 
points) suits a whole group of theorems. These are called 
configuration theorems. The Desargues and Pappus-Pascal 
theorems are the simplest and at the same time most impor- 
tant among them. 

The configuration of nine points and nine straight lines 
that is obtained in the Pappus-Pascal theorem is called 
a Pappus configuration. Just as in the Desargues configura- 
tion, in a Pappus configuration three straight lines pass 
through any point and three points lie on any straight 
line. In addition, all points and straight lines are also 
equivalent in Pappus configurations. 


An example of a nonconfiguration theorem of projective 
geometry is the following: 


20° 
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Theorem 3 (the Fano theorem). 7f no three of four points 

1, 2, 3, 4 are collinear, then neither are the points 
12.34, 13.24, 14.23. 

Proof. We must show that if of four vectors a,, ap, as, & 
no three are coplanar, then neither are vectors a, b, e of 
the form 

a = 048, + 048, = Agag F Aa, 

(2) b = fa; + Byas = Boa. + Bia, 

€ = YA + Vaas = Via + 484. 
But indeed, according to these equations, 
Qia; + Age — Asay — ca, = 0, 
Bia, — Bea, + Bsaa — Ba, = O, 
¥181 — V22 — Yas + yia, = O. 

Since under the hypothesis the vectors a,, aj, ag are non- 
coplanar (i.e. linearly inde- 
pendent), these equations are 
possible if and only if their 
coefficients are proportional. 


Thus there are numbers k= 
350 and 14250 such that 


1 2 Bike, Ba = —ko, 
Bs = —kos, p, = ka, 
4 Yı las, Yo = —lo, 
Ys = las, y = —la,. 
The Fano theorem On the other hand, the first 


of the equations (2) implies 
that the vectors a, d, e have in the basis aj, az, aa the 
coordinates 


(a1, %2, 0), (Bi, O, Bs), (0, vo. v3)- 








Since 
Q4 Ae 0 
B, 0 B=- GB. Y 5 — 0432 = 2kl (40525) Æ 0 
O0 v2 "s 


these vectors are not coplanar. O 


Lecture 26 309 


The appearance in the last formula of two means that the 
Fano theorem holds if and only if the characteristic of the 
ground field K is other than two. At the same time the Desar- 
fue and Pappus-Pascal theorems hold for any ground 
field K. 


In the proofs of the preceding theorems we used vectors 
only for the sake of simplifying and reducing the computa- 
tions. It could be possible, if desired, to develop essentially 
the same arguments in an arbitrary system of projective 
coordinates. 

As we know, in plane projective geometry points and 
straight lines play perfectly symmetrical roles. Analytically 
this finds expression in the incidence condition 


(3) AX + BY 4- CZ —-0 


of a point (X:Y:Z) and a straight line (A:B:C) being abso- 
lutely symmetrical with respect to the coordinates of the 
point and the straight line. Therefore, if we associate with 
every point (straight line) a straight line (point) with the 
same coordinates, then the incidence between points and 
straight lines will not fail, i.e., for example, points incident 
with some straight line will be carried over into straight 
lines incident with the point corresponding to this straight 
line. This proves the following general principle. 

The duality principle for the projective plane. {f in some 
true sentence about points and straight lines and about inci- 
dences between them we interchange the words "point" and 
"straight line", then we again obtain 'a true sentence. 

This new sentence is called the dual of the original sen- 
tence. Note that this principle is not a theorem of projective 
geometry since it tells us not of points and straight lines 
but of theorems. 

The assertion that "any two points are incident with the 
same straight line" is the dual of the assertion that "any 
two straight lines are incident with the same point". Note 
that in affine geometry the first assertion is true, while 
the second is not. 

A more interesting example is obtained if we consider 
the dual of the Pappus-Pascal theorem. It is called the 
Pappus-Brianchon theorem. 
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Theorem 4 (the Pappus-Brianchon theorem). If of siz 
distinct straight lines 1, 2, 3, 4, 5, 6 straight lines 1, 3, 5 


3 4 


The Pappus-Brianchon theorem 





The dual of the Fano theorem 


are incident with the same 
point and straight lines 2, 4, 6 
are also incident with the same 
point (other than the first), 
none of these straight lines 
simultaneously containing both 
points, then the three straight 
lines 


14-23, 45-36, 52.61 


are also incident with the 
same point. 0 

Here, say, 14 denotes the 
point of intersection of 
straight lines 1 and 4 while 
14.23 denotes the straight 
line passing through the 
points 14 and 23. 

Just as the Pappus-Pascal 
theorem, the Pappus-Brian- 
chon theorem also asserts the 
existence of some configura- 
tion. It is remarkable that 
we obtain here the same Pap- 
pus configuration. 

Indeed, the dual of the state- 
ment (*) obviously coincides 
with itself (this statement 
is said to be self-dual). The 
Pappus-Pascal theorem gua- 
rantees the construction of 
this configuration beginning 


with two triples of points, while the Pappus-Brianchon 
theorem does so beginning with two triples of straight 


lines. O 


For the same reason the dual of the Desargues theorem 
(which certainly does not coincide with this theorem, and 
what is more, as can be easily seen, is its converse) guaran- 
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tees the construction of the same Desargues configuration 
from ten points and ten straight lines. 

The dual of the Fano theorem states that for no four 
straight lines 1, 2, 3, 4 of which no three pass through the 
same point the straight lines 12.34, 13.24, 14.23 (the 
"generalized diagonals of a quadrangle” ’) pos pd the 
same point either. ' 

In conclusion we consider the question of visualizing 
the models of the real projective plane. 

The “circle” model is a circle diametrically opposite 
points of which are identified (“glued”). Unfortunately, this 
gluing is not possible in three-dimensional space, even if 
we imagine a circle that is made of thin rubber and allow 
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Consecutive steps in the gluing of the projective plane "with a hole" into 
a Mobius strip 


it to be arbitrarily bent and stretched. The situation will 
change if we cut a smaller circle in it leaving an annulus 
with the diametrically opposite points of the external 
circumference identified. 

On cutting the annulus along two radii ab and cd we 
obtain two rectangles which can now be glued as required 
without difficulty. After gluing we obtain a rectangle two 
opposite sides of which consist of the edges of the radial 
cuts. On gluing these sides, for which purpose the rectangle 
has to be twisted (and prestretched), we obtain in space 
a surface called a Móbius strip. 
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A Mobius strip has an edge that is a circumference (it 
is the edge of the circle cut out of the projective plane at 
the beginning). Therefore, to obtain again a projective 
plane it is sufficient to glue the Mébius strip over with the 
circle along its boundary circumference. However, it cannot 

be done without self-intersec- 
tions in a three-dimensional 
space. One can do it only in 
a four-dimensional space, by 
choosing an arbitrary point 
(outside the three-dimension- 
al space containing the Móbi- 
usstrip) andconstructingover 
the Móbius strip a cone with 
vertex at that point. 
A model of the projective straight Anyone knows the remark- 
line able properties of the Mö- 
bius strip (for example, its 
onesidedness) from books on popular mathematics. There- 
fore we shall not describe them anew here. 


A similar representation of the projective straight line 
(of a one-dimensional real projective space) presents no 
difficulty. The model of the projective straight line, similar 
to the "bundle" model of the projective plane, is a pencil 
of straight lines in a plane with centre at some point O. 
On considering a semicircle with centre at O and "straight- 
ening" it into a segment we obtain as a model of the pro- 
jective straight line (similar to the "circle" model) a seg- 
ment (i.e. a "one-dimensional circle") whose end points are 
identified. On making this identification we obtain a circle 
from the segment. Thus the model of the projective straight 
line is a circle. 

For a (three-dimensional) projective space the analogue 
of the "circle" model is the "ball" model. In this model 
points of a projective space are represented by inner points 
of a ball and pairs of diametrically opposite points of its 
boundary sphere. 

Take, for example, a ball of radius x. Let O be its centre. 
Any point M+ 0 uniquely determines a straight line OM 
and a number a = |OM |, 0-ax; x. Associate with 
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this point a counterclockwise (if viewed along the axis 


— 

in the direction of the vector OM) rotation about the axis 
OM through an angle «. Associate with the point O an 
identity transformation (rotation through an angle 0). 
It is clear that by an appropriate choice of the point M 
in the ball we may thus obtain any rotation of the space. 
To two different points of the ball will then correspond 
different rotations, provided these points are not diametri- 
cally opposite points in the boundary of the ball, in which 
case the same rotation is obtained. 

This shows that a model of a three-dimensional projec- 
tive space is the group Hot, (3) of rotations of the space. 
Since this group is isomorphic to the group of proper ortho- 
gonal matrices SO (3) we finally find that the set SO (3) of 
proper orthogonal matrices of the third order is a model of the 
three-dimensional real projective space. 

We see in particular that matrices of SO(3) can be para- 
metrized in quadruples (a? : a! : a? : a?) of numbers specified 
to within proportionality. It is possible to write beautiful 
explicit formulas for this parametrization, but we haven't 
the time. 


A similar visualization of complex projective spaces CP" 
is possible only for n — 1 (since even the complex projec- 
tive plane CP? is of real dimension 4 and therefore cannot 
be visualized). As to the complex projective straight line 
CP? it is by definition a set of proportionality classes (zo: zi) 
of pairs of complex numbers (Zo, 2,). For 2) == 0 every such 
class is uniquely characterized by a complex number 
Z = zz, while for z, — 0 there is only one class, 
(0 : 1). 

Designating the last class by the symbo] oo we thus find 
that a model of the complex projective straight line is the set 
of complez numbers C augmented with the symbol oo. 

Every complex number z = z + iy can be represented 
in a plane (with a given system of rectangular coordinates) 
by a point (x, y). Therefore the set C is often referred to as 
the plane of compler numbers (the sometimes used term 
"complex plane" is very unhappy, since it is employed as 
the name of the plane over the field C, a plane that, from 
a "real" viewpoint, is of dimension 4), while the set C with 
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the added symbol oo is called the augmented plane of complex 
numbers Ct. 

Consider on a sphere S in a three-dimensional space an 
arbitrary point N and a plane x tangent to S at the dia- 
metrically opposite point. For any point M of the sphere S 
distinct from the point N a straight line NM intersecting 

the plane x is then deter- 
mined. On associating with 
the point M the point of in- 
tersection M" ofthe straight 
line NM and the plane x we 
obtain a bijective mapping 

d M — M' (called the stereo- 

A graphic projection) of the 
sphere S, without the point 
N, onto the plane x. 

' Taking as x the plane of 
complex numbers we are in 
particular enabled to repre- 
sent complex numbers as 
points of a sphere "punctured" at one point N. On assigning to 
this point the symbol oo we thus obtain a bijective corre- 
spondence between the points of the augmented plane C* 
and those of the sphere S. On these grounds the augmented 
plane C+ is often referred to as the sphere of complex numbers 
or Riemann sphere. 


We thus see that the sphere is a model of the complex pro- 
jective straight line. 


The Riemann sphere 
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Linear fractional transformations. Linear transformations.» In- 
version. Inversions and linear fractional transformations. Two 
properties of linear fractional transformations» Fixed points 
of linear fractional transformations: Parabolic, elliptical, 
hyperbolic and loxodromic linear fractional transformations. 
The three-point theorem. The multiplier of linear fractional 
nonparabolic transformation. Classification of linear fractional 
transformations. Stereographic projection formulas» Rotations 
of a sphere as linear fractional transformations of a plane- 
Isometries of a cube 


For any complex numbers a, b, c, d satisfying the relation 











a b 
cd =ad—be~0 
the formula 
az+b 
(1) uw ez-+d 


defines the transformation ze w of the augmented plane 
C* of complex numbers into itself. (It is assumed by defini- 


E d 
tion that w-- for z = oo and w = oo for s=— >; 


in particular, if c = 0, then w = oo for z = oo.) 

Definition 1. Transformations C+ — C+ of the form (1) 
are called linear fractional transformations. 

These transformations are closely connected with trans- 
formations of the complex projective straight line CP!. 
Indeed, as a transformation established from the equality 
of projective coordinates, every projective transformation 
CP" — CP"? must be written in homogeneous projective 
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coordinates using the same formulas as those used to write 
a transformation of projective coordinates (see Lecture 27), 
i.e. formulas (4) of Lecture 26. For n = 1 these formulas 
have, to within the notation, the form 


PW = czo + dz, c d 0 
pw, = az, + bz, a b * 


and therefore on transforming from them to the nonhomo- 
geneous coordinates z =á and w =- we obtain pre- 
0 A 

cisely transformation (1). This proves that linear fractional 
transformations (1) are simply projective transformations of 
the complex projective straight line in the model C+. Q 

It is clear that all linear fractional transformations form 
a group, i.e. a composition (product) of two linear fractional 
transformations and an inverse of a linear fractional trans- 
formation are linear fractional transformations. An inverse 
of linear fractional transformation (1) is given by the for. 
mula 


—dw+b 
^" a—a 
According to what has been said above, the group of linear 
fractional transformations is isomorphic to the group 
Proj (1, C). 

Transformation (1) remains unchanged when the coeffi- 
cients a, b, c, d are all simultaneously multiplied by the 
same number p ~ 0. Therefore any linear fractional trans- 
formation can be written in the form (1) with the additional 
condition 
= ad — be = 1. 


Such a notation of linear fractional transformations will 
be called a normed notation. Every linear fractional trans- 
formation allows two normalizations going over into each 
other when all the coefficients are multiplied by —1. 


where 





For a= d = í and c = 0 we have the transformation 
(2) w=2-+ b. 
Interpreting the complex number b = b, + ib, as a vector 


(with coordinates b, and b,) we see that this transforma- 
tion is a translation by a vector b. 
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Let d=1, b = c = 0 and hence 
(3) w = az. 
For |a | = 1, i.e. when 
a = cos q + isina 
(or, otherwise, a = e!*?), transformation (3) has the form 
(4) w = etz 


and is a rotation through an angle œ (to discover this it 
is sufficient to write the transformation (4) in rectangular 
coordinates z = Rez and y = Im z). When a=r>0 is 
real and positive transformation (3) is a homothety with 
coefficient r. In the general case a = re!* and transforma- 
tion (3) is a composition of a rotation through an angle 
œ = arg a and a homothety with coefficient r = |a |. 

Transformations (2) and (3) are both special cases of 
linear fractional transformations of the form 
(5) w = az + b 
obtained for c = 0 and d = 1. Such transformations are 
called linear transformations. 

Every linear transformation is a composition of a trans- 
lation (2) and a transformation (3). In particular, for | a | — 
= 4 a linear transformation is a motion (and conversely, 
any motion of a plane is a linear transformation (5) with 
|a | = 1). It follows that linear transformations are exactly 
similarity transformations. L] 

Note that notation (5) of linear transformations is not 
a normed notation (for a + 1). 


Let T be an arbitrary circle of radius R and let M, be its 
centre. Points M and N (distinct from the point M,) are 
said to be symmetrical with respect to the circle T it 

(a) these points lie on the same ray emanating from 
the point M; and 

(b) we have 

| MoM |-| MN | = R?. 
The point M, is defined to be symmetrical to the point oo. 

If the points M,, M, and N are represented by complex 
numbers z,, z, and w, then conditions (a) and (b) may be 
written as: 
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(a) the arguments of the numbers z — z, and w — z, 
are equal: 


arg (z — Zo) = arg (W — Zo), 
(b) for their moduli we have 
| Z—2 |-| W— z | = R*. 


According to condition (b) the complex numbers w — zo 
2 
and —— 





have equal moduli and according to condition 
Z — 

(a) they have equal arguments as well. Therefore these 
numbers are equal: 


(6) W — Zo = Bis " 
Z— 29 





Thus points representing the complex numbers z and w 
(commonly called simply points z and w) are symmetrical 
with respect to a circle of ra- 
dius R with centre at a point 
Zo if and only if relation (6) 
holds. 

Formula (6) may be con- 
sidered to give some transfor- 
mation z> w of the augment- 
ed plane C* of complex num- 
Points symmetrical with respect bers. 
to a circle Definition 2. Transforma- 

tion (6) of the plane C* car- 
ryingevery pointz into a point w symmetrical with respect 
to a circle T is called an inversion with respect to the circle T. 

It carries the centre of this circle, My, over into the 

point oo, and conversely, the point oo into the centre Mo. 





In the special case where T is a unit circle (of radius 1 
with centre at a point z = 0) formula (6) becomes 


1 
w= =. 
(7) : 
It follows from this formula that by composing this trans- 
formation with a transformation z> z we obtain a linear 
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fractional transformation 


(8) w-—4, 

The transformation z > z is a symmetry with respect 
to the abscissa axis y =0. We thus see that linear fraction- 
al transformation (8) is a composition of a symmetry with 
respect to a straight line and an inversion with respect 
to a circle. 

In the theory of linear fractional transformations it 
is appropriate to rank all straight lines with circles. The 
formal analytical basis for this is provided by the fact 
that the equation 


(9) E (z? + y*) + Az + By +C —0 


gives a circle when E 25 0 (and when A? + B? > 4EC) 
and a straight line when E = 0. Accordingly, it is appropri- 
ate to say that an inversion with respect to a straight line is 
a symmetry with respect to it. In this terminology we may 
thus state that linear fractional transformation (8) is a com- 
position of two inversions. C] 

An inversion with respect to a circle of radius R and 
with centre at a point z, = 0 may be expressed by the 
formula 

pn 

Z 

Its composition with an inversion (7) is therefore of the 
form 


w = R?z, 

i.e. is a homothety with coefficient R?. Since any positive 
real number may be represented by R?, this in particular 
proves that any homothety is a composition of two inversions. O 

As we know (see Lecture 27), any motion of a plane 
is also a composition of two inversions (symmetries with 
respect to straight lines). Therefore any linear transforma- 
tion (similarity transformation) is a composition of four 
inversions. C] 

The formula 


az+b a 


1 
cz 4-d c  c(ez+d) 
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(we assume that ad — bc = 1) shows that for c ~ 0 linear 
fractional transformation (1) is a composition of a linear 


: ! 1 
transformation z — cz + d, a transformation z ix and 


a linear transformation z — — E + $ . This, together 


with what has been said above, proves the fallowing pro- 
position. 

Proposition 1. Any linear fractional transformation is 
a composition of an even number of inversions. 0 


Since 





z+z __ £—2 
E o ta 


we can write equation (9) of a circle (or straight line) as 


rica (582) +3 (232) 40-0, 


a=2?+y2, r= 


i.e. as 
(10) Ezz+ Pz 4- Pz--C — 0 


uw 


A > N^ 
where E and C are real numbers and P = = — i -z is some 


complex number. 
Transformation (8) carries this circle over into a curve 
with the equation 


E+ Pz 4- Pz + Czz — 0, 


i.e. again into a circle (that is a straight line when C = 0). 
Since, as was noted above, any linear fractional transfor- 
mation is either a linear transformation, i.e. a similarity 
transformation (trivially carrying any circle over into 
a circle) or a composition of transformation (8) and two 
linear transformations we thus see that any linear fractional 
transformation carries a circle or a straight line over into 
a circle or a straight line. DO 

This property of linear fractional transformations is 
usually called their circle property. 

Since any inversion (6) differs from a linear fractional 
transformation by some symmetry, the circle property 
holds for every inversion as well. Q 
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Lemma 1. Two circles (or straight lines) 


(11) E (£ + y?) + Az + By +C=0 

and 

(12) E, (23? - y?) + Ayr+ By 4 - C,—0 

are orthogonal (intersect at right angles) if and only if 
(13) AA, + BB, = 2 (EC, + EC). 


Proof. When E = Q the centre of circle (11) has coordi- 
nates (l-5 : — 3r) and the square of radius R? of the 
circle may be expressed by the formula 


A34 B3 —AEC 
(44) R=- p 


Similarly, when E£, == the centre of a circle (12) has 


coordinates ( —£ ,;— a) and the square of the radius R? 
1 1 
of the circle can be expressed by the formula 
A? + B} —4E,C 
(15) m = SOR 


On the other hand, a trivial elementary-geometry argument 
shows that circles (11) and (12) are orthogonal if and only 
if the sum R? + R? of the squares of their radii is equal 
to the square of the distance between their centres, i.e. if 


i A Ai \2 B B, \2 
Re R= (s¢—se) +o a) 
On substituting in this relation expressions (14) and (15) 
we obtain, after simplifications, condition (13). 
When E, = 0, i.e. when circle (12) is in fact a straight 
line A,z + Byy + C, = Q, the statement that the straight 
line and the circle (11) are orthogonal implies that the 


straight line passes through the centre of the circle (11), 
i.e. that 


A(- de) (3) i-e 


After simplifications we again obtain condition (13) (with 


17 


1/a 21—01283 
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Finally, for E = 0 and E, = 0 condition (13) becomes 
AA, + BB, — 0, the perpendicularity condition of two 
straight lines we know. [] 

When equations (11) and (12) are written in the form 
(10), i.e. as 


Ezz+Pz+Pz+C+0 
and 
E,2z-+ Pz 4- P,z,+C,=0, 
condition (13) becomes 
(16) PP, + PP,— EC,-- E,C. 


As shown above, transformation (8) carries a circle (11) 
over into a circle for which the role of the coefficient E 
is played by the coefficient C, and that of the coefficient C 
is played by the coefficient E, and the coefficient P is re- 


placed by a complex conjugate number P. 
In a short but clear notation this yields 


(17) E=>C, C>E, PsP. 
Similarly for the circle (12) 
(48) E= C, CQ— E, P >P. 


But it is clear that replacements (17) and (18) leave rela- 
tion (16) invariant (carry it into itself). This proves that 
a linear fractional transformation (8) preserves the orthog- 
onality of circles, i.e. carries orthogonal circles over into 
orthogonal circles. 

Since any linear fractional transformation is a composi- 
tion of linear transformations and a transformation (8) it 
follows that any linear fractional transformation also pre- 
serves orthogonality of circles (for linear transformations, 
being similarity transformations, do possess this property). O 

Remark. As a matter of fact linear fractional transforma- 
tions preserve any (and not only right) angles (are said 
to be conformal transformations), but proving this fact falls 
outside the limits of this exposition. 

From the elementary-geometry theorem on the square 
of the length of a tangent to a circle it immediately follows 
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that points M and N are symmetrical with respect to a 
circle T if and only if any circle passing through these 
points is orthogonal to the circle T. It is clear that this 
statement remains valid also when 7 is a straight line. 
Since every linear fractional transformation «D carries 
orthogonal circles (straight lines) over into orthogonal 
circles (straight lines) it follows that points M and N sym- 
metrical with respect to an arbitrary circle T are carried by 
every linear fractional transformation (D over into points 
M' = ® (M) and N' = Ọ (N) symmetrical with respect to 
a circle T' = (T). O 

A point which a linear fractional transformation (1) 


leaves fixed is called a fired point of the transformation. 
Fixed points are determined from the equation 





az- b 
a> cz+d ? 
i.e. from 
(19) cz? + (d—a)z— b — O0. 


Since a quadratic equation has not more than two roots, 
it follows that a nonidentity linear fractional transformation 
has not more than two fixed points. O 

Since by virtue of the normalization condition (ad — bc — 
— 1) we have 


(d — a)? + 4be = (a + d}? — 4, 


the fixed points of a normed linear fractional transformation 
(1) can be expressed by the formula 


= (a+ da)? —4 
(20 ea ALS 


When c = 0 (for a linear transformation) one of the fixed 
points is the point oo and the other is a point Aa (which, 
with d = a, i.e. for a translation, is also the point oo) 


A linear fractional transformation is said to be parabolic 
if it has only one fixed point. From formula (20) it follows 
that a normed transformation (1) is a parabolic transforma- 
tion if and only if the number a + d is real and equal to +2. D 


2i* 
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Parabolic transformations with fixed point oo are trans- 
lations and nothing but translations. 

Let a linear fractional transformation (1) have two fixed 
points z, and z,. Consider a family & of circles passing 
through these points and a family Æ of circles orthogonal to 
all circles of the family e£. It immediately follows from 


S. pu 


Be Z Rey? 


dran S 


A parabolic transformation with a finite fized point. Each shaded region 
goes over into the nezt one in the direction indicated by the arrow 


the circle property of linear fractional transformations that 
transformation (1) carries each circle of the family & over 
into a circle of the same family and since, in addition, 
it preserves the orthogonality of circles it also carries each 
circle of the family Æ over into a circle of the same family. 

It may happen that under transformation (1) each circle 
of the family Æ is carried into itself, i.e. any of its points 
is carried over into a (generally speaking, different) point 
of the same circle. Such a linear fractional transformation is 
called an elliptical transformation. Under an elliptical 
transformation each point moves round that circle of the 
family Æ on which it lies. 

One example of an elliptical transformation is a rotation 
with fixed points 0 and oo. The family Æ consists of con- 
centric circles with centres at the point 0 and the family o£ 
of straight lines passing through this point. 

Transformation (1) is said to be hyperbolic if, on the 
contrary, it carries into itself each circle of the family o£ 
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and, in addition, each of the arcs into which the circles of o£ 
are divided by the fixed points. 

An example of a hyperbolic transformation is a homothety 
w = az, a œ> Q, with fixed points O and oo. The families £ 
and & for this homothety are the same as those for a rota- 
tion w = ei?z, 


E UR 


D ie 
a KA A "UP. Gas J 


mx AU 
TY pa A 


An elliptical transformation with finite fixed points 


Generally speaking, a linear fractional transformation 
with two fixed points is neither hyperbolic nor elliptical. 
Such a transformation is called a lorodromic transformation. 
One example is a composition of a hyperbolic and an ellip- 
tical transformation with the same fixed points (say, a com- 
position of a homothety and a rotation). 


Proposition 2. For any two triples of distinct points of the 
plane C+, (21, 22, 23) and (wy, ws, wg), there exists a unique 
linear fractional transformation ® carrying the first triple 
over into the second. 

Proof. The uniqueness of the transformation ® is obvious. 
Indeed, if there is another linea. fractional transformation, 
V, carrying the triple (z,, Zə, Zə) over into the triple 
(Wi, We, W3), then the transformation ¥-1o@M will leave 
the three points z,, Zə, 2; fixed, which, as we know, is 
impossible for a nonidentity linear fractional transforma- 
tion. 

As far as existence is concerned, it is sufficient to prove 
it just for the special case where (ui, ws, ws) = (0, oo, 1), 
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since if @ carries (z,, Z, z,) over into (0, oo, 1) and ¥ 
carries (w;, Ws, ws) over into (0, oo, 1), then V 1 «D will 
carry (Zj, Zə, 2,) over into (Wy, Ws, Ws). 

On the other hand, it is easy to directly select a linear 
fractional transformation carrying (z,, z,, 23) over into 
(0, oo, 1). Indeed, for such a transformation the numerator 


7 


SA, 


yk 
yE 






/ 20/9 Y 
QUIA TD AEN b 
EN, 


fA eck V7) 
\ Á 


A hyperbolic transformation with finite fired points 


must vanish when z — z,, and the denominator must vanish 
when z = z,, while for z = z, the numerator and denomi- 
nator must take equal values. It is clear that this condition 
is satished by the transformation 


(21) w= 2— 2, p Zg — 22 m 


Z—29  2g9—21 ` 





Remark 1. In formula (21) all points z,, z,, z, are assumed 
to be finite (distinct from the point oo). For z, — oo we 
should set 


293— zZ 
w= 3 2 ; 
Z— Z, 
and, respectively, 
2—2 
w-———À- when 2,=00, 
29—421 
2—2 


w = when zZz¿= œ. 


Z— 29 
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Each of these formulas is obtained from the general formula 
(21) by cancelling the two multipliers containing oo. 

Remark 2. The presented proof of Proposition 2 allows 
us to write at once for a linear fractional transformation 
carrying a triple (z,, Zə, Z3) over into a triple (w;, w,, ws) 
a formula relating z and w. It is indeed clear that such 
a formula has the form 

W—Wy Wy—W,  2—24 Zg—2Za 
(ee) wa, wc Fy 
To obtain an explicit expression (1) of the point w in terms 
of the point z, it is necessary to solve this equation for w. 

Of course, if there is a point oo among the points 2,, Z2, Z3 
or the points w,, Wa, W3, formula (22) should be modified 
in accordance with remark 1. 

Formula (22) may be regarded as a relation to be satisfied 
by two quadruples (z,, Zə, 23, z,) and (wi, ws, Ws, w,) of 
points of the plane C* for the second quadruple to be obtained 
from the first by some (according to Proposition 2, unique) 
linear fractional transformation: Denoting for uniformity 
z by z, and w by w, and calling the number 


24— 21. — 293—229 _ 24—21 . 23— 
24— Z% 439—524  Z4— Zz ` Zg— Zg 
a cross ratio of the points 21, Zə, 24, z, we may state this 
fact as the following proposition. 

Proposition 3. Four points z,, Zə, 23, Z, of the plane C* 
can be carried over into points w,, Wa, wg, W, by some linear 
fractional transformation if and only if the cross ratios of 
these points are equal. O 


Now we can easily write a general form of a linear frac- 
tional transformation ® with given fixed points Z}, z,. 
Indeed, let z} be any other point and let w, = ® (z,). 
Then ® can be described as a linear fractional transforma- 
tion carrying a triple (z;, Z2, za) over into a triple (Z1, 25, Ws) 
and hence given by the formula 


W—2, Wy—2Zq __ 2—20  29—25 
U-—24  Ug—2q Z—Z29  Z3—2, * 
Setting g 
Wg—Zı 234—2 
(23) K= 1, “3 2 : 
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we can write this formula as 


(24) w—n gi—A 


U —Zs Z— Zp 


This is the general formula giving a linear fractional trans- 
formation (D with fixed points z,, z, (distinct from the 
point oo; if say Z, = oo, then the formula takes the form 
w — 2, = K (z — 2,)). 

The number K in formula (24) is called the multiplier 
of a linear fractional transformation ® (with two fixed 
points, i.e. not a parabolic one). It may be any (nonzero) 
complex number. 

To clarify the meaning of formula (24) we introduce into 
consideration a linear fractional transformation 


Z—21 
Z— 29 


Q: z— 


and a linear fractional transformation 


(25) K: z — Kz. 
Then formula (24) is equivalent to the equation 
Qo OD =K oQ, 


i.e. to the equation 
D = 270K oQ, 


signifying in the language of group theory that transforma- 
tion @ is conjugate in the group of all linear fractional 
transformations to transformation K with respect to a trans- 
formation Q. 

Transformation Q carries points z, and z, over into the 
points 0 and oo respectively, and hence the circles of the 
family & into straight lines passing through the point 0 
and the circles of the family Æ into concentric circles with 
centre at the point 0. When K > 0 transformation K moves 
the points along these straight lines, interchanging the 
circles, and conversely when | K | = 1 it moves every point 
round the circles, interchanging the straight lines. After 
that a transformation Q^! again carries straight lines over 
into the circles of the family & and the concentric circles 
into the circles of the family 5%. Therefore, when K — 0 
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transformation (D moves the points of a plane round the 
circles of the family æ, interchanging the circles of the 
family Æ, i.e. is a hyperbolic transformation, and converse- 
ly when | K | — 1 it moves the points of a plane round 
the circles of the family Æ, interchanging the circles of 
the family @, i.e. is an elliptical transformation. With K 
nonreal and | K |= 1 transformation (D is loxodromic. 

This reasoning may be presented in a more compact form 
taking into account that in fact it proves that for any linear 
fractional transformations Q and K the transformation 
Q-1oK oQ is of the same type as the transformation K. After 
that all that is necessary is to recall that transformation (25) 
is hyperbolic for K > 0, elliptical for | K | = 1 and loxo- 
dromic for all other K. 

What remains now is to learn how to compute the multi- 
plier K directly from the notation (1) (assumed to be normed) 
of a linear fractional transformation ©. To do this we 
shall use formula (23) applying it to the case where z} = oo 
and hence w, = ale (it is clear that the left hand side of 
the formula does not depend on the choice of z,). According 
to this formula 





Ka 


a—cz,’ 


where 2, 2, are the roots (20) of the quadratic equation 
(19). Since according to the Viéte formulas 


— b 
Z + 2= #4, 2422 = — 7 
and so 
a2 a2 (b nj-2na-- Ee 
we ae 
_ a—czy @—cz, — (a—czı)? +(a— cz)? 
K + c= d — C24 + R ~ (a— ez) (a— cza) = 
223 —2ac (z1 +z) +c? (zi +23) __ 2a?--2a (d—a) + (d—a)? +2be_ 
~ a3 — ac (24 -+ z3) + 22424 a? -l-a(d —a) — bc 
= era? (ad be) = (ad — 


22—01283 
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This proves that the multiplier K is a root of the quadratic 
equation 


(26) K+t=(a+a?-2. 0 


(We remark that the multiplier K of a linear fractional 
transformation with two fixed points depends on the way 
the points are numbered; with a different numbering it is 
replaced by its inverse. That is why equation (26) has two 
roots K and K-!.) 


From equation (26) it immediately follows (it is sufficient 
to write the explicit formula for its roots) that K is real 
and positive (and hence transformation (1) is hyperbolic) 
if and only if the number a + d is real and | a + d | — 2. 
Similarly | K | — 1 (and hence transformation (1) is ellip- 
tical) if and only if a + d is real and | a + d | « 2. There- 
fore transformation (1) is loxodromic if and only if the num- 
ber a + d is nonreal (recall that when | a + d | = 2 we go 
outside the class of linear fractional transformations with 
two fixed points to obtain parabolic transformations, i.e. 
transformations having only one fixed point). 

This proves the following final theorem. 

Theorem 5 (classification of linear fractional trans- 
formations). A linear fractional transformation in the normed 
notation 
az4-d 
ez+d 
is nonloxodromic if and only if the number a + d is real. 
When this condition holds the transformation is 


w = 





hyperbolic Ja+d|< 2, 
parabolic ọ if and only if 4 | a--d| —2, 
elliptical la-d| 2. 0 


In conclusion we shall describe one interesting class of 
linear fractional transformations. As a preliminary we 
shall find explicit formulas for a stereographic projection 
of a sphere $ in the plane C*. 

Let S be a unit sphere given in rectangular coordinates 
E, n, & by the equation 


Ely TFU-1 


Lecture 29 331 


(we now cannot use the conventional symbols z, y, z for 
coordinates, since we employ the symbol z to denote com- 
plex numbers). As the projection plane identifiable with the 
plane C* of complex numbers z = x + iy we now take the 
equatorial plane € = 0 of the sphere S (which is equivalent 
to an additional homothety with the coefficient 1/2), taking 
as the pole N of the stereographic projection the point 
(0, 0, 1). The straight line NV M passing through the point N 
and an arbitrary point M (E, yn, C) of the sphere S has 
canonical equations of the form 

X Y Z—1 
21 — Z —Á LOT — — 
i) E-- ge 
(we use X, Y, Z here to denote the “moving” coordinates 
of the points of a straight line) and therefore intersects 
the projection plane in a point (c , ZU 0) . This means 
that a stereographic projection carries the point M (&, n, C) 
over into a point 





EK „n . Etin 
(28) z=; tt a eae a a 
of the plane C+ (for £ —0, n = 0, €C = 1 we naturally 
put z — oo). 
Let M* (—E, —n, —L) be the point diametrically oppo- 
site to the point M (&, n, ¢) and let z* be the corresponding 
point of the plane C*. Then 








* E+in 
(29) = LEE 
and hence 
z*z- XE -—1. 
Conversely, if z*z = —1 and z is given by formula (28), 


then for z* we have formula (29). This proves that points z 
and z* of the plane C* are images under a stereographic pro- 
jection of diametrically opposite points of a sphere if and 
only if 


(30) a= — 


wife 


Oo 


22* 
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Consider now an arbitrary rotation 2 of a sphere S. 
Going over with the aid of a stereographic projection 
II: S —C* from S to C+ we obtain a linear fractional 
transformation (D = IIo DoJI-! of the plane C+ which is 
said to represent in + the rotation 2. Since the rotation X 
carries diametrically opposite points over into diametrically 
opposite points and the transformation (D carries points 
connected by relation (30) over into points also connected by 
relation (30). This means that if ® is given by the (normed) 
formula (1), then for any points z and z* connected by 








the relation z*z — —1 there must hold the relation 
az* +b az+ b K, 
(Sera) r)a. 


i.e. we must have identically for z the equation 


a t 





equivalent to 
(a — bz) (az +b) + (c — dz) (ez 4- d) — 0. 
This A possible if and only if all the coefficients are zero, 
ie. i 
ab+cd=0, aa—bb+cc—dd=0, ba+de=0. 

The first (and third) relations imply that there exists À + 0 
such that d = ha and b = —Ac. Therefore the second rela- 
tion takes the form (1 — AA) (aa + cc) = 0, which (since 
aa + cc œ 0) is possible only for 1 — AA =0, i.e. for 


{A ]= 1. 
On the other hand, the normalization condition ad — 


— be = 1 is now equivalent to the equation À (aa + cc) = 1 
from which it follows in particular that the number i 
is real and positive. Therefore À = 1 and hence d = a, 

= —c. This proves that a linear fractional transformation 
of the plane C* that is a rotation of a sphere is given by a for- 
mula of the form 





(31) w=“ where aa-4-cc—1. O 
ez--a 
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For transformation (31) the number a + d = 2 Re a is 
real. In addition, if c 40, then | a |? = aa = 1 — cc —— 4 
and so |Rea|x|al|«1 and if Im a0, then 
|Rea|< |a|<1, so that in both cass | Bea | —1 
and hence |a + d | « 2. Since for c = 0 and Ima = 0 
transformation (31) is obviously an identity transformation 
this proves that every nonidentity transformation (31) is 
elliptical. D 

Its multiplier K is therefore of the form e‘®. It is pos- 
sible to show (do it yourself!) that the angle 0 coincides 
with the angle of the initial rotation of the sphere. 

Remark. The presented derivation of formula (31) con- 
tains a significant gap. Namely, we have tacitly assumed 
and taken for granted that transformation ® = Ilo ZelIl^i 
of the plane C* corresponding to rotation X is a linear 
fractional transformation. This fact is sufficiently hard to 
prove and we restrict ourselves to outlining the main steps 
in its proof. ^ 

It is easy to see that a stereographic projection II maps 
every circle lying on a sphere into a circle (or a straight 
line) in a plane. Since rotation X obviously carries circles 
over into circles it follows that transformation ® has the 
circle property. Let us try to prove therefore that any trans- 
formation (bijective mapping) ® of the plane C+ onto itself 
having the circle property is linear fractional. (We warn 
the reader at once that this statement is incorrect and so 
we shall fail to obtain a proof.) 

Let transformation @ carry the point oo over into a point 
zo. Consider an arbitrary linear fractional transformation € 
carrying the point z, back into the point oo. Then a trans- 
formation V =Q- having as before the circle property 
will leave the point oo fixed. It is therefore sufficient to 
consider the transformation Y: C* — C* leaving the point 
oo fixed and having the circle property. But since V (oo) = 
— oo every such transformation can be assumed to be 
a transformation of an ordinary plane (unaugmented with 
the point oo). On the other hand, straight lines in the plane 
C* are exactly the circles passing through the point oo 
and therefore under the transformation ¥ these straight 
lines are again carried over into straight lines. In an unaug- 
mented plane we thus have a transformation carrying 


334 Semester | 


straight lines over into straight lines. As we know (see 
Remark 1 in Lecture 27), such a transformation is neces- 
sarily an affine transformation. So in an unaugmented plane, 
V is an affine transformation having the circle pro- 
perty. 

It is easy to comprehend that such a transformation is 
necessarily orthogonal, i.e. is either a motion (case I) or 
a composition of a motion and a symmetry (case II). In case I 
everything is proved, since every motion is known to be 
a linear fractional (even a linear) transformation. However, 
case II shows us that the statement we are trying to prove 


is false, for the symmetry z — z is not a linear fractional 
transformation. 

To mend the matters it is necessary to learn how to 
distinguish between linear fractional transformations and 
transformations of the symmetry type. It turns out that it 
is possible to correctly distinguish in the class of transfor- 
mations having the circle property a subclass of transforma- 
tions preserving orientation (which at present we can do 
only for affine transformations), and our restricting our- 
selves to this subclass will automatically exclude 
case II. 

Thus any transformation of the plane C* having the circle 
property and preserving orientation is a linear fractional 
iransformation. O 

After that, to fill in the gap in the proof ot formula (31) 
it only remains to show that the transformation ® = 
= IIo £ o II- is orientation-preserving, which reduces to an 
automatic check. 


For every rotation of a sphere the points in which the 
axis of rotation intersects the sphere are the fixed points of 
rotation. We shall call them the poles of rotation. 

Since the poles of rotation are diametrically opposite 
points of the sphere, their images under a stereographic 
projection are connected by relation (30). Since these images 
are fixed points of a linear fractional transformation repre- 
senting a given rotation it follows that linear fractional 
transformations representing rotations of a sphere are 
uniquely characterized as elliptical transformations whose 


fixed points have the form z, and =z. Therefore these 
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transformations may be expressed by the formula 





w—zi M K Z—21 

wt o a 
where K = 6/9, i.e. by the formula 

U-—2Z —K Z— 2 

wz, 4-1 22,4-1 ^ 


On solving this equation for w we have the formula 


(32) w= Etant Ka K = ei. 
(1—K) zz (0 T Kn) 


Just as formula (31) this one gives a general form of linear 
fractional transformations of an augmented plane that are 
rotations of a sphere. The argument 0 of the multiplier K 
is the angle of the corresponding rotation of the sphere and 
the number z, is the image of one of the poles of this rota- 
tion. If we choose the other (diametrically opposite) pole, 
then the angle 0 will change the sign. 

The notation (32) of linear fractional transformations 
representing rotations is not normed. Since 


(K + 2424) (14+ Kz,z) — (1— Ky z2,— 
=(1+ 2,2) K=(t+ 2421) eie, 
to obtain a normed notation we should multiply all the 
coefficients of formula (32) by A = (4 + zz)e as 
Therefore on setting 
a—A(K-Fzz) c—A(1—K)z, 


we obtain from formula (32) formula (31). But formula (32) 
is more convenient to use in calculations. 


Consider, for example, a rotation about the axis of abscis- 
sae. Its poles are points (+1, 0, 0) projectible into points 
+1 of an augmented plane. We can therefore apply for- 
mula (32) putting z, — 1. Consequently, a linear fractional 
transformation corresponding to a rotation of a sphere 
through an angle 0 about the axis of abscissae is given by 
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the formula 


—U+K)2+—K) kat 
araro 4-65 


By multiplying the numerator and denominator by $ e 


v 


2 
ar) 


Setting a =o and using the Euler formulas 


eic ei gerne eit ia 
2 à E 21 


—e^ 


COS Q = 


we obtain the normed form 
_ cosa-z—isina 
" —isina-z-4-cosa 


of this transformation. When a = n/4, 1/2, 37/4, i.e. when 
0 = 2/2, n, 31/2, we have the transformations 

| z—i 1 zJ-i 
(33) wr ari 72? iz--1" 

On taking the ordinate axis as the axis of rotation we 
must set in formula (32) z, = i (or zı = — i). Consequently, 
the corresponding linear fractional transformation can be 
written as 


LOT E :ru-—KE) = 
v= ieu aF Kae 


; 9 
and hence (after multiplying by le 3) as 


cosa-z-+sing 
—sina-z+cosa ? 


where a = 0/2. When a = n/4, n/2, 37/4, i.e. when 0 = 
= 1/2, x, 3n/2, we have the transformations 
_ 244 4 z—1 

(34) v= z—i? T7? z4-1 j 

If the axis of rotation is vertical (is the applicate axis), 
then the fixed points of the corresponding linear fractional 
transformation are the points 0 and oo and hence it is 
a rotation 


w= 0zca «m, 





w = el9z 
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of the augmented plane. When 0 — + , 1, Sa ; we have the 
transformations 
(35) w = iz, —z, —iz. 


Let us now take as the axis of rotation the bisectrix 
of the first coordinate octant intersecting the sphere in the 


: 4 4 4 : : debt 
point (s: F?’ 3) . For this rotation z; — VE For 





an arbitrary K formula (32) yields an involved and inaes- 
thetic expression, but for 0— 27/3, i.e. for K = =A ! 
we obtain, after cancelling by guy» pk 


la w =EL = itt} and for 0 = 4n/3, i.e. for K = 


, the formu- 





Ziti = 
= EIS , we have, after cancelling by ED ADLER IE " 
the formula w — zi . Thus in this case 

= +h z+i 
(36) ep ee 


Similarly if the axis of rotation intersects the sphere 


1 1 1 —1 
in the point ( Vays’ V5) then z, = vit T and for 
K= siii we have the transformation 
(37) w= — z+ i i z—í 





z—i? z4-1 " 


and if the axis » rotation intersects the sphere in the point 





(Fe S ‘VF +.) orin the point (Te, Ti -73) , then 
for the same K we have the transformations 
z—i . z41 
(38) Deets, gen 
and 
z—i . 2—1 
(39) w = CBE? —l TFT: 
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But if the axis of rotation is the bisectrix of the first 
coordinate quadrant in a plane E = 0 intersecting the 





Sphere in a point (0, TE TE) , then z, ^Y and 
for 0 = x, ie. for K = —1, we have the transforma- 
tion 

(40) w=i 2t, 


Similarly a rotation through the angle x about the bisectrix 
of the second coordinate quadrant in the plane E = 0 inter- 


secting the sphere in the point (0. NC —=) may be 


2:2. 
represented by the transformation 


. 2—t 
(41) pesci A 


and rotations through the angle x about the bisectrices of the 
coordinate quadrants in the planes ņ = 0 and ¢ = 0 can 
be represented by the transformations 


| 2z+1 z—1 i i 
a Hep upra s 


Rotations represented by linear fractional transformations 
(33) to (42) are characterized by the fact that they carry 


into itself a S inscribed in a sphere (vith vertices at 








1 : : 
points (= ys Eyy x y3)) i.e. what are said to be 


isometries of that cube. 

Transformations (33), (34) and (35) represent rotations 
of a cube through angles x/2, x, and 37/2 about each of 
the three axes joining the centres of opposite faces of the 
cube, transformations (36), (37), (38) and (39) represent 
rotations of a cube through angles 23/3 and 47/3 about 
each of the four axes joining diametrically opposite vertices 
of the cube, and finally, transformations (40), (41) and (42) 
represent rotations of a cube through the angle n about 
each of the six axes joining the midpoints of diametrically 
opposite edges of the cube. To these transformations yet 
another one should be added, the identity transformation 
leaving all points of a cube fixed. Thus we have 24 — 
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=3x3+4x2+6-41 isometries of a cube in all. 
It can easily be proved (do it!) that a cube has no other 
isometries, i.e. the 24 rotations enumerated exhaust all 
isometries of a cube. 

Transformations (35) plus the identity transformation can 
be written as a single formula 


(43) w= itz, k=O, 1, 2, 3. 
Similarly the second of the transformations (33), the third 


of (42), the second of (34) and the fourth of (42) can also 
be written as a single formula 


(44) w=, k=0, 1, 2, 3. 
In exactly the same way the formula 
(45) w=i 2t, k=0, 1, 2,3 





gives the first of the transformations (42), the first of (36), 
the first of (34) and the second of (38); the formula 


(46) w—i^——L, k=0, 1, 2,3 





gives the third of the transformations (34), the second 
of (37), the second of (42) and the second of (39); the formula 


(47) watt, k=0, 1, 2,3 


gives the second of the transformations (36), the transforma- 
tion (40), the first of the transformations (37) and the third 
of (33); and finally, the formula 


__ sk 2—V = 

(48) gebe k—0,1,2,3 
gives the first of the transformations (38), the first of (33), 
the first of (39) and the transformation (41 

Summing up we obtain the following proposition. 

Proposition 4. There are exactly 24 isometries of a cube. 
In the augmented plane of complex numbers they can be 
represented by linear fractional transformations (43) to (48). O 

A similar description can be made of the isometries of 
other regular polyhedra. A tetrahedron has 12 isometries 
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which can be represented by transformations (43), (44), 
(47) and (48) for k = 0, 2 and transformations (45) and (46) 
for k = 1, 3. The isometries of an octahedron coincide with 
those of a cube and an icosahedron (or, equivalently, 
a dodecahedron) allows 60 isometries which can be represent- 
ed by the linear fractional transformations 


pu E Ces p bte 
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where ¢ — e5 , and k, 1 = 0, 4, 2, 3, 4. 
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